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Abstract

A class of mathematical models for cancer chemotherapy which has
been described in the literature takes the form of an optimal control
problem with dynamics given by a bilinear system. In this paper we
analyze a three-dimensional model in which the cell-cycle is broken
into three compartments. The cytostatic agent used as control to kill
the cancer cells is active in a compartment which combines the second
growth phase and mitosis where cell-division occurs. A blocking agent
is used as a second control to slow down the transit of cells during

synthesis, but does not kill cells. The cumulative effect of the killing



agent is used to model the negative effect of the treatment on healthy
cells. It is shown that singular controls are not optimal. This eliminates
treatments where during some time only a portion of the full drug
dose is administered. Consequently only treatments which alternate
between a full and no dose, i.e. so-called bang-bang controls, can be
optimal for this model. Both necessary and sufficient conditions for

optimality of treatment schedules of this type are given.

1 Introduction

Models for cancer chemotherapy have a long history in mathematical biol-
ogy (see, for instance, [6, 9, 20, 22, 28, 29]). While these approaches based
on quantifying dynamics and objective have their critics in the medical com-
munity (e.g. [35, 37]), in recent years there has been renewed interest due
to better models, but also due to a refinement of the techniques which can
be used to analyze the problems. In addition to various new models for the
chemotherapy of cancer [3, 7, 19], the modeling of HIV has become an impor-
tant and very active area [11, 12, 13]. For example, Kirschner, Lenhart and
Serbin [12] consider an optimal control problem for chemotherapy of HIV
which accounts for latently infected and actively infected CD4"-cells and
Fister and Panetta [7] analyze a mathematical model for cancer chemother-
apy which takes into account bone-marrow destruction.

Most mathematical models for optimal control of cancer chemotherapy
are based on cell-cycle kinetics and treat this cell cycle as the object of
control [9, 31, 32]. We briefly describe the model and some of the biology
behind it. The state variable is given by the number of cancer cells and
the controls are the drug dosages. The main active ingredient is a cytostatic

agent which kills cancer cells and healthy cells alike. The goal is to maximize



the number of cancer cells which the agent kills while keeping the toxicity to
the normal tissues acceptable. The dynamics of the cell cycle within limits
indeed allows for such a feature by having the agents be active at different
stages. The cell cycle is modeled in the form of compartments which describe
the different cell phases or, in simplified models, combine phases of the cell
cycle into clusters. Each cell passes through a sequence of phases from cell
birth to cell division. Starting point is a growth phase G, after which the
cell enters a phase S where DNA synthesis occurs. Then a second growth
phase G2 takes place in which the cell prepares for mitosis or phase M.
Here cell division occurs. Each of the two daughter cells can either reenter
phase G; or may simply lie dormant for some time in a separate phase
G until reentering G, thus starting the entire process all over again. In
the two-compartment model phases Gy, G; and S are combined into the
first compartment while G and M define the second compartment; in the
three-compartment model the growth phases Gy and G are separated from
the synthesis phase S. In both models the killing agent is applied in the
G9/M phase when the cell is most vulnerable. While this is the only control
considered in the two-compartment model, in the three-compartment model
in addition a blocking agent is introduced which slows down the development
of cells in the synthesis phase S [32]. An example of such a drug is, for
instance, Cyclophosphamide, which affects DNA replication, while one of
the most commonly used killing agents in chemotherapy is Taxol [7].

So far analytical approaches to problems of optimal control for can-
cer chemotherapy of the two- and three-compartment models developed by
Kimmel and Swierniak [10, 30, 31, 32] were limited to applications of the
Pontryagin Maximum Principle [25]. Beyond that controls and trajecto-

