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This paper studies a class of uncertain discrete event systems over the max—plus algebra, where system
matrices are unknown but are convex combinations of known matrices. These systems model a wide
range of applications, e.g. transportation systems with varying vehicle travel time and queueing networks
with uncertain arrival and queuing time. This paper presents the computational methods for different
robust invariant sets of such systems. A recursive algorithm is given to compute the supremal robust
invariant sub-semimodule in a given sub-semimodule. The algorithm converges to a fixed point in a
finite number of iterations under proper assumptions on the state semi-module. This paper also presents
computational methods for positively robust invariant polyhedral sets. A search algorithm is presented
for the positively robust invariant polyhedral sets. The main results are applied to the time table design of

a public transportation network.

Keywords robust controlled invariance; discrete event systems; max—plus algebra.

1. Introduction
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Semirings can be understood as a set of objects without inverses with respect to the corresponding:
operators. A semimodule over a semiring can be analogized to a linear space over a field. Systemss
over a semiring are systems evolving with variables taking values in semimodules over the semiring. ~
Intuitively, such systems are not equipped with ‘additive inverses’. The max—plus al@iiean(1999)
is a special semiring consisting of real numbers embedded with max and plus operations. Systems
over the max—plus algebra are often used to model discrete event systems, such as queueing systems
(Cassandras]993), transportation systemBgccelli et al., 1992) and communication networkke(
Boudec & Thiran 2002). In the study of linear systems over a field or a ring, controlled invariant
subspaces (or sets) play a key role in the fundamental problems of the geometric controlGoexey (
& Perdon,1995,1998;Hautus 1982;Inabaet al.,1988;Wonham 1979), e.g. the disturbance decoupling
problem, the model matching problem and the block decoupling problem. The geometric approach for
systems over a semiring, however, is still a new research dire@iohghet al., 1996,1999) compared
to the geometric theory for traditional linear systems over a fiéldrtham 1979). The goal of this
paper is to study different controlled invariant sets for a class of discrete event systems with parameter
uncertainties, which are modelled as uncertain linear systems over the max—plus algebra. The ultimate
impact of these results is to establish a foundation for the geometric control theory of uncertain linear
systems over semirings.

Researchers have been studying different computational methods for controlled invariant spaces (or
sets) for discrete event systems over the max—plus alg&lata,2007;Bitsoris, 1988; Truffet, 2004).
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However, there are many uncertain factors in the discrete event system modelling. This paper focuses on
a class of discrete event systems over the max—plus algebra in which system matrices are uncertain but
can be written as linear combinations of known matrices. These systems model a class of discrete event
systems, such as transportation systems with varying travel time and queuing networks with uncertain
arrival time and queueing time. Most of these uncertainties can be characterized by max—plus convex
sets inNitica & Singer(2007). For such uncertain discrete event systems, there are some research results
on the model predictive contraNgécoaraet al.,2006a;Van den Boom & De Schutte002) and worst-

case optimal control (Necoaed al.,2006b). This paper, on the other hand, makes contributions in the
analysis of robust invariant sets, which can be used in the geometric control problems.

The main results in this paper are the computational methods for different robust controlled in-
variant sub-semimodules (and sets). A recursive algorithm is given to compute the supremal robust
invariant sub-semimodule in a given sub-semimodule of the state semimodule. The algorithm converges
to a fixed point in a finite number of iterations under proper assumptions on the state semimodule. The
fixed point is the supremal robust controlled invariant sub-semimodule of the given sub-semimodule.
The main challenge for systems over a semiring (or a ring) is thatAh®&)-invariant sub-semimodule
(or submodule) does not coincide wifA, B)-invariant sub-semimodule (or submodule) of feedback
type (Conte & Perdonl995,1998; Hautus,1982). A computational method is introduced for robust
controlled invariant sub-semimodule of feedback type in a given sub-semimodule. Moreover, this pa-
per presents computational methods for positively robust invariant polyhedral sets in two cases, time-
invariant and time-varying polyhedral sets. The reason to focus on time-varying polyhedral invariant
sets is that there are many quantities in discrete event systems varying with time. For instance, in trans-
portation networks, the goal is to control the departure time of each vehicle such that it is contained in a
desired time constraint. These constraints usually vary over time and can be used to design proper time
tables for transportation systems. A search algorithm for time-varying positively robust invariant sets is
presented and is illustrated using a public transportation network with varying vehicle travelling time.

This paper is organized as follows. Sect®mtroduces some mathematical preliminaries and dis-
crete event systems over the max—plus algebra. Se8timesents computational methods for robust
controlled invariant sub-semimodules. Sectibpresents the computational methods for positively ro-
bust invariant sets. A public transportation network is used to illustrate the main results. Section
concludes this paper with future research.

2. Mathematical preliminaries
2.1 Semiring and semimodule

A monoid R is a semigrougR, &) with an identity elemenér with respect to the binary operation

®. The term ‘semiring’ means a s&® = (R, &, er, ®, 1r) with two binary associative operations,

@ and®, such that(R, @, er) is a commutative monoid an@R, ®, 1r) is a monoid, which are con-
nected by a two-sided distributive law @f over @. Moreover,er @ r = r ® er = eR, for all r in

R. R = (R, &, er, ®, 1R) is a semifield if and only if(R\{er}, ®, 1r) is a group, i.e. all of its el-
ements have inverse elements with respect togheperator. A semifielR = (R, @, er, ®, 1r) is
calledan ‘idempotent’ semifield ik @ a = a for all a € R. The max—plus algebra is an idempotent
semifield, where the traditional addition and multiplication are replaced by the max operation and the
plus operation, i.e.

