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CIRCULANT PRECONDITIONERS FOR HERMITIAN
TOEPLITZ SYSTEMS*

RAYMOND H. CHAN’t"

Abstract. The solutions of Hermitian positive definite Toeplitz systems Ax b by the preconditioned
conjugate gradient method for three families of circulant preconditioners C is studied. The convergence rates
of these iterative methods depend on the spectrum of C-A. For a Toeplitz matrix A with entries that are
Fourier coetficients of a positive function f in the Wiener class, the invertibility of C is established, as well as
that the spectrum ofthe preconditioned matrix C-A clusters around one. It is proved that if f is (l + )-times
differentiable, with > 0, then the error after 2q conjugate gradient steps will decrease like ((q )!)-2t. It is
also shown that if C copies the central diagonals ofA, then C minimizes C AIla and C AII
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1. Introduction. In this paper we discuss the solutions to a class ofHermitian positive
definite Toeplitz systems Ax b by the preconditioned conjugate gradient method. Direct
methods that are based on the Levinson recursion formula are in constant use; see, for
instance, Levinson 10 and Trench 12 ]. For an n-by-n Toeplitz matrix An, these methods
require O(r/2) operations. Faster algorithms that require O(n log2 n) operations have
been developed; see Bitmead and Anderson and Brent, Gustavson, and Yun 2 ].
The stability properties of these direct methods for symmetric positive definite matrices
are discussed in Bunch 3 ].

In 11 ], Strang proposed using preconditioned conjugate gradient method with cir-
culant preconditioners for solving symmetric positive definite Toeplitz systems. The
number of operations per iteration is of order O(n log n), as circulant systems can be
solved efficiently by the Fast Fourier Transform. Chan and Strang 4] then considered
using a circulant preconditioner Sn, obtained by copying the central diagonals ofAn and
bringing them around to complete the circulant. In that paper, we proved that if the
underlying generating functionf, the Fourier coefficients ofwhich give the entries of
is a positive function in the Wiener class, then for n sufficiently large, Sn and S are
uniformly bounded in the 12 norm and the eigenvalues of the preconditioned matrix
SIAn cluster around 1. We note that f is an even function since the matrices An are
symmetric.

In this paper, we extend these results to Hermitian positive definite Toeplitz systems.
More precisely, we show in 2 that if the generating function f is a real-valued positive
function in the Wiener class, then the spectrum of SAn is clustered around 1. We
remark that the proof given in Chan and Strang [4] cannot be readily generalized to
cover this case. In fact, for Hermitian An, the Hankel matrices Hn/2 used in the proof in
[4] are not Hermitian, and the circulant-Toeplitz eigenvalue problem cannot be split
into two similar Toeplitz-Hankel eigenvalue problems. In 3, we establish the supedinear
convergence rate ofthe conjugate gradient method when applied to these preconditioned
systems. In particular, we show that if f is (l + )-times differentiable, with l > 0, then
the error after 2q conjugate gradient steps will decrease like ((q )!)-2t.
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HERMITIAN TOEPLITZ SYSTEMS 543

In 4, we discuss other viable preconditioners for the same problem. We show that
the preconditioned systems for these preconditioners also have clustered spectra around

for large n and that they all have the same asymptotic convergence rate. In 5, we
show that the preconditioner that copies the central diagonals of An is optimal in the
sense that it minimizes c= A= I1 Cn An over all Hermitian circulant matrices
Cn. Finally, numerical results are given in 6.

2. The spectrum of the preconditioned matrix. Let us first assume that the Hermitian
Toeplitz matrices A. are finite sections of a fixed singly infinite positive definite matrix
Aoo; see Chart and Strang [4]. Thus the (i,j)th entries ofA andA are a_/, with a
a-_ for all k. We associate withA the real-valued generating function

f(/9) ake-ika,

defined on [0, 2r). We will assume that f is a positive function and is in the Wiener
class, i.e., the sequence { ak } if=-oo is in Ii. It then easily follows that the An are Hermitian
positive definite matrices for all n; see for instance, Grenander and Szeg6 [8 ]. More-
over, if

0 <fmin < f <fmax < ,
then the spectrum r(An) ofAn satisfies

(1) o’(An) [fmin,fmax]

Let Sn be the Hermitian circulant preconditioner that copies the central diagonals
ofAn. More precisely, the entries sij &-j of Sn are given by

ak O<=k<=m,

(2) Sk ak-n m<k<n,

-k 0<-k<n.

