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This paper studies a class of uncertain discrete event systems over the max–plus algebra, where system
matrices are unknown but are convex combinations of known matrices. These systems model a wide
range of applications, e.g. transportation systems with varying vehicle travel time and queueing networks
with uncertain arrival and queuing time. This paper presents the computational methods for different
robust invariant sets of such systems. A recursive algorithm is given to compute the supremal robust
invariant sub-semimodule in a given sub-semimodule. The algorithm converges to a fixed point in a
finite number of iterations under proper assumptions on the state semi-module. This paper also presents
computational methods for positively robust invariant polyhedral sets. A search algorithm is presented
for the positively robust invariant polyhedral sets. The main results are applied to the time table design of
a public transportation network.
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1. Introduction

Semirings can be understood as a set of objects without inverses with respect to the corresponding
operators. A semimodule over a semiring can be analogized to a linear space over a field. Systems
over a semiring are systems evolving with variables taking values in semimodules over the semiring.
Intuitively, such systems are not equipped with ‘additive inverses’. The max–plus algebra (Golan,1999)
is a special semiring consisting of real numbers embedded with max and plus operations. Systems
over the max–plus algebra are often used to model discrete event systems, such as queueing systems
(Cassandras,1993), transportation systems (Baccelli et al., 1992) and communication networks (Le
Boudec & Thiran, 2002). In the study of linear systems over a field or a ring, controlled invariant
subspaces (or sets) play a key role in the fundamental problems of the geometric control theory (Conte
& Perdon,1995,1998;Hautus,1982;Inabaet al.,1988;Wonham, 1979), e.g. the disturbance decoupling
problem, the model matching problem and the block decoupling problem. The geometric approach for
systems over a semiring, however, is still a new research direction (Cohenet al., 1996,1999) compared
to the geometric theory for traditional linear systems over a field (Wonham, 1979). The goal of this
paper is to study different controlled invariant sets for a class of discrete event systems with parameter
uncertainties, which are modelled as uncertain linear systems over the max–plus algebra. The ultimate
impact of these results is to establish a foundation for the geometric control theory of uncertain linear
systems over semirings.

Researchers have been studying different computational methods for controlled invariant spaces (or
sets) for discrete event systems over the max–plus algebra (Katz, 2007;Bitsoris,1988;Truffet, 2004).
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However, there are many uncertain factors in the discrete event system modelling. This paper focuses on
a class of discrete event systems over the max–plus algebra in which system matrices are uncertain but
can be written as linear combinations of known matrices. These systems model a class of discrete event
systems, such as transportation systems with varying travel time and queuing networks with uncertain
arrival time and queueing time. Most of these uncertainties can be characterized by max–plus convex
sets inNitica & Singer(2007). For such uncertain discrete event systems, there are some research results
on the model predictive control (Necoaraet al.,2006a;Van den Boom & De Schutter,2002) and worst-
case optimal control (Necoaraet al.,2006b). This paper, on the other hand, makes contributions in the
analysis of robust invariant sets, which can be used in the geometric control problems.

The main results in this paper are the computational methods for different robust controlled in-
variant sub-semimodules (and sets). A recursive algorithm is given to compute the supremal robust
invariant sub-semimodule in a given sub-semimodule of the state semimodule. The algorithm converges
to a fixed point in a finite number of iterations under proper assumptions on the state semimodule. The
fixed point is the supremal robust controlled invariant sub-semimodule of the given sub-semimodule.
The main challenge for systems over a semiring (or a ring) is that the(A, B)-invariant sub-semimodule
(or submodule) does not coincide with(A, B)-invariant sub-semimodule (or submodule) of feedback
type (Conte & Perdon, 1995,1998;Hautus,1982). A computational method is introduced for robust
controlled invariant sub-semimodule of feedback type in a given sub-semimodule. Moreover, this pa-
per presents computational methods for positively robust invariant polyhedral sets in two cases, time-
invariant and time-varying polyhedral sets. The reason to focus on time-varying polyhedral invariant
sets is that there are many quantities in discrete event systems varying with time. For instance, in trans-
portation networks, the goal is to control the departure time of each vehicle such that it is contained in a
desired time constraint. These constraints usually vary over time and can be used to design proper time
tables for transportation systems. A search algorithm for time-varying positively robust invariant sets is
presented and is illustrated using a public transportation network with varying vehicle travelling time.

This paper is organized as follows. Section2 introduces some mathematical preliminaries and dis-
crete event systems over the max–plus algebra. Section3 presents computational methods for robust
controlled invariant sub-semimodules. Section4 presents the computational methods for positively ro-
bust invariant sets. A public transportation network is used to illustrate the main results. Section5
concludes this paper with future research.

2. Mathematical preliminaries

2.1 Semiring and semimodule

A monoid R is a semigroup(R,⊕) with an identity elementeR with respect to the binary operation
⊕. The term ‘semiring’ means a set,R = (R,⊕, eR,⊗, 1R) with two binary associative operations,
⊕ and⊗, such that(R,⊕, eR) is a commutative monoid and(R,⊗, 1R) is a monoid, which are con-
nected by a two-sided distributive law of⊗ over ⊕. Moreover,eR ⊗ r = r ⊗ eR = eR, for all r in
R. R = (R,⊕, eR,⊗, 1R) is a semifield if and only if(R\{eR},⊗, 1R) is a group, i.e. all of its el-
ements have inverse elements with respect to the⊗ operator. A semifieldR = (R,⊕, eR,⊗, 1R) is
calledan ‘idempotent’ semifield ifa ⊕ a = a for all a ∈ R. The max–plus algebra is an idempotent
semifield, where the traditional addition and multiplication are replaced by the max operation and the
plus operation, i.e.

Addition : a ⊕ b ≡ max{a, b},

Multiplication : a ⊗ b ≡ a + b.
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Themax–plus algebra is denoted asRMax=(R ∪ {ε},⊕, ε,⊗, e), or simplyRMax, whereR denotes
the set of real numbers,ε = −∞ ande = 0. Similarly,ZMax = (Z∪{ε},⊕, ε,⊗, e) denotes the integer
max–plus algebra, whereZ is the set of integers.