Addition : a® b = maxfa, b},
Multiplication : a@ b=a+b.
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The max—plus algebra is denotedBgax=(R U {¢}, &, ¢, ®, €), or simplyRmax, WwhereR denotes
the set of real numbers,= —oco ande = 0. Similarly, Zmax = (ZU{e}, @, €, ®, €) denotes the integer
max—plus algebra, whet&is the set of integers.

Let (R, @, er, ®, 1r) bea semiring andM, @y, ew) bea commutative monoid, where the sub-
script denotes the corresponding monoid for the operatdvl is called a ‘leftR-semimodule’ if there
exists a magu: R x M — M, denoted byu(r,m) = rm, for allr € Randm € M, such that the
following conditions are satisfied:

1. r(my ®&m m2) =rmy Gy rmy,
2. (i ®rz)m=rimowm ram,

3. r1(ram) = (r1 @ ra)m,

4. lrm=m,

5.rey = eu = erm,

for anyr, ri, ro € Randm, mg, my € M. In this papere denotes the unit semimodule. A ‘sub-
semimodule’K of M is a submonoid oM with rk € K, for allr € Rwith k € K. An R-morphism
between two semimodulé$/, ®v, em) and(N, &, en) isamapf: M — N satisfying

1. f(mydm mp) = (M) &n f(m2);
2. f(rm) =rf(m),

forallm, m;,my € M andr € R.
Let N bea subset of arrR-semimoduleM, & v, em). We denoteNp asthe set of all elements of
the form@py,4ini, wheren; € N, 1; € Randl is the index set. The sub-semimodulg is said to
iel
be generated bil, andN is called a system of generators M§. The subsetN of an R-semimodule
M is called ‘linearly independent’ iED\,Alini = @y pini impliesi; = g foralli € I. An R-

| |
semimoduleM is called a freeR-semimodule if it has a linearly independent subNebf M which
generatesvl and thenN is called a basis oM. If N has a finite number of elementd] is called a
finitely generatedr-semimodule, denoted as Spisin Katz (2007) defined the concept of volume for a
semimodule. LefC c Zy,,, bea semimodule, the volume &, denoted as v¢K), is the cardinality
of the setC 2 (X € KIx1 @ X2 @ --- @ Xn = 0}. Also, if K € Zy,5F, the volume of the semimodule
K = ImK is denoted as voK ) = vol(ImK) = vol(K).

REMARK. In Wagneur(1991,2005), independence and weakly independence are defined differently. It
can be shown that if the semimodule is linearly independent according to the definition in this paper,
then it is also independent and weakly independent according to the definitidhlagneur(1991,

2005).

2.2 Uncertain discrete event systems over the max—plus algebra

A class of uncertain discrete event system over the max—plus alBgfakds described by the following
equation:

x(k) = Ax(k — 1) ® Bu(k), (2.1)

where the state semimodulé = R}, andthe input semimodulé) = Ry, arefree, A: X — X

andB:U — X are R-semimodule morphisms. Although we assume the state semimodule, the input
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semimoduleand the output semimodule are free for convenience, the main results in this paper did not
require the free assumption. The system’s state matrix morpAish— X is unknown, but it can be
represented as the linear combinatiomoknown matrix morphismg\1, Az, ..., Am, i.e.

m m
A=EPui®A) with Pii=e,
i=1 i=1

wherethe parameters; areunknown. A setP is convex if(@® x) ® (b® y) € P foranyx,y € P

anda @ b = 1g, wherea,b € R. Therefore,A is in the convex hull ofA4, ..., Am, denoted as

A € cofAy, ..., An}. The geometric concepts of different invariant subspaces for systems over a field
can be generalized to systems over a semiring. Given a system of theZdrroyer the max—plus
algebraRpax, a sub-semimodul® of the state semimodul¥ is

e called (A, B)-invariant’ or ‘robust controlled invariant’ if and only if, for ally € V andan arbitrary
matrix morphismﬂ € cofAy, ..., Am}, there exists a sequence of control inputss {u1, Uy, ...},
such that every component in the state trajectory produced by this xfwt,u) = {xo, X1, .. .},
remains inside ob.

e called (A, B)-invariant of feedback type’ or(A @ BF)-invariant’, if and only if there exists a
state feedback: X — U such that(A @ BF)V c V, for an arbitrary matrix morphism e
co{A1, ..., Am}.

Unlike systems over a field A, B)-invariant sub-semimodules of feedback type are not same as
(A, B)-invariant sub-semimodules for systems over a semiring or even aGorge & Perdor(1998)
proved that, for systems over a ring, if &A, B)-invariant submodule is a direct summand of the free
state semimodule, then it is(A, B)-invariant of feedback type. However, direct summand in semi-
modules is far more complicated than modules, the same resGlbrite & Perdor(1998) is not true
any more.

This paper also generalizes positively invariant sets for deterministic systems to uncertain systems of
the form @.1) over the max—plus algebRajax. A non-empty subseP of Ry, is said to be ‘positively
invariant’ or ‘A-positively invariant’ for the systems of the forrtk + 1) = Ax(Kk), if, for every initial
conditionx(0) € P, the trajectoryx(k) remains inP for all k > 0. If a non-empty subse® of Ry,
is said to be ‘robust positively invariant’ ok-positively invariant for systems of the forr(k + 1) =
Ax(k), if, for every initial conditionx(0) € P, the state trajectory(k) remains inP with respect to any
uncertain matrix morphisrﬁ € Co{A1, ..., An}.