For simplicity, we are assuming here and in the following equations that n 2m + 1.
The case where n 2m can be treated similarly, and in that case, we define s,
(a, + a-m)/ 2; see 17 below.

We will show that SAn has a clustered spectrum. We first note the following
theorem.

THEOREM 1. Supposefis positive and is in the Wiener class. Thenfor large n, the
circulants Sn and S are uniformly bounded in the 12 norm. In fact, for large n, the
spectrum ( Sn) ofSn satisfies

(3) tr( Sn) [fmin, frnax]

The proof of this theorem is similar to the proof of Theorem of Chan and Strang 4 ],
and we therefore omit it.

Next we show that An Sn has a clustered spectrum.
THEOREM 2. Letfbe a positivefunction in the Wiener class, thenfor all e > O, there

existMandN> 0 such thatfor all n > N, at mostMeigenvalues ofSn An have absolute
values exceeding .
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544 RAYMOND H. CHAN

Proof. Clearly Bn Sn An is a Hermitian Toeplitz matrix with entries b0 bi-j
given by

(4)

0 O<=k<=m,

bk ak- n ak rn < k < n

b-k 0<-k<n.

Since f is in the Wiener class, for all given e > 0, there exists an N > 0, such that=+ akl < e. Let UN) be the n-by-n matrix obtained from Bn by replacing the
(n- N)-by-(n- N) leading principal submatrix of Bn by the zero matrix. Then
rank (Urnm) =< 2N. Let Winv) Bn Uu). The leading (n N)-by-(n N) block of
W<,m is the leading (n N)-by-(n N) principal submatrix of Bn’, hence this block is
a Toeplitz matrix, and it is easy to see that the maximum absolute column sum of
Wm is attained at the first column (or the (n N- )th column). Thus

n-N-I n-N-1 n-N-I

(5) IIW.N)II-- Z Ibkl , lak-,--akl <= , lakl
k=m+ k=m+ k=N+

Since Winm is Hermitian, we have 11WN) wLN) I1. Thus

Hence the spectrum ofWN) lies in (-e, e). By Cauchy Interlace theorem, see Wilkinson
[13], we see that at most 2N eigenvalues of Bn Sn An have absolute values exceed-
ing e.

Combining Theorems and 2, and using the fact that

S-An In + g-t (An Sn),

we have the following corollary.
COROLLARY. Let fbe a positive function in the Wiener class, then for all e > 0,

there exist N andM > O, such thatfor all n > M, at most N eigenvalues ofS An In
have absolute values larger than e.

Thus the spectrum of SAn is clustered around one for large n.

3. Superlinear convergence rate. It follows easily from the Corollary of the last
section that the conjugate gradient method, when applied to the preconditioned system
SAn, converges superlinearly. More precisely, for all e > O, there exists a constant
C(e) > 0 such that the error vector eq at the qth iteration satisfies

where Ilxll 2 X* SI/2AS-I/2x; see Chan and Strang [4] for a proof. Thus the number
ofiterations to achieve a fixed accuracy remains bounded as the matrix order n is increased.
Since each iteration requires O(n log n) operations using the Fast Fourier Transform,
see Strang [11 ], the work of solving the equation Anx b to a given accuracy 6 is
c(f, )n log n, where c(f, 6) is a constant that depends on f and 6 only.

We note that if extra smoothness conditions are imposed on f, we.can get a more
precise bound on the convergence rate.
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HERMITIAN TOEPLITZ SYSTEMS 545

THEOREM 3. Letfbe a (l + )-times differentiable function with its (l + )th de-
rivative offin L[O, 2r), l > O. Thenfor large n,

Cq

(7) e2 =< eo((q- )!)

for some constant c that depends onfand l only.
Proof. We remark that from the standard error analysis of the conjugate gradient

method, we have

8 eq _-< min max

where the minimum is taken over polynomials of degree q with constant term and the
maximum is taken over the spectrum of S-gA,,, or equivalently, the spectrum of
S/2A,,S-/2; see for instance, Golub and Van Loan [7]. In the following, we will try
to estimate that minimum.