Let (R,⊕, eR,⊗, 1R) be a semiring and(M,⊕M , eM ) be a commutative monoid, where the sub-
script denotes the corresponding monoid for the operator⊕. M is called a ‘leftR-semimodule’ if there
exists a mapμ: R × M → M , denoted byμ(r,m) = rm, for all r ∈ R andm ∈ M , such that the
following conditions are satisfied:

1. r (m1 ⊕M m2) = r m1 ⊕M r m2,

2. (r1 ⊕ r2)m = r1m ⊕M r2m,

3. r1(r2m) = (r1 ⊗ r2)m,

4. 1Rm = m,

5. r eM = eM = eRm,

for any r , r1, r2 ∈ R and m, m1, m2 ∈ M . In this paper,e denotes the unit semimodule. A ‘sub-
semimodule’K of M is a submonoid ofM with rk ∈ K , for all r ∈ R with k ∈ K . An R-morphism
between two semimodules(M,⊕M , eM ) and(N,⊕N, eN) is a map f : M → N satisfying

1. f (m1 ⊕M m2) = f (m1)⊕N f (m2);
2. f (r m) = r f (m),

for all m, m1, m2 ∈ M andr ∈ R.
Let N be a subset of anR-semimodule(M,⊕M , eM ). We denoteN0 asthe set of all elements of

the form
⊕

M
i ∈I

λi ni , whereni ∈ N, λi ∈ R and I is the index set. The sub-semimoduleN0 is said to

be generated byN, andN is called a system of generators ofN0. The subsetN of an R-semimodule
M is called ‘linearly independent’ if

⊕
M

i
λi ni =

⊕
M

i
βi ni implies λi = βi for all i ∈ I . An R-

semimoduleM is called a freeR-semimodule if it has a linearly independent subsetN of M which
generatesM and thenN is called a basis ofM . If N has a finite number of elements,M is called a
finitely generatedR-semimodule, denoted as SpanN. Katz (2007) defined the concept of volume for a
semimodule. LetK ⊂ Zn

Max bea semimodule, the volume ofK, denoted as vol(K), is the cardinality

of the setK̃ , {x ∈ K|x1 ⊕ x2 ⊕ ∙ ∙ ∙ ⊕ xn = 0}. Also, if K ∈ Zn×p
Max , the volume of the semimodule

K = ImK is denoted as vol(K ) = vol(ImK ) = vol(K).

REMARK . In Wagneur(1991,2005), independence and weakly independence are defined differently. It
can be shown that if the semimodule is linearly independent according to the definition in this paper,
then it is also independent and weakly independent according to the definitions inWagneur(1991,
2005).

2.2 Uncertain discrete event systems over the max–plus algebra

A class of uncertain discrete event system over the max–plus algebraRMax is described by the following
equation:

x(k)= Ãx(k − 1)⊕ Bu(k), (2.1)

where the state semimoduleX ∼= Rn
Max andthe input semimoduleU ∼= Rr

Max are free, A: X → X
and B: U → X are R-semimodule morphisms. Although we assume the state semimodule, the input
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semimoduleand the output semimodule are free for convenience, the main results in this paper did not
require the free assumption. The system’s state matrix morphismÃ: X → X is unknown, but it can be
represented as the linear combination ofm known matrix morphismsA1, A2, . . . , Am, i.e.

Ã =
m⊕

i =1

(λi ⊗ Ai ) with
m⊕

i =1

λi = e,

wherethe parametersλi areunknown. A setP is convex if(a ⊗ x) ⊕ (b ⊗ y) ∈ P for any x, y ∈ P
and a ⊕ b = 1R, wherea, b ∈ R. Therefore,Ã is in the convex hull ofA1, . . . , Am, denoted as
Ã ∈ co{A1, . . . , Am}. The geometric concepts of different invariant subspaces for systems over a field
can be generalized to systems over a semiring. Given a system of the form (2.1) over the max–plus
algebraRMax, a sub-semimoduleV of the state semimoduleX is

• called ‘(Ã, B)-invariant’ or ‘robust controlled invariant’ if and only if, for allx0 ∈ V andan arbitrary
matrix morphismÃ ∈ co{A1, . . . , Am}, there exists a sequence of control inputs,u = {u1, u2, . . .},
such that every component in the state trajectory produced by this input,x(x0; u) = {x0, x1, . . .},
remains inside ofV.

• called ‘(Ã, B)-invariant of feedback type’ or ‘(Ã ⊕ BF)-invariant’, if and only if there exists a
state feedbackF : X → U such that(Ã ⊕ BF)V ⊂ V, for an arbitrary matrix morphism̃A ∈
co{A1, . . . , Am}.

Unlike systems over a field,(A, B)-invariant sub-semimodules of feedback type are not same as
(A, B)-invariant sub-semimodules for systems over a semiring or even a ring.Conte & Perdon(1998)
proved that, for systems over a ring, if an(A, B)-invariant submodule is a direct summand of the free
state semimoduleX, then it is(A, B)-invariant of feedback type. However, direct summand in semi-
modules is far more complicated than modules, the same result inConte & Perdon(1998) is not true
any more.

This paper also generalizes positively invariant sets for deterministic systems to uncertain systems of
the form (2.1) over the max–plus algebraRMax. A non-empty subsetP of Rn

Max is said to be ‘positively
invariant’ or ‘A-positively invariant’ for the systems of the formx(k + 1) = Ax(k), if, for every initial
conditionx(0) ∈ P, the trajectoryx(k) remains inP for all k > 0. If a non-empty subsetP of Rn

Max
is said to be ‘robust positively invariant’ or̃A-positively invariant for systems of the formx(k + 1) =
Ãx(k), if, for every initial conditionx(0) ∈ P, the state trajectoryx(k) remains inP with respect to any
uncertain matrix morphism̃A ∈ co{A1, . . . , An}.

A non-empty subsetP of Rn
Max is said to be a ‘controlled positively invariant set’ for systems of

the form x(k + 1) = Ax(k) ⊕ Bu(k) if, for every initial conditionx(0) ∈ P, there exists a control
input u such that the trajectoryx(k) remains inP with respect to any uncertain matrix morphism̃A. A
non-empty subsetP of Rn

Max is said to be a ‘controlled robust positively invariant set’ for systems of the
form (2.1) if, for every initial conditionx(0) ∈ P, there exists a control inputu such that the trajectory
x(k) remains inP with respect to any uncertain matrix morphism̃A ∈ co{A1, . . . , An}.

3. Robust invariant sub-semimodules

This section presents the computational methods for(Ã, B)-invariant sub-semimodules and(Ã⊕ BF)-
invariant sub-semimodules in a given sub-semimodule. These computational methods are generaliza-
tions of deterministic discrete event systems inKatz (2007) to uncertain discrete event systems of the
form (2.1) with parameter uncertainties.
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ROBUST INVARIANCE IN UNCERTAIN DISCRETE EVENT SYSTEMS 149

3.1 (Ã, B)-invariant sub-semimodules

A sub-semimoduleV of the state semimodule is(Ã, B)-invariant if and only if

V = V ∩ Ã−1(V 	 B), (3.1)

whereB = ImB and

Ã−1(V 	 B)= {x ∈ Rn
Max|∃u ∈ U, s.t. Ãx ⊕ Bu ∈ V, ∀ Ã ∈ co{A1, . . . , Am}}. (3.2)

REMARK . Equation (3.1) is not a definition of(Ã, B)-invariant sub-semimodules, but it is a direct gen-
eralization from the definition of the(Ã, B)-invariant sub-semimodules in the last section. Moreover, it
is often used in the calculations of the robust controlled invariant sub-semimodules.

LEMMA 3.1 For an uncertain discrete event system of the form (2.1) over the max–plus algebra, a sub-
semimoduleV in the state semimodule is(Ã, B)-invariant if and only ifV is (Ai , B)-invariant for any
i ∈ {1,2, . . . ,m}.