A non-empty subseP of Ry, is said to be a ‘controlled positively invariant set’ for systems of
the formx(k + 1) = Ax(k) & Bu(k) if, for every initial conditionx(0) € P, there exists a control
inputu such that the trajectony(k) remains inP with respect to any uncertain matrix morphighnA
non-empty subsé® of Ry, is said to be a ‘controlled robust positively invariant set’ for systems of the
form (2.1) if, for every initial conditiorx(0) € P, there exists a control inputsuch that the trajectory
x(k) remains inP with respect to any uncertain matrix morphisﬁm Co{A1, ..., Anl}.

3. Robust invariant sub-semimodules

This section presents the computational methodgAgB)-invariant sub-semimodules agé & B F)-

invariant sub-semimodules in a given sub-semimodule. These computational methods are generaliza-
tions of deterministic discrete event systematz (2007) to uncertain discrete event systems of the
form (2.1) with parameter uncertainties.
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3.1 (A, B)-invariant sub-semimodules

A sub-semimodul® of the state semimodule (@, B)-invariant if and only if
Vv=vnAlwven), (3.1)
whereB = ImB and
AlveB) ={xeR),FueU,st. Ax@®BueV,VAecofAy,..., An}}. (3.2)

REMARK . Equation 8.1) is not a definition of A, B)-invariant sub-semimodules, but it is a direct gen-
eralization from the definition of the€A, B)-invariant sub-semimodules in the last section. Moreover, it
is often used in the calculations of the robust controlled invariant sub-semimodules.

LEMMA 3.1 For an uncertain discrete event system of the fdrit)(over the max—plus algebra, a sub-
semimoduléV in the state semimodule {#\, B)-invariant if and only ifV is (A;, B)-invariant for any
ie{l,2,...,m}.

Proof of Lemma&.1. =. Vis (A, B)-invariant, then, for alk € V, Ax@Bu € V,i.e. (@M i A)X®
BuisalsoinV.If 4; =eandlj =eforj #iandi, j e {1,...,mj} theneaim=1 Ai Ay will just produce

the matrix morphisnm; for anyi € {1,2,...,m}. Therefore, Aix ® Bu € V is true. Thereforey is
(Aj, B)-invariant for anyi € {1,2,...,m}.
—. If Vis (A, B)-invariant for anyi € {1,2,...,mj}, then, for allx € V, there exists a control

inputu; € U suchthat Aix @ Bu; € V. Because the sub-semimodufes closed under the addition
operation ", i Aix @ BP™, iiui = Ax @ Bu e V, whereu = @[, 4jui. Therefore,V is
(A, B)-invariant.

O

LEMMA 3.2 For an uncertain discrete event system of the fo2m)(over the max—plus algebra, the
following equality holds

AlveB) =(A'VveB)
i=1

for any sub-semimodul¥ of the state semimodul¥.

Proof of Lemma3.2. C. For anyx e A1V & B), there exists a control input € U such that
AX @ Bu = @im:l/liAix@ BueV.If lj =eandlj =eforj #iandi,j e {1,...,m}, then
Aix @ Bu e V holds. Thereforex e N, A™1(V © B).

D.Foranyx e ﬂim:l Ai_l(v 6 B), there exists a control inpuk € U suchthat Ajx @ Bu; € V for
alli € {1,...,m}. Therefore "1 4i Ax ® BP, Aiuj = Ax @ Bu e V, whereu = @ | ;.
Hencex € A~1(V & B).

O

For a linear system over a field, the supreroal B)-invariant subspac®™* in a given subspack
of the state space is computed using the following algorithfortham 1979),

V=K,
Vie1 =W N AT+ B), ke N, (3.3)
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whereA=1(V; + B) = {x € R"|Ax € Vi + B}. This recursion converges to a fixed point after a finite
number of iterations. The fixed point is the supremal controlled invariant subspateHawever, for
systems over a semiring or even a ring, this algorithm does not guarantee to terminate in a finite number
of steps. For uncertain linear systems over the max—plus algebra, to calculate the supremal controlled
invariant sub-semimodule of a given sub-semimoddjehe algorithm in 8.3) is modified as follows

by using Lemma.2:

V1=K,
Ve =W N A W e B),

m
=WN[A0keB), kel (3.4)
i=1

LEMMA 3.3 Let {W}k=0 bethe family of sub-semimodules defined by the algorithm3m]. If there
exists a well-defined non-empty semimodaig.nVk, then any(A, B)-invariant sub-semimodule df
is contained imyen Vi, namely the supremal controlled invariant sub-semimotitiles also contained
in Nkeny Vk- Moreover, if the algorithm in3.4) terminates im steps, then* = V).

Proof of Lemma3.3. The sequence of sub-semimodu{&k}kery is decreasing: clearly, c Vi, if
Vk C Vk-1, then

Vi1 =W N AT e B) c Vet N AT 0k_1 € B)

m
= V1 N[ A k-1 0 B) = k.
i=1

Thenext step is to show that arfA, B)-invariant sub-semimodulg in X is contained imMyey Vk.
This conclusion will imply that the supremal controlled invariant sub-semimotiilés contained in
Nken Vk- Clearly,V is contained iy = I, supposé’ is also contained i, then,

V=VYNA1V e By c WnA W e B)

m
=W () A0k B) = Vi1
i=1

Hence,V c Vx for all k € N, namelyY c NgenVk- Therefore, the supremal controlled invariant
sub-semimodul®* is contained imMyepn Vk.

If the algorithm in 8.4) terminates in steps, themycnVk = Vr. Because), =V, NA~1(Vy © B),
Y is (A, B)-invariant, namely; c V*. Onthe other hand}* c Nk Vi = Vr from the previous step.
Therefore, the equality holds for* = V. O

The preceding lemma states and proves that the algorithn3.4) Can be used to calculate the
supremal controlled invariant sub-semimodulelinNote that the algorithm in3(4) does not always
terminate in a finite number of steps. However, if restricting to a finite-volume semimodule in the integer
max—plus algebrdax, the algorithm in 8.4) guarantees to terminate in finite steps.