We first note that the assumptions on f imply that

where IIf+ ) II,; see, for instance, Katznelson 9 ]. Hence

As in Theorem 2, we write

B. Wk) + U<nk), Vk >= 1,

where U<.k) is the matrix obtained from B. by replacing its (n k)-by-(n k) principal
submatrix of Bn by a zero matrix. Using the arguments in Theorem 2, of. (5) and (9),
we see that rank ( Uk)) <- 2k and wk) 112 =< Y/k, for all k >= 1. Now consider

S" 2nnS" 1/2 s" 2W(nk S" 1/2 "-I" S" 2U(nk S"1/2 [/r(nk + f k

By Theorem 1, we have, for large n, rank (0(,k)) --< 2k and

(0) I1k)112 IIS;l1211Wk)l127, Vk 1,

with ? /fmin.
Next we note that Wk) W(nk+ 1) can be written as the sum of two rank one

matrices of the following form:

w<.- w.+ ’) uv; +vu; 1/2ww+ +* -ww*), v>0.=

Here Uk is the (n k)th unit vector, Ok (bn-k-, b, bo/2, 0, 0), with b.
given by (4), and w Uk + Vk. Hence by letting z S/2w for k

_
0, we have

(11)

I/k) + V- V, ’v’k > 1,
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546 RAYMOND H. CHAN

where V 1/2 k- +,=-- -=o. ZTZ7 are positive semidefinite matrices of rank k. Let us order
the eigenvalues of W.) as

gO </-t-<’’" <--#-</.tO.

By applying the Cauchy Interlace Theorem to 11 and using the bound of Ik’) [[2 in
(10), we see that for all k ->_ 1, there are at most k eigenvalues of #0) lying to the fight
of /k, and there are at most k of them lying to the left of-6/k( More precisely,
we have

Vk>__l.

Using the identity

S-l/2AnS’1/2 I,, + S-l/2BnS’1/2 In + l’(,,),
we see that if we order the eigenvalues of S’I/2AnS’1/2 as

x _-< x _-<... _-< xi _-< x,
then X + g for all k >_- 0 with

(12) 1-F-< X_-< X_-< +-7, Vk>-l.

For X, the bounds are obtained from and (3)"

fm. _< X < X < fm.(13)
fmax-- =fmin"

Having obtained the bounds for X, we can now construct the polynomial that will
give us a bound for (8). Our idea is to choose P2q that annihilates the q extreme pairs of
eigenvalues. Thus consider

Pk X 1-- X---k 1-- kk ’k
_

Between those roots X, the maximum of ]Pk(X)I is attained at the average x
1/2 (X + X), where by (12), we have

max ]Pk(X)[
(X--k-)2 < (22 (fmax)2" (fmax)2 1"

xEtx,xl 4X 7) 2fmin fmin -, Vk >_- 1.

Similarly, for k 0, we have, by using (13),

(k- k)2 (f2ma f2min)2
max p0(x) =<

x xff,x 4X Xff 4f4mi
Hence the polynomial P2q PoP’" "Pq-, which annihilates the q extreme pairs of ei-
genvalues, satisfies

(14) e2(x)
cq

((q- )!)

for some constant c that depends only on f and l. This holds for all [ in the inner
interval between )Q_ and X_ , where the remaining eigenvalues are. Equation (7) now
follows directly from (8) and (14). Vl
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HERMITIAN TOEPLITZ SYSTEMS 547

4. Other circulant preconditioners. The proof ofTheorem 2 suggests that there are
many other viable preconditioners that can give us the same asymptotic convergence
rate. One example is given by the circulant matrix T proposed by Chart [6]. It is obtained
by averaging the corresponding diagonals ofA, with the diagonals ofA being extended
to length n by a wraparound. More precisely, the entries ti t_ of Tn are given by

l{kak_n+(n_k)ak} O<=k<n
tk n

t-k 0<-k<n,

where an is taken to be 0. He proved that such Tn minimizes the Frobenius norm
Z A IIF over all possible circulant matrices Tn. The entries bij bi-j of Tn An are

given by

k(a_n-a) O<k<n,
bk n

-k 0<-k<n.

As in Theorem 2, we let W(,) be the matrix obtained from Tn A,, by replacing the last
N rows and N columns of T An by zero vectors. We see that

n-N-I N k n

(15) IIW(.)ll-<2 2; Ibl--<2 22 -lal +4 E lal.
k=0 k=O n k=N+

Now let M> N be such that (l/M)v=0 k akl < e. Then for all n > M, we have
w.u) I1 < 6. Hence the eigenvalues of Tn An are clustered around zero, except for

at most 2N of them. We remark that by using results in Chan 5], we can show that
limn-*oo s T I1= 0 and that the convergence rate of S-IAn and TIAn are the same
for large n. In particular, both will converge superlinearly.