Proof of Lemma3.1. =⇒.V is (Ã, B)-invariant, then, for allx ∈ V, Ãx⊕Bu ∈ V, i.e.(
⊕m

i =1 λi Ai )x⊕
Bu is also inV. If λi = eandλ j = ε for j 6= i andi, j ∈ {1, . . . ,m}, then

⊕m
i =1 λi Ai will just produce

the matrix morphismAi for any i ∈ {1,2, . . . ,m}. Therefore,Ai x ⊕ Bu ∈ V is true. Therefore,V is
(Ai , B)-invariant for anyi ∈ {1,2, . . . ,m}.

⇐=. If V is (Ai , B)-invariant for anyi ∈ {1,2, . . . ,m}, then, for allx ∈ V, there exists a control
input ui ∈ U suchthat Ai x ⊕ Bui ∈ V. Because the sub-semimoduleV is closed under the addition
operation,

⊕m
i =1 λi Ai x ⊕ B

⊕m
i =1 λi ui = Ãx ⊕ Bu ∈ V, whereu =

⊕m
i =1 λi ui . Therefore,V is

(Ã, B)-invariant.
�

LEMMA 3.2 For an uncertain discrete event system of the form (2.1) over the max–plus algebra, the
following equality holds

Ã−1(V 	 B) =
m⋂

i =1

A−1
i (V 	 B)

for any sub-semimoduleV of the state semimoduleX.

Proof of Lemma3.2. ⊆. For anyx ∈ Ã−1(V 	 B), there exists a control inputu ∈ U such that
Ãx ⊕ Bu =

⊕m
i =1 λi Ai x ⊕ Bu ∈ V. If λi = e andλ j = ε for j 6= i and i, j ∈ {1, . . . ,m}, then

Ai x ⊕ Bu ∈ V holds. Therefore,x ∈
⋂m

i =1 A−1
i (V 	 B).

⊇. For anyx ∈
⋂m

i =1 A−1
i (V 	B), there exists a control inputui ∈ U suchthat Ai x ⊕ Bui ∈ V for

all i ∈ {1, . . . ,m}. Therefore,
⊕m

i =1 λi Ai x ⊕ B
⊕m

i =1 λi ui = Ãx ⊕ Bu ∈ V, whereu =
⊕m

i =1 λi ui .
Hence,x ∈ Ã−1(V 	 B).

�
For a linear system over a field, the supremal(A, B)-invariant subspaceV∗ in a given subspaceK

of the state space is computed using the following algorithm (Wonham, 1979),

V1 =K,

Vk+1 = Vk ∩ A−1(Vk + B), k ∈ N, (3.3)
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whereA−1(Vi + B) = {x ∈ Rn|Ax ∈ Vi + B}. This recursion converges to a fixed point after a finite
number of iterations. The fixed point is the supremal controlled invariant subspace inK. However, for
systems over a semiring or even a ring, this algorithm does not guarantee to terminate in a finite number
of steps. For uncertain linear systems over the max–plus algebra, to calculate the supremal controlled
invariant sub-semimodule of a given sub-semimoduleK, the algorithm in (3.3) is modified as follows
by using Lemma3.2:

V1 =K,

Vk+1 = Vk ∩ Ã−1(Vk 	 B),

= Vk ∩
m⋂

i =1

A−1
i (Vk 	 B), k ∈ N. (3.4)

LEMMA 3.3 Let {Vk}k>0 bethe family of sub-semimodules defined by the algorithm in (3.4). If there
exists a well-defined non-empty semimodule∩k∈NVk, then any(Ã, B)-invariant sub-semimodule ofK
is contained in∩k∈NVk, namely the supremal controlled invariant sub-semimoduleV∗ is also contained
in ∩k∈NVk. Moreover, if the algorithm in (3.4) terminates inr steps, thenV∗ = Vr .

Proof of Lemma3.3. The sequence of sub-semimodules{Vk}k∈N is decreasing: clearlyV2 ⊂ V1, if
Vk ⊂ Vk−1, then

Vk+1 = Vk ∩ Ã−1(Vk 	 B) ⊂ Vk−1 ∩ Ã−1(Vk−1 	 B)

= Vk−1 ∩
m⋂

i =1

A−1(Vk−1 	 B) = Vk.

Thenext step is to show that any(A, B)-invariant sub-semimoduleV in K is contained in∩k∈NVk.
This conclusion will imply that the supremal controlled invariant sub-semimoduleV∗ is contained in
∩k∈NVk. Clearly,V is contained inV0 = K, supposeV is also contained inVk, then,

V = V ∩ Ã−1(V 	 B) ⊂ Vk ∩ Ã−1(Vk 	 B)

= Vk ∩
m⋂

i =1

A−1
i (Vk 	 B) = Vk+1.

Hence,V ⊂ Vk for all k ∈ N, namelyV ⊂ ∩k∈NVk. Therefore, the supremal controlled invariant
sub-semimoduleV∗ is contained in∩k∈NVk.

If the algorithm in (3.4) terminates inr steps, then∩k∈NVk = Vr . BecauseVr = Vr ∩ Ã−1(Vr 	 B),
Vr is (Ã, B)-invariant, namelyVr ⊂ V∗. On the other hand,V∗ ⊂ ∩k∈NVk = Vr from the previous step.
Therefore, the equality holds forV∗ = Vr . �

The preceding lemma states and proves that the algorithm in (3.4) can be used to calculate the
supremal controlled invariant sub-semimodule inK. Note that the algorithm in (3.4) does not always
terminate in a finite number of steps. However, if restricting to a finite-volume semimodule in the integer
max–plus algebraZMax, the algorithm in (3.4) guarantees to terminate in finite steps.

PROPOSITION 3.1 Given a sub-semimoduleK in Zn
Max with a finite volume. The supremal(Ã, B)-

invariant sub-semimodule ofK under the dynamics of the system (2.1) is finitely generated. Moreover,
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thesequence{Vk}k∈N by the algorithm in (3.4) terminates in a finite numberr of steps, i.e.V∗ = Vr for
somer 6 vol (K)+ 1.

Proof of Proposition3.1. The proof is a direct generalization of Theorem 2 for the deterministic discrete
event systems inKatz (2007). First of all, let us recall that the set of robust controlled invariant sub-
semimodules in a sub-semimoduleK of X is a upper semilattice relative to sub-semimodule inclusion
⊂ and operation⊕. Therefore, there exists the ‘supremal’ elementV∗ in the family of robust controlled
invariant sub-semimodules, a sub-semimoduleK in X. Because every semimodule inZn

Max with a finite
volume is finitely generated and the supremal(Ã, B)-invariant sub-semimoduleV∗ is contained inK, we
have vol(V∗) 6 vol(K) < ∞. Therefore,V∗ is also finitely generated. Moreover, the sequence{Vk}k∈N
is a decreasing sequence, so the sequence of the volumes of semimodules{Vk}k∈N is a decreasing
sequence of non-negative integers. There exists the smallest non-negative integerr 6 vol(K)+ 1, such
that vol(Vr ) = vol(Vr +1) < ∞. Hence,Vr = Vr +1 for somer 6 vol(K)+ 1. �

The following example illustrates the termination of the algorithm in (3.4) under the assumptions in
Proposition3.1.