PrROPOSITION 3.1 Given a sub-semimodulk in Zg,, . with a finite volume. The supremédh, B)-

invariant sub-semimodule & under the dynamics of the systegh]) is finitely generated. Moreover,
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thesequencgVklken by the algorithm in 8.4) terminates in a finite numberof steps, i.eV* =) for
somer < vol (K) + 1.

Proof of Propositior8.1. The proof is a direct generalization of Theorem 2 for the deterministic discrete

event systems ilKatz (2007). First of all, let us recall that the set of robust controlled invariant sub-
semimodules in a sub-semimodu{eof X is a upper semilattice relative to sub-semimodule inclusion
C and operatiom. Therefore, there exists the ‘supremal’ elemghin the family of robust controlled
invariant sub-semimodules, a sub-semimoduie X. Because every semimoduleZy,,, with a finite
volume is finitely generated and the supreiil B)-invariant sub-semimodulé* is contained inc, we
have vol{*) < vol(K) < oo. ThereforeV* is also finitely generated. Moreover, the sequefi4@ycn
is a decreasing sequence, so the sequence of the volumes of semim@diiles is a decreasing
sequence of non-negative integers. There exists the smallest non-negativerintega(XC) + 1, such
that volV;) = vol(V; 4+1) < oo. HenceVy = V41 for somer < vol(K) + 1. O
The following example illustrates the termination of the algorithm3id) under the assumptions in
Proposition3.1.

ExAMPLE 3.1 Consider an uncertain discrete event system @gix with system matrix morphism
A e co{A1, A2}, where the two matrix morphism&;: X — X andAy: X — X aregiven as

1 - 2 —00 0
S A £ RN A}
We need to calculate the suprentdl, B)-invariant sub-semimodule ik = {(x, y)T ZanX|x +
1<y<x+4}.Theselis
K={x.y'" eKix@y=0}={(-1,0)",(=2,0)",(=3,0), (-4,0)"}.
Thevolume of K is 4. Then the algorithm in3(4) to calculate the supremal controlled invariant sub-
semimodule will terminate at most @) + 1 = 5 steps. We verify it by computing the algorithm in

(3.4):

Vi=K,

2
V=Vin(A V6B
i=1

={(X, V)" € Zhaulx + 1<y <x+4}
X, Y) | € ZZyIXx+2 <y < X+ 5}
N, Y) | € ZZaulXx+3<y <X +6)

={(X, Y) € ZialX +3<y <X +4),

2
Vs=Wn (A (V26 B)
i=1
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={(%.Y) € Zyaylx +3<y <X+ 4}

y
N YT € ZiaylX +4 <y <X +5)
N, YT € ZijaylX +5 <y < X+ 6}
= {(=00, —00) T},

Va=Vs,
Viky1 = Vs,

The algorithm terminates in three steps and the suprefaB)-invariant sub-semimodule ift is
V* = V3 = {(—00, —o0) T }.

3.2 (A, B)-invariant sub-semimodules of feedback type

A sub-semimodulé’ is (A @ BF)-invariant if and only if there exists a state feedbdekX — U

for any A e co{A4,..., An} suchthat (A & BF)Y c V. For systems over a semiring or even a
ring, a controlled invariant sub-semimodule is not identical with a control invariant sub-semimodule of
feedback type, therefore, the computational method in the algorith&vdih ¢annot be used to calculate

(A, B)-invariant sub-semimodules of feedback type.

LEMMA 3.4 A sub-semimodul® is (A, B)-invariant of feedback type if and only if the sub-semimodule
Vis (A, B)-invariant of feedback type, for ang; € {A1, ..., An} andany A € co{Aq, ..., Am}.

Proof of Lemma3.4. —. If a sub-semimodul@’ is (A, B)-invariant of feedback type for al e
CO{A4, ..., An}, then there exists a state feedbdekX — U such that(A & BF)V c V, which
implies(A; & BF)Y c Vforanyi € {1, ..., m}. Therefore, the sub-semimoduias (A;, B)-invariant
of feedback type.

—. If the sub-semimodul® is (A;, B)-invariant of feedback type, for ang € {A1,..., Am},
therethere exists afffj: X — U suchthat(A; & BF;)V c V. Therefore,

m
(&ﬂﬂN®BHOVCV:¢@®BQVCM
i=1
whereF e cofF1, ..., Fm}. Hence, the sub-semimodul&is (A, B)-invariant of feedback type for all
Aeco{A, ..., Anl.
O

For linear systems over the integer max—plus algéhyia, if a given sub-semimodul® = ImQ,

whereQ e Zy<, thenV is (A @ BF)-invariant if and only if there exists matricds € ZJ" and

Max
G € Zyy, suchthat

(A®dBF)Q = QG (3.5)
holds for allA € co{Aq, ..., Am}.
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LEMMA 3.5 Given a sub-semimodule = ImQ, whereQ e ZX" thenV is (A & BF)-invariant if

Max’
and only if there exists matricds e Zﬂﬂzz andG; e Z;vf(a; suchthat the equality
(A ®BF)Q=QGj,Vie{l,....m} (3.6)

is true.

