4.4 Energy and Power in Frequency Domain

Parseval’s Theorem:

For a periodic power signal x(t)
1 (2,47,
2D

Where C, is the Exponential Fourier Series (EFS) Coefficients

@ di= Y Jeif
k=—o0

For a non-periodic power signal

Jo k@ dr=[" |x(H df



4.4 Energy and Power in Frequency Domain

Power Spectral Density:

For a periodic power signal x(t)

Tio f:*TO () di)= kE

Normalized average power Power at the frequency component

at f = kf,

Power Spectral Density:

S, W) =21 Y |ex|* 8(f ~kowy)

k=—OO

S.(H= 3 lexl” 0Cf ~kfy)

k=—OO



4.4 Energy and Power in Frequency Domain

Energy Spectral Density:

For a non-periodic power signal

(Lof -7 G

Normalized signal energy Energy density



4.4 Energy and Power in Frequency Domain

Power Spectral Density:

For a periodic power signal x(t)

S:(H)= 2 el 6 -k Scwy=2a Y |erl’ 8(f ~kwp)

k=—OO k=—OO

For a non-periodic power signal

S .(f)= hm[%lXT <f>|2]

T—>x

Where X.(f) is the Fourier transform of the truncated signal x(t)

x(1), T /2<x<T/2
xp(t) =+
0, otherwise




4.4 Energy and Power in Frequency Domain

Autocorrelation Function:

For a energy signal x(t) the autocorrelation function is

R (D) =<x(Dx(t+7)>= [ x(x(t +7)dt

For a periodic power signal x(t) with period of T,

1 (7,2
R, (T)=<x(t)x(t+7)>= T_o I

x()x(t+71)dt

For a non-periodic power signal

R, (T)=<x(t)x(t+7)>=1lim i f _TOT/Z x()x(t+71)dt

T0—>00 0 0



4.4 Energy and Power in Frequency Domain

Fourier Pair

Power spectral density <--------- > Autocorrelation function

T, Lim T->o0

Periodic signal Non-periodic signal

Energy spectral density <--------- > Autocorrelation function



4.4 Energy and Power in Frequency Domain

Properties of Autocorrelation Function:

Lag zero has the maximum value
R (0) =R, ()|

Even symmetry

R .. (-7)=R,, (7)

Periodic

.X(t) = X(t + kT) :> Rxx (17) = Rxx (T+ kT)

For all integers K



4.5 System Function Concept

System function (frequency response)

Fourier Transform _
Impulse response (h(t)) < > System function (H(w))

Hw)=3{h0}= [ h@ye™ ™ ar

In general , H(w) is a complex function of w, and can be written in
polar form as:

H(w) = |H(w)|e/™)



4.5 System Function Concept

CTLTI systems with non-periodic input signals

Signal-system interaction

o0

y(£) = h(t) s z(2) _/ h(X) z(t —2) d)

- 00
Assume that
9 the system is stable ensuring that H (w) converges, and
9 the input signal has a Fourier transform.

Y (w) = H(w) X (w)
Y (w)| = |H (w)| | X (w)|

LY (w) = £X (w) + © (w)




4.5 System Function Concept

Power Transfer Function

We also can obtain the relationship between the power spectral density
(PSD) at the input, and the output for a linear time-invariant network as:

P =lim |V, (f

using Y(f)=X(H(S)

weget P(f)= |H(f)|2}i_{§%|XT(f)|2

or P(f)=|H()| P.(F)

Power transfer function

Gh(f)=

P.(f)
P.(f)

=|H)|

10



4.5 System Function Concept

Example 4.47

Pulse response of RC aircuit revisited R

Consider the RC circuit shown. Let b W
fe = 1/RC = 80 Hz. Determine the

Fourier transform of the response of the
system to the unit pulse input signal .
z (t) = I(¢). -

The system function of the RC circuit was found in Example 4.43 to be

1
B = 150m

The transform of the input signal is

X (f) = sinc(f)
Using fo = 80 Hz, the transform of the output signal is

Y (f)= H(f) X (f) = — 5~ sinc(f)
145 (55)



4.5 System Function Concept

Example 4.47 (continued)

Magnitude of the output transform:

Y (f)l = = sinc (f)]

Phase of the output transform

LY (f) = —tan™? (z;io) + £ [sinc(f)]