EXAMPLE 3.1 Consider an uncertain discrete event system overZMax with system matrix morphism
Ã ∈ co{A1, A2}, where the two matrix morphismsA1: X → X andA2: X → X aregiven as

A1 =
[

1 −∞
−∞ 0

]
, A2 =

[
2 −∞

−∞ 0

]
, B =

[
0
0

]
.

We need to calculate the supremal(Ã, B)-invariant sub-semimodule inK = {(x, y)> ∈ Z2
Max|x +

16 y 6 x + 4}. The set̃K is

K̃= {(x, y)> ∈ K|x ⊕ y = 0} = {(−1,0)>, (−2,0)>, (−3,0)>, (−4,0)>}.

The volume ofK is 4. Then the algorithm in (3.4) to calculate the supremal controlled invariant sub-
semimodule will terminate at most vol(K) + 1 = 5 steps. We verify it by computing the algorithm in
(3.4):

V1 =K,

V2 = V1 ∩
2⋂

i =1

A−1
i (V1 	 B)

= {(x, y)> ∈ Z2
Max|x + 16 y 6 x + 4}

∩{(x, y)> ∈ Z2
Max|x + 26 y 6 x + 5}

∩{(x, y)> ∈ Z2
Max|x + 36 y 6 x + 6}

= {(x, y)> ∈ Z2
Max|x + 36 y 6 x + 4},

V3 = V2 ∩
2⋂

i =1

A−1
i (V2 	 B)
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= {(x, y)> ∈ Z2
Max|x + 36 y 6 x + 4}

∩{(x, y)> ∈ Z2
Max|x + 46 y 6 x + 5}

∩{(x, y)> ∈ Z2
Max|x + 56 y 6 x + 6}

= {(−∞,−∞)>},

V4 = V3,

...

Vk+1 = V3,

...

The algorithm terminates in three steps and the supremal(Ã, B)-invariant sub-semimodule inK is
V∗ = V3 = {(−∞,−∞)>}.

3.2 (Ã, B)-invariant sub-semimodules of feedback type

A sub-semimoduleV is (Ã ⊕ BF)-invariant if and only if there exists a state feedbackF : X → U
for any Ã ∈ co{A1, . . . , Am} suchthat (Ã ⊕ BF)V ⊂ V. For systems over a semiring or even a
ring, a controlled invariant sub-semimodule is not identical with a control invariant sub-semimodule of
feedback type, therefore, the computational method in the algorithm in (3.4) cannot be used to calculate
(Ã, B)-invariant sub-semimodules of feedback type.

LEMMA 3.4 A sub-semimoduleV is (Ã, B)-invariant of feedback type if and only if the sub-semimodule
V is (Ai , B)-invariant of feedback type, for anyAi ∈ {A1, . . . , Am} andany Ã ∈ co{A1, . . . , Am}.

Proof of Lemma3.4. =⇒. If a sub-semimoduleV is (Ã, B)-invariant of feedback type for all̃A ∈
co{A1, . . . , Am}, then there exists a state feedbackF : X → U such that(Ã ⊕ BF)V ⊂ V, which
implies(Ai ⊕ BF)V ⊂ V for anyi ∈ {1, . . . ,m}. Therefore, the sub-semimoduleV is (Ai , B)-invariant
of feedback type.

⇐=. If the sub-semimoduleV is (Ai , B)-invariant of feedback type, for anyAi ∈ {A1, . . . , Am},
therethere exists anFi : X → U suchthat(Ai ⊕ BFi )V ⊂ V. Therefore,

(
m⊕

i =1

λi (Ai ⊕ BFi )

)

V ⊂ V =⇒ (Ã ⊕ BF̃)V ⊂ V,

whereF̃ ∈ co{F1, . . . , Fm}. Hence, the sub-semimoduleV is (Ã, B)-invariant of feedback type for all
Ã ∈ co{A1, . . . , Am}.

�
For linear systems over the integer max–plus algebraZMax, if a given sub-semimoduleV = ImQ,

whereQ ∈ Zn×r
Max, thenV is (Ã ⊕ BF)-invariant if and only if there exists matricesF ∈ Zq×n

Max and
G ∈ Zr ×r

Max suchthat

(Ã ⊕ BF)Q = QG (3.5)

holds for all Ã ∈ co{A1, . . . , Am}.
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LEMMA 3.5 Given a sub-semimoduleV = ImQ, whereQ ∈ Zn×r
Max, thenV is (Ã ⊕ BF)-invariant if

and only if there exists matricesFi ∈ Zq×n
Max andGi ∈ Zr ×r

Max suchthat the equality

(Ai ⊕ BFi )Q = QGi , ∀ i ∈ {1, . . . ,m} (3.6)

is true.

Proof of Lemma3.5. ⇐=. If (Ai ⊕ BFi )Q = QGi is true for anyi ∈ {1, . . . ,m}, then

m⊕

i =1

λi (Ai ⊕ BFi )Q =
m⊕

i =1

λi QGi implies

(
m⊕

i =1

λi Ai ⊕ B
m⊕

i =1

λi Fi

)

Q = Q
m⊕

i =1

λi Gi implies(Ã ⊕ BF̃)Q = QG̃,

where F̃ ∈ co{F1, . . . , Fm} and G̃ ∈ co{G1, . . . ,Gm}. ThenV is (Ã ⊕ BF)-invariant.=⇒. V is
(Ã ⊕ BF)-invariant, then(Ã ⊕ BF)Q = QG, ∀ Ã ∈ co{A1, . . . , Am}. Hence,(Ai ⊕ BFi )Q = QGi ,
for all i ∈ {1, . . . ,m}.

�
In order to find each pair of(Fi ,Gi ) satisfying(3.6), the elimination method inKatz (2007) and the

residuation theory inBaccelliet al. (1992) can be used by adding a variableti to form the homogenous
linear equation over the integer max–plus algebraRMax:

(Ai ti ⊕ BFi )Q = QGi , for i ∈ {1, . . . ,m}. (3.7)

Equation (3.6) has at least one set of solutions(Fi ,Gi ) if and only if (3.7) has at least one set of solutions
(ti , Fi ,Gi ) with ti 6= −∞. This implies that the semimoduleX = ImQ is (Ai , B)-invariant of feedback
type with Fi = (−ti )Fi . The necessary and sufficient condition for(ti , Fi ,Gi ) to be a solution of (3.7)
is

ti 6 (Ai Q)\(QGi ),

Fi 6 B\(QGi )/Q,

Gi 6 Q\((Ai ti ⊕ BF)Q),

for i ∈ {1, . . . ,m}. The operations∙\∙ and∙/∙ are defined

M\N =
∨

{X ∈ Zp×r
Max|M ⊗ X 6 N}, D/C =

∨
{X ∈ Zp×r

Max|X ⊗ C 6 D},

for M ∈ Zn×p
Max andN ∈ Zn×r

Max, and forC ∈ Zr ×n
Max andD ∈ Zp×n

Max .