Proof of Lemma&.5. —. If (A & BF;)Q = QG; istrue for anyi € {1, ..., m}, then

P 4 (A & BF)Q=(P 4 QGiimplies

i=1 i=1
(@li A B@’li Fi)Q= Q@iiGiimpIies(KGB BF)Q = QG,
i=1 i=1 i=1

whereF e cofFy,..., Fm} andG € co{Gy, ..., Gm}. ThenV is (A @ BF)-invariant.=. V is
(A @ BF)-invariant, then A® BF)Q = QG,V A € co{A1, ..., An}. Hence,(A @ BF)Q = QG;,
foralli e {1,...,m}.
O
In order to find each pair af, G;) satisfying(3.6), the elimination method iKatz (2007) and the
residuation theory iBaccelliet al. (1992) can be used by adding a variatpl® form the homogenous
linear equation over the integer max—plus algebiax:

(Aiti ® BF)Q = QG;, fori e{1,...,m}. (3.7)

Equation (3.6) has at least one set of solutidhs G;) if and only if 3.7) has at least one set of solutions
(ti, Fi, Gj) with t; £ —oo. This implies that the semimodul = ImQ is (A;, B)-invariant of feedback
type with Fj = (—tj)F;. The necessary and sufficient condition gt F;, G;) to be a solution of3.7)
is
ti < (AQ\(QG),
Fi < B\(QGi)/Q,
Gi < Q\((Aiti ® BF)Q),

fori € {1,...,m}. The operations\- and-/- are defined
M\N = \/{X e Zy5IM ® X <N}, D/C = \/{X e Z{ IX ® C < D},
for M e Zyy,» andN e Zy<", and forC e Zy andD e ZJ<.

4. Positively robust invariant polyhedral Sets
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4.1 Time-invariant polyhedral sets

Considering the following time-invariant polyhedral set

P(F.¢,p) = (xe R'g < F@x <yl
¢, w € RPandF € RP*",
For deterministic linear systems over an idempotent semiring, the necessary and sufficient condition for
positively invariance of the s@® (I, ¢, ) was established imiruffet (2004).
LEMMA 4.1 (Truffet, 2004) Assumen = p andF = I, wherel, denoteghen x n identity matrix.
P(ln, ¢, w) is positively invariant under the dynamics of the system over an idempotent sefRjring
x(K)=Ax(k—1), AeR™", 4.1)

if and only if the condition

ARy S yY)A(@<AR9P) (4.2)

is true, wheren denotes the logic AND.

For uncertain discrete event systems of the fa2rh Y over an idempotent semirifigy similar results
can obtained if the input signals are zero.

PrROPOSITION4.1 Assumen = p andF = I, wherel, denoteghen x n identity matrix.P(In, ¢, v)
is positively robust invariant under the dynamics of the syst&i) (over an idempotent semiririgand
the inputs are zero, i.@.= gy, if and only if

ARy <yYIA@<A®P), (4.3)

foralli € {1,...,m}.

Proof of Propositiod.1. =. If P(ln, ¢, v) is positively invariant under the dynamics of the system
(2.1) over an idempotent and with zero inputs, then foramyR" suchthat$ < x < v, the condition

¢ < A® x < y holds for any possible choice @& € co{A4, ..., Am}. Therefore, the inequality <

A ®x < yistrue, for anyA;, wherei € {1,...,m}. Using Lemmat.1,(A®y < y)A (¢ < A ®P)
holds for alli € {1,...,m}.

<—=. Because (4.3) holds for dlle {1, ..., m}, we have
m m m m
(@ii ®A ®y < @ii ®l//)/\(@/1i Q¢ < @ii ® A ®¢)~
i=1 i=1 i=1 i=1

Since@®™, i = lrand@™ ; i ® A = A, the above condition becomes
ARy <y)A(p < AR Q).

Using Lemmat.1,P(ln, ¢, w) is positively robust invariant for the uncertain discrete event syseeh) (
over an idempotent semiring and with zero inputs. O
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THEOREM4.1 GivenE € R"*P satisfying
E ® F < |n5
P<FRE®4¢.

The setP(F, ¢, y) is positively robust invariant under the dynamics of the syst2) (over an idem-
potent semiringR by X — A ® x with zero inputs if and only if the condition

A®F\y) < (FAY)A(E®¢<ARER®Y) (4.4)

is true for alli € {1, ..., m}. The symbolF\y denotes\/{x € X|F ® x < y}.

Proof of Theoremt.1. =. If P(F, ¢, y) is positively invariant under the dynamics of the system
(2.1) over an idempotent semiririg by x A ® x with zero inputs, then, for any e R" suchthat

¢ < x < y, we havep < A® x < v, for any possible choice ok € co{A4, ..., Am}. Therefore,
using Theorem 3.1 ifiruffet (2004), the following condition holds:

[A® (F\y) <(F\n]A[E®¢ < A®E®4].
Therefore, for ali € {1, ..., m}, the equality

[Ai® (F\y) S (F\W]A[E® ¢ < A ®E® (]
is true.

<. Because4.4) holds for ali € {1, ..., m}, we have

DA F\W <P FE\w,

i=1 i=1
m m
PiivERs<PILoARERS.
i=1 i=1

Since@®™; 4i = 1lrand@™ ; 2 ® A = A, the above condition becomes
[A® (F\y) < (F\WIAE® ¢ < AR E®¢. (4.5)

Using Theorem 3.1 iruffet (2004),P(F, ¢, ) is positively robust invariant for the discrete event
system (2.1) over an idempotent semiriRdpy X — AXx with zero inputs. O

PROPOSITION4.2 Assumen = p, P(F, ¢, ) is positively invariant under the dynamigs— Ax of
the system4.1) if there exists a matrikl € RP*P suchthat

F® A=H®F and
Hoy <y)A(p<H®9P). (4.6)

The second condition means ttatl,, ¢, y) is H-positively invariant.
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Proof of Propositiom.2. We need to prove forany < F ® X < v, the condition) < FRARX < w
holds. SinceF ® A = H ® F, we only need to show thagt < H ® F ® x < w. SinceP(ly, ¢, )
is H-positively invariant, for alx € R", ¢ < x < y, we havep < H ® x < w. ThereforeF @ x €
P(ln, ¢, w). We havep < HRF®x < w. Thus,P(F, ¢, v) is positively invariant under the dynamics
of the system (4.1).
O

The preceding proposition is a sufficient condition for a polyhedral3gt, ¢, ), to be positively
invariant under the dynamics of the system (4.1). The following proposition states a sufficient condition
for a polyhedral seP(F, ¢, v) to be positively robust invariant under the dynamic of the systa) (
over an idempotent semiring and with zero inputs.