As another example, let us consider the circulant matrix R, with entries r; r_j
given by

f ak- n-t- ak 0-<k<n,
?’k-"

?-k 0<-k<n,

where an is again taken to be 0. The entries bi bi-j of Rn An are given by

bk {ak-" O<-k<n,_
O<-k<n.

It is easily seen that the conclusion of Theorem 2 holds for this preconditioner,
too; cf. (5) and (15). As was displayed in the similar case of T, we can show that
lim_ II& RII2 0 and that the convergence rate of SAn and RIA are the
same for large n; see Chan [5 ]. Numerical results in {} 6 indeed show that the three
preconditioners Rn, Sn, and Tn behave almost the same for large n.

5. The optimality of Sn. From the discussion in 2 and 4, we know that it
is interesting to obtain the Hermitian circulant matrix C that minimizes the norm
c. a. I1 C. a. The minimum is attained by Sn.

THEOREM 4. The circulant matrix S,, whose entries are given by (2), minimizes
c An Ill C A over all possible Hermitian circulant matrices Cn.
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548 RAYMOND H. CHAN

Proof. Let us construct the circulant matrix Cn that minimizes the absolute column
sums of Cn An. Let the (i, j)th entries of Cn be co ci-j. Since Cn is Hermitian and
circulant, we have Ck ?n-k for k 1, m, where m (n 1)/2. Hence Cn is
determined by { Ck } ’--o. Forj 0, n 1, the jth absolute column sum uj of Cn
An is given by

n-l-j j

(16) uj Z, lak--Ckl / lak--g, kl.
k=0 k=l

We note that un-l-j uj for 0 -< j < n. Hence it suffices to consider u for 0 -< j -< m.
The term involving Co in (16) is a0 c01, which has its minimum at Co ao. For k
1, ..., m, the terms involving Ck in (16) are either of the form

(a) [ak- Ck[ + [k- Wkl 21ak- Ckl, or
(b) la-cl + la--c-gl la-cl + 17--cl.

In case (a), the minimum is at Ck ak. In case (b), the minimum occurs at any ck lying
on the line segment joining ak and tin_ k. In particular (a) and (b) attain their minima
at ck ak. Thus Cn so constructed is the same as the Sn given by (2).

Now for any other Hermitian circulant matrix Hn, the jth absolute column sum v.
ofan An will satisfy u =< v, for j 0, n 1. Hence,

& A, II max u =< max v H A, I1.
J J

Remark. When n 2m is even, Cm is real, since Cn is both Hermitian and circulant.
The term involving Cm in uj takes the form [am Cm[ or Item Cm[. Since u Un--
for j 0, "’, n 1, we see that Cm should be chosen such that both terms are mini-
mized, i.e.,

(17) Cm=1/2(amnt’m).

6. Numerical results. To test the convergence rates ofthe preconditioners, we have
applied the preconditioned conjugate gradient method to AnX b with

+-f
k>0,

/ k) ’
ak 2 k=0,

a--k k < O.

The underlying generating function f is given by

f(0)= 2 X sin (k0)+cos (kO)

k--O + k) TM

Clearly, f is in the Wiener class. The spectra ofAn, RX An, S An, and TX An for n
32 are represented in Fig. 1. Table shows the number of iterations required to make
Ilrall2/Ilro[12 < 10 -7, where rq is the residual vector after q iterations. The fight-hand side
b is the vector of all ones, and the zero vector is our initial guess. We see that as n
increases, the number of iterations increases like O(log n) for the original matrix
while it stays almost the same for the preconditioned matrices. Moreover, all precondi-
tioned systems converge at the same rate for large n.
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5

2

gg;,III;,II+++++ + + + + + + +

0

0 2 4 6

/x inv(R)A X inv(S)A

FIG. 1. Spectra ofthe preconditioned systems.

V inv(T)A

TABLE
Number ofiterationsfor different systems.

n An RIAn SiAn TAn

16 13 7 8 7
32 15 6 7 6
64 18 7 7 7
128 19 7 7 7
256 21 7 7 7
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