4. Positively robust invariant polyhedral Sets

This section presents the necessary and sufficient conditions for the polyhedral sets to be positively
robust invariant under the dynamics of an uncertain linear system of the form (2.1) over an idempotent
semiringR. Because the max–plus algebra is a special idempotent semiring, the results in this section
are applicable to systems of the form (2.1) over the max–plus algebra.
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4.1 Time-invariant polyhedral sets

Considering the following time-invariant polyhedral set

P(F, φ, ψ) = {x ∈ Rn|φ 6 F ⊗ x 6 ψ},

φ, ψ ∈ Rp andF ∈ Rp×n.

For deterministic linear systems over an idempotent semiring, the necessary and sufficient condition for
positively invariance of the setP(In, φ, ψ) was established inTruffet (2004).

LEMMA 4.1 (Truffet, 2004) Assumen = p andF = In, whereIn denotesthen × n identity matrix.
P(In, φ, ψ) is positively invariant under the dynamics of the system over an idempotent semiringR,

x(k)= Ax(k − 1), A ∈ Rn×n, (4.1)

if and only if the condition

(A ⊗ ψ 6 ψ)∧ (φ 6 A ⊗ φ) (4.2)

is true, where∧ denotes the logic AND.

For uncertain discrete event systems of the form (2.1) over an idempotent semiringR, similar results
can obtained if the input signals are zero.

PROPOSITION4.1 Assumen = p andF = In, whereIn denotesthen×n identity matrix.P(In, φ, ψ)
is positively robust invariant under the dynamics of the system (2.1) over an idempotent semiringR and
the inputs are zero, i.e.u = eU , if and only if

(Ai ⊗ ψ 6 ψ)∧ (φ 6 Ai ⊗ φ), (4.3)

for all i ∈ {1, . . . ,m}.

Proof of Proposition4.1. =⇒. If P(In, φ, ψ) is positively invariant under the dynamics of the system
(2.1) over an idempotent and with zero inputs, then for anyx ∈ Rn suchthatφ 6 x 6 ψ , the condition
φ 6 Ã ⊗ x 6 ψ holds for any possible choice of̃A ∈ co{A1, . . . , Am}. Therefore, the inequalityφ 6
Ai ⊗x 6 ψ is true, for anyAi , wherei ∈ {1, . . . ,m}. Using Lemma4.1,(Ai ⊗ψ 6 ψ)∧ (φ 6 Ai ⊗φ)
holds for alli ∈ {1, . . . ,m}.

⇐=. Because (4.3) holds for alli ∈ {1, . . . ,m}, we have

(
m⊕

i =1

λi ⊗ Ai ⊗ ψ 6
m⊕

i =1

λi ⊗ ψ

)

∧

(
m⊕

i =1

λi ⊗ φ 6
m⊕

i =1

λi ⊗ Ai ⊗ φ

)

.

Since
⊕m

i =1 λi = 1R and
⊕m

i =1 λi ⊗ Ai = Ã, the above condition becomes

(Ã ⊗ ψ 6 ψ)∧ (φ 6 Ã ⊗ φ).

Using Lemma4.1,P(In, φ, ψ) is positively robust invariant for the uncertain discrete event system (2.1)
over an idempotent semiring and with zero inputs. �

 by guest on M
ay 18, 2011

im
am

ci.oxfordjournals.org
D

ow
nloaded from

 

http://imamci.oxfordjournals.org/


ROBUST INVARIANCE IN UNCERTAIN DISCRETE EVENT SYSTEMS 155

THEOREM 4.1 Given E ∈ Rn×p satisfying

{
E ⊗ F 6 In,

φ 6 F ⊗ E ⊗ φ.

The setP(F, φ, ψ) is positively robust invariant under the dynamics of the system (2.1) over an idem-
potent semiringR by x 7→ Ã ⊗ x with zero inputs if and only if the condition

(Ai ⊗ (F\ψ) 6 (F\ψ)) ∧ (E ⊗ φ 6 Ai ⊗ E ⊗ φ) (4.4)

is true for alli ∈ {1, . . . ,m}. The symbolF\ψ denotes
∨

{x ∈ X|F ⊗ x 6 ψ}.

Proof of Theorem4.1. =⇒. If P(F, φ, ψ) is positively invariant under the dynamics of the system
(2.1) over an idempotent semiringR by x 7→ Ã ⊗ x with zero inputs, then, for anyx ∈ Rn suchthat
φ 6 x 6 ψ , we haveφ 6 Ã ⊗ x 6 ψ , for any possible choice of̃A ∈ co{A1, . . . , Am}. Therefore,
using Theorem 3.1 inTruffet (2004), the following condition holds:

[ Ã ⊗ (F\ψ) 6 (F\ψ)] ∧ [E ⊗ φ 6 Ã ⊗ E ⊗ φ].

Therefore, for alli ∈ {1, . . . ,m}, the equality

[ Ai ⊗ (F\ψ) 6 (F\ψ)] ∧ [E ⊗ φ 6 Ai ⊗ E ⊗ φ]

is true.
⇐=. Because (4.4) holds for alli ∈ {1, . . . ,m}, we have

m⊕

i =1

λi ⊗ Ai ⊗ (F\ψ)6
m⊕

i =1

λi ⊗ (F\ψ),

m⊕

i =1

λi ⊗ E ⊗ φ 6
m⊕

i =1

λi ⊗ Ai ⊗ E ⊗ φ.

Since
⊕m

i =1 λi = 1R and
⊕m

i =1 λi ⊗ Ai = Ã, the above condition becomes

[ Ã ⊗ (F\ψ) 6 (F\ψ)] ∧ [E ⊗ φ 6 Ã ⊗ E ⊗ φ]. (4.5)

Using Theorem 3.1 inTruffet (2004),P(F, φ, ψ) is positively robust invariant for the discrete event
system (2.1) over an idempotent semiringR by x 7→ Ãx with zero inputs. �

PROPOSITION4.2 Assumen = p, P(F, φ, ψ) is positively invariant under the dynamicsx 7→ Ax of
the system (4.1) if there exists a matrixH ∈ Rp×p suchthat

F ⊗ A = H ⊗ F and

(H ⊗ ψ 6 ψ) ∧ (φ 6 H ⊗ φ). (4.6)

The second condition means thatP(In, φ, ψ) is H -positively invariant.
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Proof of Proposition4.2. We need to prove for anyφ 6 F ⊗x 6 ψ , the conditionφ 6 F ⊗ A⊗x 6 ψ
holds. SinceF ⊗ A = H ⊗ F , we only need to show thatφ 6 H ⊗ F ⊗ x 6 ψ . SinceP(In, φ, ψ)
is H -positively invariant, for allx ∈ Rn, φ 6 x 6 ψ , we haveφ 6 H ⊗ x 6 ψ . Therefore,F ⊗ x ∈
P(In, φ, ψ). We haveφ 6 H ⊗F⊗x 6 ψ . Thus,P(F, φ, ψ) is positively invariant under the dynamics
of the system (4.1).

�
The preceding proposition is a sufficient condition for a polyhedral set,P(F, φ, ψ), to be positively

invariant under the dynamics of the system (4.1). The following proposition states a sufficient condition
for a polyhedral setP(F, φ, ψ) to be positively robust invariant under the dynamic of the system (2.1)
over an idempotent semiringR and with zero inputs.