PROPOSITION4.3 Assumen = p, P(F, ¢, y) is positively robust invariant under the dynamics of the
system (2.1) over an idempotent semiriR@nd with zero inputs, i.ex — A, if there exists a matrix
Hi € RP*P suchthat

F® A =H; ® F and
(H®y <y A@<H ). (4.7)

The second condition means tfatl, ¢, y) is Hi-positively invariant, for alli € {1, ..., m}.

Proof of Propositior.3. We need to prove that, for agy< F®x < y, the conditionp < FRA®X <
w holds for any arbitranA € co{Ay, ..., An}. SinceF® A = Hi® F andP (I, ¢, w) is Hj-positively
invariant, for allx € R", ¢ < x < w, we havep < H; ® x < y. ThereforeF @ x € P(In, ¢, v). We
havep <H Q FRx=F® A ®x < y, foralli € {1,...,m}. Combining them together to obtain

m

p=Priovs<PrioFaAex<Prioy=y,
) ; i=1

i=1 i=1 1

where L, (L ® FR A®X) = F® (@114 @ A)®Xx = FQ® A ® Xx. Therefore, we have
P < FOIA@x < wforal¢ < F®x < w. Thus,P(F, ¢, ) is positively invariant under the
dynamics of the systen2(1) over an idempotent semirirfigand with zero inputs. O

4.2 Time-variant polyhedral sets

Consider the following time-variant polyhedral sets:

P(F. (), y () = (x(k) € Rp(K) < F @ x(K) < w(K)},
() =Ky @ p(k - 1),
yK =K, ®@yk-1),
whereg, v € RP, k e ZTandF e RP*™ andx(k) is governed by systen2(1) or system4.1). Time-
variant polyhedral sets are polyhedrons with time-variant boundaries, conditions that are very common

in applications such as public transportation networks with time-varying time tables and queuing net-
works with time-varying arrival or service time.
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LEMMA 4.2 Assumen = pandF = I,, wherel,, denoteshen x n identity matrix.P(1n, ¢ (k), y (k)
is positively robust invariant under the dynamics of systérh)(byx — Ax if and only if

(AR y (k) < Ky @ y(K) A (Ky @ p(K) < AR ¢(K)), (4.8)

forallk e Zt.

Proof of Lemmat.2. = If P(In, ¢ (K), w(k)) is positively invariant under the dynamics of the system
(4.1), thenfor ank e R" suchthate (k) < x(k) < w(k), we havep(k+1) = Ky ®¢ (k) < A®X(K) <
Ky ® y(k) = y(k + 1). Sincep (k) andy (k) € P(In, ¢(k), v (k)), we have

(A y (k) < Ky @ yK) A (K @ d(K) < AR ¢ (K)).

&=. If the condition(A ® y (k) < K, ® y(kK)) A (Ky ® #(k) < A® ¢(K)) holds, then for any
X € P(ln, ¢(K), w(K)), i.e.¢ (k) < x(k) < w(K), hence the condition

Ks®p(K) < AR (k) < A X(K) < A® w(K) < K, ® y(K)

impliesg(k + 1) < x(k+ 1) < w(k + 1). Therefore,P(In, ¢ (K), v (K)) is positively invariant under
the dynamics of the system.().

(|
_ Lemma 4.2 presents the necessary and sufficient conditions for a time-variant polyhedral set
P(In, ¢(k), w(k)) to be positively invariant for the syster.L). If we are giverK, andK,,, the search-
ing method forg (k) < w(k), such thatP(l,, ¢(K), w(K)), k > 1, is positively invariant for the system
(4.1), can be performed as follows.

1. Solve the following equations fgr* < w*,
ARy =K, ®y",
AR " =Ky ® "
2. For anyx(0) € R" suchthat let¢ (0) = ¢* andy (0) = y* and¢(0) < x(0) < w(0), we have

ARP(0)<ARX0) < A®y(0) =
Ke ®¢(0)<A®x(0) < K, ® w(0) =
(D) <x@D) < w(@).
Continuing this process, we are able to show @k, ¢ (k), v (k)) is positively invariant with
respect to systeni(1). Thereforeg* and y* generatdhe possible boundaries for a positively

invariant polyhedral set.

ProPOSITION4.4 Assumen = p andF = |, wherel, denoteghen x n identity matrix.73(|n,
¢ (K), w(K)) is positively robust invariant under the dynamics of the syst2r)(over an idempotent
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semiringR andwith zero inputs by — Ax if and only if

(A @y (k) <Ky @y(K) A (Kg®ok < A ®p(K), (4.9)
foralli e {1,...,m}andk € Z*.

Proof of Propositiod.4. —. If P(ln, ¢ (K), w(Kk)) is positively robust invariant under the dynamics
of the system (2.1) over an idempotent semirihignd with zero inputs, then, for anye R" suchthat
#(K) < x(K) < w(k), we havep(k + 1) = Ky ® #(K) < A® x(K) < Ky ® w(k) = w(k+ 1), foran
arbitrary A € co{Aq, ..., Am}. Sinceg (k) andy (k) € P(In, #(K), w(K)), we have

(A y(k) <K, @ y[) A (Ky ® p(K) < A ¢ (K) =

(A @k <K, @yk)AKg@p(K <A Q¢(K)

foralli € {1,...,m}.