PROPOSITION4.3 Assumen = p, P(F, φ, ψ) is positively robust invariant under the dynamics of the
system (2.1) over an idempotent semiringR and with zero inputs, i.e.x 7→ Ãx, if there exists a matrix
Hi ∈ Rp×p suchthat

F ⊗ Ai = Hi ⊗ F and

(Hi ⊗ ψ 6 ψ) ∧ (φ 6 Hi ⊗ φ). (4.7)

The second condition means thatP(In, φ, ψ) is Hi -positively invariant, for alli ∈ {1, . . . ,m}.

Proof of Proposition4.3. We need to prove that, for anyφ 6 F⊗x 6 ψ , the conditionφ 6 F⊗ Ã⊗x 6
ψ holds for any arbitrarỹA ∈ co{A1, . . . , Am}. SinceF⊗Ai = Hi ⊗F andP(In, φ, ψ) is Hi -positively
invariant, for allx ∈ Rn, φ 6 x 6 ψ , we haveφ 6 Hi ⊗ x 6 ψ . Therefore,F ⊗ x ∈ P(In, φ, ψ). We
haveφ 6 Hi ⊗ F ⊗ x = F ⊗ Ai ⊗ x 6 ψ, for all i ∈ {1, . . . ,m}. Combining them together to obtain

φ =
m⊕

i =1

λi ⊗ φ 6
m⊕

i =1

(λi ⊗ F ⊗ Ai ⊗ x) 6
m⊕

i =1

λi ⊗ ψ = ψ,

where
⊕m

i =1(λi ⊗ F ⊗ Ai ⊗ x) = F ⊗ (
⊕m

i =1 λi ⊗ Ai ) ⊗ x = F ⊗ Ã ⊗ x. Therefore, we have
φ 6 F ⊗ Ã ⊗ x 6 ψ for all φ 6 F ⊗ x 6 ψ . Thus,P(F, φ, ψ) is positively invariant under the
dynamics of the system (2.1) over an idempotent semiringR and with zero inputs. �

4.2 Time-variant polyhedral sets

Consider the following time-variant polyhedral sets:

P̃(F, φ(k), ψ(k))= {x(k) ∈ Rn|φ(k) 6 F ⊗ x(k) 6 ψ(k)},

φ(k)= Kφ ⊗ φ(k − 1),

ψ(k)= Kψ ⊗ ψ(k − 1),

whereφ,ψ ∈ Rp, k ∈ Z+and F ∈ Rp×n andx(k) is governed by system (2.1) or system (4.1). Time-
variant polyhedral sets are polyhedrons with time-variant boundaries, conditions that are very common
in applications such as public transportation networks with time-varying time tables and queuing net-
works with time-varying arrival or service time.
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LEMMA 4.2 Assumen = p andF = In, whereIn denotesthen×n identity matrix.P̃(In, φ(k), ψ(k))
is positively robust invariant under the dynamics of system (4.1) byx 7→ Ax if and only if

(A ⊗ ψ(k) 6 Kψ ⊗ ψ(k)) ∧ (Kφ ⊗ φ(k) 6 A ⊗ φ(k)), (4.8)

for all k ∈ Z+.

Proof of Lemma4.2. =⇒. If P̃(In, φ(k), ψ(k)) is positively invariant under the dynamics of the system
(4.1), then for anyx ∈ Rn suchthatφ(k) 6 x(k) 6 ψ(k), we haveφ(k+1)= Kφ⊗φ(k) 6 A⊗x(k) 6
Kψ ⊗ ψ(k) = ψ(k + 1). Sinceφ(k) andψ(k) ∈ P̃(In, φ(k), ψ(k)), we have

(A ⊗ ψ(k) 6 Kψ ⊗ ψ(k)) ∧ (Kφ ⊗ φ(k) 6 A ⊗ φ(k)).

⇐=. If the condition(A ⊗ ψ(k) 6 Kψ ⊗ ψ(k)) ∧ (Kφ ⊗ φ(k) 6 A ⊗ φ(k)) holds, then for any
x ∈ P̃(In, φ(k), ψ(k)), i.e.φ(k) 6 x(k) 6 ψ(k), hence the condition

Kφ ⊗ φ(k) 6 A ⊗ φ(k) 6 A ⊗ x(k) 6 A ⊗ ψ(k) 6 Kψ ⊗ ψ(k)

impliesφ(k + 1) 6 x(k + 1) 6 ψ(k + 1). Therefore,P̃(In, φ(k), ψ(k)) is positively invariant under
the dynamics of the system (4.1).

�
Lemma 4.2 presents the necessary and sufficient conditions for a time-variant polyhedral set

P̃(In, φ(k), ψ(k)) to be positively invariant for the system (4.1). If we are givenKφ andKψ , the search-
ing method forφ(k) 6 ψ(k), such that̃P(In, φ(k), ψ(k)), k > 1, is positively invariant for the system
(4.1), can be performed as follows.

1. Solve the following equations forφ∗ 6 ψ∗,

A ⊗ ψ∗ = Kψ ⊗ ψ∗,

A ⊗ φ∗ = Kφ ⊗ φ∗.

2. For anyx(0) ∈ Rn suchthat letφ(0)= φ∗ andψ(0)= ψ∗ andφ(0)6 x(0)6 ψ(0), we have

A ⊗ φ(0)6 A ⊗ x(0)6 A ⊗ ψ(0)=⇒

Kφ ⊗ φ(0)6 A ⊗ x(0)6 Kψ ⊗ ψ(0)=⇒

φ(1)6 x(1)6 ψ(1).

Continuing this process, we are able to show thatP̃(In, φ(k), ψ(k)) is positively invariant with
respect to system (4.1). Therefore,φ∗ andψ∗ generatethe possible boundaries for a positively
invariant polyhedral set.

PROPOSITION 4.4 Assumen = p and F = In, where In denotesthe n × n identity matrix.P̃(In,
φ(k), ψ(k)) is positively robust invariant under the dynamics of the system (2.1) over an idempotent
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semiringR andwith zero inputs byx 7→ Ãx if and only if

(Ai ⊗ ψ(k) 6 Kψ ⊗ ψ(k)) ∧ (Kφ ⊗ φ(k) 6 Ai ⊗ φ(k)), (4.9)

for all i ∈ {1, . . . ,m} andk ∈ Z+.