—=. Ifwe have(A ® y(k) < K, @ y(K) A (Kg @ (k) < A ®@ ¢(k)) foralli e {1,...,m},
thenP (1, ¢ (K), v (K)) is A -positively invariant. Therefore, for any € P(ln, ¢ (K), y(k)),i.e.¢(k) <
x(k) < w(k), we have

K¢ ®¢(k) <A ®@x(k) < Kl// ® w(k) =
i ®@Kg®@p(K) <4 @ A @x(K) <4 @ Ky, ® w(K).

Combining them together for dlle {1, ..., m} to obtain

Prieksesk <PioA oxk <PreK,®yk.

i=1 i=1 i=1

SlnceEBI 14i = 1R, the conditionKy ® ¢ (k) < A® x(k) < K, ® w(k) holds for arbitraryA e
co{Aq, ..., Am}. Therefore,P(ln, ¢ (K), w(K)) is positively robust invariant under the dynamics of the
system (2 1) over an idempotent semirR@nd with zero inputs. B O

The preceding proposition presents a necessary and sufficient conditiBalfors (k), v (k)) to be
positively robust invariant under the dynamics of the systerm)(with zero inputs. If we are giveK,
andK,,, the searching method far(k) < w (k), such tha®P (I, ¢(K), w(k)),k > 1, is positively robust
invariant for the systen®(1) with zero inputs, is similar to the positively invariant case.

1. Solve the following equations fgr* < v
A®y =K, ®y",
A B¢ =Ky ®9¢"

for all possibleA;, i € {1,...,m}.
2. For anyx(0) € R" suchthat let¢ (0) = ¢* andy (0) = w* and¢ (0) < x(0) < w(0), we have

ARpO<A X0 <AQYO0) =
Ky ® $(0) < A ® X(0) < K, ® (0) =>
H(1)<xQ) < y(),
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foralli e {1, ..., m}. Continuing this process, we can show tRdt,, ¢ (k), v (k)) is positively
robust invariant with respect to system (2.1) with zero inputs. Therefdrandy * generatehe
possible boundaries for a positively robust invariant polyhedral set.

The following proposition is a sufficient condition for a polyhedral 8, ¢ (k), (K)) to be
positively invariant under the dynamic of the systefri].

PROPOSITION4.5 Assumen = p, P(F, ¢ (K), w(K)) is positively invariant under the dynamics of the
system (4.1) if there exists a matiik € RP*P suchthat

F® A=H ® F and
(Hey(k) <Ky @y(k) A Ky ®@¢(K <H®pK)).
The second condition means thatl,, ¢ (k), v (k)) is H-positively invariant.

Proof of Propositiord.5. We need to prove that, for any(k) < F ® x(k) < y(k), the condition
K @p(K)=¢p(k+1) < F® AR x(K) < yk+1) =K, ®w(K)istrue. SinceF ® A= H ® F,
we only need to show thay ® ¢(k) < H ® F ® x(k) < K, ® w(K). S|nce7?(ln,¢(k) w(K)) is
H -positively invariant, for alk € R, ¢ (k) < x(k) < w(k), we havep(k+1) < H®x(k) < w(k+1).
Therefore,F ® x(K) € P(In, #(K), w(k)). We havep(k + 1) < H ® F ® x(k) < w(k + 1). Thus,
P(F, ¢(k), w(K)) is positively invariant under the dynamics of the system (4.1).
O

The following proposition states a sufficient condition for a polyhedraﬁiﬂ, ¢(K), w(k)) to be

positively robust invariant.

PROPOSITION4.6 Assumen = p, P(F, ¢(k), v (K)) is positively robust invariant under the dynamics
of the systemZ.1) over an idempotent semirirlg and with zero inputs if there exists a matitk €
RP*P suchthat

F® A =H; ® F and
(Hi @ y(K) <Ky @ y(K) A (Kg © ¢(K) < Hi @ $(K)).

The second condition means tI‘fé(Im ¢(K), w(K)) is Hj-positively invariant, where € {1,..., m}
andk e Z*.

Proof of Propositior4.6. We need to prove that, for any(k) < F ® x(k) < w(k), the condition
p(k+1) < FRA®x(K) < w(k+1)holds for an arbitraryA € co{Ay, ..., An}. SinceF QA = Hi®F
and P(In,¢(k) w(K)) is Hi-positively invariant, for allx € R", (k) < x(k) < w(k), we have
p(k+1) < Hy @ x(k) < w(k+ 1). ThereforeF ® x(k) € P(In, ¢, v). We have

pk+1D)<H F®x(k=F® A ®x(k) < wk+1),
foralli € {1, ..., m}. Adding them together to obtain
m
pk+1) <P ® F® A @x(K) < y(k+1),
i=1

Where@I 1L ®F® A ®x(K) =F® (EBI 14 @ A)R®X(K) =F® A® X(k). Therefore, we
havep(k+1) < F ® A® x(k) € w(k+ 1) forall ¢(k) < F @ x(k) < w(K). Thus,P(F, ¢(K), v (k)
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is positively invariant under the dynamics of the systé&) over an idempotent semirifigand with
zero inputs. O

4.3 Example: a public transportation network

In this section, a public transportation netwobke(Vrieset al.,1998) is modelled by an uncertain linear
system over the max—plus algebra, whose system matrices are uncertain. In a small public transportation
network shown in Figl, there are train services fromvia Q to Sand back and fron@ to R and back.