Proof of Proposition4.4. =⇒. If P̃(In, φ(k), ψ(k)) is positively robust invariant under the dynamics
of the system (2.1) over an idempotent semiringR and with zero inputs, then, for anyx ∈ Rn suchthat
φ(k) 6 x(k) 6 ψ(k), we haveφ(k + 1) = Kφ ⊗ φ(k) 6 Ã ⊗ x(k) 6 Kψ ⊗ ψ(k) = ψ(k + 1), for an
arbitrary Ã ∈ co{A1, . . . , Am}. Sinceφ(k) andψ(k) ∈ P̃(In, φ(k), ψ(k)), we have

(Ã ⊗ ψ(k)6 Kψ ⊗ ψ(k)) ∧ (Kφ ⊗ φ(k) 6 Ã ⊗ φ(k)) =⇒

(Ai ⊗ ψ(k)6 Kψ ⊗ ψ(k)) ∧ (Kφ ⊗ φ(k) 6 Ai ⊗ φ(k))

for all i ∈ {1, . . . ,m}.
⇐=. If we have(Ai ⊗ ψ(k) 6 Kψ ⊗ ψ(k)) ∧ (Kφ ⊗ φ(k) 6 Ai ⊗ φ(k)) for all i ∈ {1, . . . ,m},

thenP̃(In, φ(k), ψ(k)) is Ai -positively invariant. Therefore, for anyx ∈ P̃(In, φ(k), ψ(k)), i.e.φ(k) 6
x(k) 6 ψ(k), we have

Kφ ⊗ φ(k)6 Ai ⊗ x(k) 6 Kψ ⊗ ψ(k) =⇒

λi ⊗ Kφ ⊗ φ(k)6 λi ⊗ Ai ⊗ x(k) 6 λi ⊗ Kψ ⊗ ψ(k).

Combining them together for alli ∈ {1, . . . ,m} to obtain

m⊕

i =1

λi ⊗ Kφ ⊗ φ(k) 6
m⊕

i =1

λi ⊗ Ai ⊗ x(k) 6
m⊕

i =1

λi ⊗ Kψ ⊗ ψ(k).

Since
⊕m

i =1 λi = 1R, the conditionKφ ⊗ φ(k) 6 Ã ⊗ x(k) 6 Kψ ⊗ ψ(k) holds for arbitraryÃ ∈
co{A1, . . . , Am}. Therefore,̃P(In, φ(k), ψ(k)) is positively robust invariant under the dynamics of the
system (2.1) over an idempotent semiringR and with zero inputs. �

The preceding proposition presents a necessary and sufficient condition forP̃(In, φ(k), ψ(k)) to be
positively robust invariant under the dynamics of the system (2.1) with zero inputs. If we are givenKφ
andKψ , the searching method forφ(k) 6 ψ(k), such that̃P(In, φ(k), ψ(k)), k > 1, is positively robust
invariant for the system (2.1) with zero inputs, is similar to the positively invariant case.

1. Solve the following equations forφ∗ 6 ψ∗,

Ai ⊗ ψ∗ = Kψ ⊗ ψ∗,

Ai ⊗ φ∗ = Kφ ⊗ φ∗,

for all possibleAi , i ∈ {1, . . . ,m}.
2. For anyx(0) ∈ Rn suchthat letφ(0)= φ∗ andψ(0)= ψ∗ andφ(0)6 x(0)6 ψ(0), we have

Ai ⊗ φ(0)6 Ai ⊗ x(0)6 Ai ⊗ ψ(0)=⇒

Kφ ⊗ φ(0)6 Ai ⊗ x(0)6 Kψ ⊗ ψ(0)=⇒

φ(1)6 x(1)6 ψ(1),
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for all i ∈ {1, . . . ,m}. Continuing this process, we can show thatP̃(In, φ(k), ψ(k)) is positively
robust invariant with respect to system (2.1) with zero inputs. Therefore,φ∗ andψ∗ generatethe
possible boundaries for a positively robust invariant polyhedral set.

The following proposition is a sufficient condition for a polyhedral setP̃(F, φ(k), ψ(k)) to be
positively invariant under the dynamic of the system (4.1).

PROPOSITION4.5 Assumen = p, P̃(F, φ(k), ψ(k)) is positively invariant under the dynamics of the
system (4.1) if there exists a matrixH ∈ Rp×p suchthat

F ⊗ A = H ⊗ F and

(H ⊗ ψ(k) 6 Kψ ⊗ ψ(k)) ∧ (Kψ ⊗ φ(k) 6 H ⊗ φ(k)).

The second condition means thatP̃(In, φ(k), ψ(k)) is H -positively invariant.

Proof of Proposition4.5. We need to prove that, for anyφ(k) 6 F ⊗ x(k) 6 ψ(k), the condition
Kφ ⊗ φ(k) = φ(k + 1) 6 F ⊗ A ⊗ x(k) 6 ψ(k + 1) = Kψ ⊗ ψ(k) is true. SinceF ⊗ A = H ⊗ F ,
we only need to show thatKφ ⊗ φ(k) 6 H ⊗ F ⊗ x(k) 6 Kψ ⊗ ψ(k). SinceP̃(In, φ(k), ψ(k)) is
H -positively invariant, for allx ∈ Rn, φ(k) 6 x(k) 6 ψ(k), we haveφ(k+1)6 H ⊗x(k) 6 ψ(k+1).
Therefore,F ⊗ x(k) ∈ P̃(In, φ(k), ψ(k)). We haveφ(k + 1) 6 H ⊗ F ⊗ x(k) 6 ψ(k + 1). Thus,
P̃(F, φ(k), ψ(k)) is positively invariant under the dynamics of the system (4.1).

�
The following proposition states a sufficient condition for a polyhedral setP̃(F, φ(k), ψ(k)) to be

positively robust invariant.

PROPOSITION4.6 Assumen = p, P̃(F, φ(k), ψ(k)) is positively robust invariant under the dynamics
of the system (2.1) over an idempotent semiringR and with zero inputs if there exists a matrixH ∈
Rp×p suchthat

F ⊗ Ai = Hi ⊗ F and

(Hi ⊗ ψ(k) 6 Kψ ⊗ ψ(k)) ∧ (Kφ ⊗ φ(k) 6 Hi ⊗ φ(k)).

The second condition means thatP̃(In, φ(k), ψ(k)) is Hi -positively invariant, wherei ∈ {1, . . . ,m}
andk ∈ Z+.

Proof of Proposition4.6. We need to prove that, for anyφ(k) 6 F ⊗ x(k) 6 ψ(k), the condition
φ(k+1)6 F⊗ Ã⊗x(k) 6 ψ(k+1)holds for an arbitrarỹA ∈ co{A1, . . . , Am}. SinceF⊗Ai = Hi ⊗F
and P̃(In, φ(k), ψ(k)) is Hi -positively invariant, for allx ∈ Rn, φ(k) 6 x(k) 6 ψ(k), we have
φ(k + 1)6 Hi ⊗ x(k) 6 ψ(k + 1). Therefore,F ⊗ x(k) ∈ P(In, φ, ψ). We have

φ(k + 1)6 Hi ⊗ F ⊗ x(k) = F ⊗ Ai ⊗ x(k) 6 ψ(k + 1),

for all i ∈ {1, . . . ,m}. Adding them together to obtain

φ(k + 1)6
m⊕

i =1

(λi ⊗ F ⊗ Ai ⊗ x(k)) 6 ψ(k + 1),

where
⊕m

i =1(λi ⊗ F ⊗ Ai ⊗ x(k)) = F ⊗ (
⊕m

i =1 λi ⊗ Ai ) ⊗ x(k) = F ⊗ Ã ⊗ x(k). Therefore, we
haveφ(k + 1)6 F ⊗ Ã ⊗ x(k) ∈ ψ(k + 1) for all φ(k) 6 F ⊗ x(k) 6 ψ(k). Thus,P̃(F, φ(k), ψ(k))
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is positively invariant under the dynamics of the system (2.1) over an idempotent semiringR and with
zero inputs. �

4.3 Example: a public transportation network

In this section, a public transportation network (De Vrieset al.,1998) is modelled by an uncertain linear
system over the max–plus algebra, whose system matrices are uncertain. In a small public transportation
network shown in Fig.1, there are train services fromP via Q to Sand back and fromQ to R and back.
Trains fromP to S have to stop atQ for the connection to trains with destinationR and vice versa. If
xi (∙) denotesthe departure time of the train in the directioni , i ∈ {1, . . . ,4}. The train which is about to
leave in the directioni for thekth time cannot leave if the train has not arrived yet. This condition can
be represented as

xi (k)> ai j ⊗ xj (k − 1), (4.10)

wherexi (k) denotesthekth departure time in directioni andai j is the travelling time from directionj
to i , including the loading time of passengers. Another condition is that the train needs to wait for the
possible connecting trains, i.e.

xi (k)> ai l ⊗ xl (k − 1), (4.11)

wherel is the possible connecting direction andai l denotesthe travelling time from directionl to i , also
including the loading time of passengers. For the simple transportation network in Fig.1, the system
equation is the following:

x1(k)= a2 ⊗ x2(k − 1),

x2(k)= a3 ⊗ x3(k − 1)⊕ a4 ⊗ x4(k − 1),

x3(k)= a1 ⊗ x1(k − 1)⊕ a3 ⊗ x3(k − 1),

⊕a4 ⊗ x4(k − 1),

x4(k)= a1 ⊗ x1(k − 1)⊕ a3 ⊗ x3(k − 1),

whereai denotesthe travelling time on directioni ∈ {1, . . . ,4}. The state equation can be rewritten in
the matrix form

x(k)= Ax(k − 1), whereA =









ε a2 ε ε

ε ε a3 a4

a1 ε a3 a4

a1 ε a3 ε








.

If the travelling timeai is deterministic, then the linear system is a deterministic discrete event system.
In reality, however, the travelling time usually varies due to traffic and other emergency situations. For
instance, assumea1 ∈ [10,20] minutes,a2 ∈ [15,25] minutes,a3 ∈ [10,20] minutes anda4 ∈ [15,25]
minutes,then the system becomes an uncertain linear systemx(k) = Ãx(k−1), whereÃ ∈ co{A1, A2}
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FIG. 1. A small public transportation networkDe Vrieset al. (1998).

and

A1 =









ε 15 ε ε

ε ε 10 15

10 ε 10 15

10 ε 10 ε









and A2 =









ε 25 ε ε

ε ε 20 25

20 ε 20 25

20 ε 20 ε








.

Considering a time-varying polyhedral set

P̃(I4, φ(k), ψ(k)) = {x ∈ R|φ(k) 6 x(k) 6 ψ(k)},

whereKφ = 13.3333,Kψ = 23.3333 and

φ(k) = Kφ ⊗ φ(k − 1) and ψ(k) = Kψ ⊗ ψ(k − 1).

Firstly, we solve the following equations forφ∗ 6 ψ∗,

Ai ⊗ ψ∗ = Kψ ⊗ ψ∗,

Ai ⊗ φ∗ = Kφ ⊗ φ∗,

for all possibleAi , i ∈ {1,2}. BecauseKφ and Kψ are eigenvalues forA1 and A2, respectively, we
obtain that

φ(0)= φ∗ = [30,28.3333,28.3333,26.6667]> and

ψ(0)= ψ∗ = [50,48.3333,48.3333,46.6667]>,

which are the eigenvectors for bothAi matrices, fori = 1,2. Using Proposition4.4, we can verify that

(Ai ⊗ ψ(k) 6 Kψ ⊗ ψ(k)) ∧ (Kφ ⊗ φ(k) 6 Ai ⊗ φ(k)), (4.12)

for all i ∈ {1, . . . ,m} andk ∈ Z+. Therefore, the given polyhedral set is positively robust invariant
with respect to the public transportation network for arbitrary choice of matrixÃ ∈ co{A1, A2}. After
computing the system trajectories, the four states,xi (k), are in the set,̃P(I4, φ(k), ψ(k)), as shown in
Fig. 2. The values forφ(k) andψ(k) can be used as time-variant time tables for the train station because
the departure time in each direction is constrained in this positively robust invariant set.
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FIG. 2. The travelling time in direction 1, 2, 3, 4.

4.4 Positively invariant under the state feedback control

Considering uncertain discrete event systems of the form (2.1) over an idempotent semiringR and with
non-zero control input signals, the necessary and sufficient condition is stated in the following theorem
for the polyhedral setP(In, φ, ψ) to be positively robust invariant under a state feedback controller
F : X → U .

THEOREM 4.2 There exists a state feedback controllerF : X → U for the system described by (2.1)
over an idempotent semiringR such that the polyhedral setP(In, φ, ψ) is positively robust invariant if
and only if

[φ 6 (Ai ⊕ B(B\(ψ/ψ)))⊗ φ] ∧ (Ai 6 ψ/ψ), (4.13)

for all Ai ∈ {A1, . . . , Am}.

Proof of Theorem4.2. If the polyhedral setP(In, φ, ψ) is positively robust invariant under a state
feedback controllerF : X → U for the system described by(2.1) over an idempotent semiringR, then
for anyx ∈ P(In, φ, ψ),

φ 6 (Ã ⊕ BF)x 6 ψ ⇐⇒ φ 6 (Ai ⊕ BF)x 6 ψ, for i ∈ {1, . . . ,m}.

Therefore,P(In, φ, ψ) is positively invariant underx 7→ (Ai ⊕ BF)x. By Lemma4.1, this is equivalent
to

∃F |(φ 6 (Ai ⊕ BF)⊗ φ) ∧ (Ai ⊕ BF)⊗ ψ 6 ψ. (4.14)

The condition∃F |(Ai ⊕ BF)⊗ψ 6 ψ is equivalent to(Ai 6 ψ/ψ)∧ (∃F |F 6 B\(ψ/ψ)). Therefore,
the condition in (4.14) is equivalent to (4.13), i.e.

[φ 6 (Ai ⊕ B(B\(ψ/ψ)))⊗ φ] ∧ (Ai 6 ψ/ψ),

for all Ai ∈ {A1, . . . , Am}. �
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5. Conclusion

This paper studies a class of uncertain discrete event systems over the max–plus algebra, where sys-
tem matrices are unknown but are convex combinations of known matrices. This class of systems has
been used to model transportation systems with varying vehicle travel time and queueing networks with
uncertain arrival and queuing time. This paper presents computational methods for different robust in-
variant sets of such systems. These invariant sets are important in many control synthesis problems in
geometric control. Because the geometric control for linear systems over the max–plus algebra has not
been well established as for traditional linear systems over a field, the main results in this paper will
serve as a foundation for the geometric control theory of discrete event systems with parameter uncer-
tainty. Future research will explore different types of controlled invariant sets besides polyhedral sets,
such as ellipsoidal invariant sets, in the geometric control theory of uncertain discrete event systems.
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