Trains fromP to S have to stop a@ for the connection to trains with destinatiéhand vice versa. If

X; () denoteghe departure time of the train in the directigm € {1, ..., 4}. The train which is about to

leave in the directiom for the kth time cannot leave if the train has not arrived yet. This condition can

be represented as

xi(K) > aij ®xj(k-1), (4.10)

wherex; (k) denoteghekth departure time in directionanda; is the travelling time from direction
toi, including the loading time of passengers. Another condition is that the train needs to wait for the
possible connecting trains, i.e.

xi(K) > a @ x(k—1), (4.11)

wherel is the possible connecting direction aagdenoteghe travelling time from directiohtoi, also
including the loading time of passengers. For the simple transportation network i, Fige system
equation is the following:

x1(K) = a2 ® x2(k — 1),

X2(K) =az3 ® xa(k — 1) @ au @ xa(k — 1),

X3(k) =1 ® Xl(k — 1) Paz® X3(|( — 1),

®ag @ Xa(k — 1),
Xa(K)=a1 @ xa(k —1) @ az ® x3(k — 1),

whereg; denoteghe travelling time on direction € {1, ...,4}. The state equation can be rewritten in
the matrix form

x(k) = Ax(k — 1), whereA=

If the travelling timeg; is deterministic, then the linear system is a deterministic discrete event system.
In reality, however, the travelling time usually varies due to traffic and other emergency situations. For
instance, assun® e [10, 20] minutes,a; € [15, 25] minutes,az € [10, 20] minutes anay € [15, 25]
minutesthen the system becomes an uncertain linear systé&in= Ax(k — 1), whereA € co{A1, Ay}
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R

E
e ( 0 )s

—> —>
1 4

FiG. 1. A small public transportation netwobke Vrieset al. (1998).

and
e 15 ¢ € € 25 € €
e € 10 15 e € 20 25
AL = and Ar = .
10 ¢ 10 15 20 ¢ 20 25
10 ¢ 10 ¢ 20 ¢ 20 ¢

Considering a time-varying polyhedral set
P(la, 4(K), w(K) = {x € Rlg(K) < x(K) < p (K},
whereKy = 133333,K,, = 233333 and
pK)=Kyp®@pk—1) and w(k) =K, ® w(k-1).
Firstly, we solve the following equations fgr < w*,
Ay =K, ®y",
A®¢" =Ky ® 9",

for all possibleAj, i € {1,2}. BecauseKy andK,, are eigenvalues foA; and A;, respectively, we
obtain that

$(0) = ¢* = [30, 28.3333,28.3333,266667]" and

w(0) = y* = [50,48.3333,48.3333,466667]",
which are the eigenvectors for bo#y matrices, foi = 1, 2. Using Propositiod.4, we can verify that
(Al @ w(k) < Ky @ w(k) A (Kg® (k) < A ® ¢(K), (4.12)

foralli € {1,...,m} andk e Z*. Therefore, the given polyhedral set is positively robust invariant
with respect to the public transportation network for arbitrary choice of maktrix co{A1, Ay}. After
computing the system trajectories, the four state&), are in the setP(l4, ¢ (k), v (K)), as shown in

Fig. 2. The values fop (k) andy (k) can be used as time-variant time tables for the train station because
the departure time in each direction is constrained in this positively robust invariant set.
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i Departure time at direction 1, 2, 3, and 4
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FIG. 2. The travelling time in direction 1, 2, 3, 4.

4.4 Positively invariant under the state feedback control

Considering uncertain discrete event systems of the f@rfr) pver an idempotent semirifgjand with
non-zero control input signals, the necessary and sufficient condition is stated in the following theorem
for the polyhedral seP(ln, ¢, ) to be positively robust invariant under a state feedback controller
F: X —> U.

THEOREM 4.2 There exists a state feedback controbeiX — U for the system described bg.()
over an idempotent semiring such that the polyhedral sBX(In, ¢, ) is positively robust invariant if
and only if

[¢ < (A @ B(B\(y/y)) ® gl A (A < y/y), (4.13)
forall Aj € {A1,..., Am}.

Proof of Theoremd.2. If the polyhedral se®P(ly, ¢, v) is positively robust invariant under a state
feedback controlleF: X — U for the system described t8/Q) over an idempotent semiririg, then
foranyx € P(ln, ¢, ),

¢ <(A®BF)X<y e ¢ <(A®BF)X<y, fori e{1,...,m}.

ThereforeP(1n, ¢, w) is positively invariant undex — (A; @ BF)x. By Lemma4.1, this is equivalent
to

IF|(¢ < (A PBF) @M AAB®BF)Qy < y. (4.14)

The conditiordF |(Ai ® BF)® v < y is equivalenttd A < w/yw)A@F|F < B\(y/y)). Therefore,
the condition in (4.14) is equivalent to (4.13), i.e.

[¢ < (A & B(B\(y/¥)) ® ] A (A < y/y),
forall Aj € {A1,..., Am}. O
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5. Conclusion

This paper studies a class of uncertain discrete event systems over the max—plus algebra, where sys-
tem matrices are unknown but are convex combinations of known matrices. This class of systems has
been used to model transportation systems with varying vehicle travel time and queueing networks with
uncertain arrival and queuing time. This paper presents computational methods for different robust in-
variant sets of such systems. These invariant sets are important in many control synthesis problems in
geometric control. Because the geometric control for linear systems over the max—plus algebra has not
been well established as for traditional linear systems over a field, the main results in this paper will
serve as a foundation for the geometric control theory of discrete event systems with parameter uncer-
tainty. Future research will explore different types of controlled invariant sets besides polyhedral sets,
such as ellipsoidal invariant sets, in the geometric control theory of uncertain discrete event systems.
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