ries resulting from the Maximum Principle were only analyzed numerically



[4, 5]. This analysis centered around both bang-bang and singular controls.
While bang-bang controls correspond to treatment protocols which alter-
nate maximum doses of chemotherapy with rest periods when no drug is
administered, singular controls correspond to applying varying doses at less
than their maximum. Although bang-bang controls, which are widely used
as protocols in medical treatments, seemed to be the more natural choice as
candidates for optimality, and it was even observed numerically that singular
protocols actually give the worst performance [32], the question of optimal-
ity of singular controls was left open [33, 34]. In recent papers we have
analyzed the structure of optimal controls for the 2-compartment model of
cancer chemotherapy. Using high-order necessary conditions for optimal-
ity we showed that singular arcs are not optimal [15] and then developed
sharp necessary and sufficient conditions for local optimality of bang-bang
controls [18]. In this paper we consider the three-compartment model also
due to Kimmel and Swierniak [31, 32]. Compared with the simpler two-
compartment model, this problem is a multi-input control system since in
addition to the killing agent also a blocking agent is considered. We again
exclude the optimality of singular controls using high-order necessary con-
ditions for optimality. Consequently an analysis of bang-bang controls, the
natural candidates for optimality, is given. Using results from [24] we de-
velop simple and easily verifiable conditions which allow to determine the
local optimality of these controls. Summarizing, our results show that pro-
tocols which would only use a partial drug dose at some time are not optimal
and for those protocols which alternate full drug doses with rest periods in
between we can determine which schedules provide at least a local minimum

and which ones are not optimal at all.



2 The 3-Compartment model

We give a brief review of the model based on [32]. The first compartment
corresponds to the dormant phase Gy and the first growth phase G, the
second to the synthesis phase S, and the second growth phase G'3 and mitosis
M are combined into the third compartment. Let N;(t), i = 1,2, 3, denote
the number of cancer cells in the i-th compartment at time ¢. The transit
times of cells through phases of the cell cycle vary, particularly in malignant
cells. In the simplest models an exponential distribution is used to model the
transit times and the expected number of cells exiting the i-th compartment
is given by a;N;(t), where a; is the parameter of the exponential distribution
related to the inverse of the transit time. Assuming for the moment that
no external stimuli are present, the inflow of the second (respectively third)
compartment equals the outflow of the first (respectively second) and we

therefore have for ¢ = 2, 3, that
Ni(t) = —a;Ni(t) + a; 1 N;_1(t). (2.1)

Cell division is represented by a factor 2 in the equation which describes the

flow from the third into the first compartment:
Ni(t) = —a1Ny(t) + 2a3Ns(t). (2.2)

Hence, the unperturbed dynamics of the cell cycle, or the number of cells in
a particular compartment, can be represented by a system of linear ordinary
differential equations if there are no external stimuli present.

Drug treatment influences the cell cycle in many possible ways and in
this model only the two most fundamental aspects are considered, cell-killing

and cell-arrest. The implications of cell-killing are obvious; cell arrest tries



to slow down the growth of malignant cells in the sense that it prevents
cells from reaching the phase where cell division occurs. In this model
cell arrest in phase S is considered and cells are released when a second
G9/M-specific cytotoxic agent is at a maximum destroying potential. This
also will allow better protection for the normal cells since they will be less
dispersed, thus traveling faster through the Ga/M phases. Specifically, a
cytostatic blocking agent v is applied to slow the transit times of cancer
cells during the synthesis phase S. As a result the flow of cancer cells
from the second into the third compartment is reduced by a factor v(t) to
v(t)agNa(t), 0 < vmin < v(t) < 1, of its original flow. The control v(t) =1
corresponds to no drug being applied while a reduction to vy, occurs with
a full dose. Cells are released when a second G2/M-specific cytotoxic agent
u is at a maximum destroying potential. This makes sense from a biological
standpoint for a couple reasons. First, in mitosis M the cell becomes very
thin and porous; hence, the cell is more vulnerable to an attack while there
will be a minimal effect on the normal cells since due to cell-arrest they will
be less dispersed, thus traveling faster through the Go/M phases. Second,
chemotherapy during mitosis will prevent the creation of daughter cells. The
control u represents the dose of the drug administered with the value v =0
corresponding to no treatment and v = 1 corresponding to a maximum dose.
It is assumed that the dose stands in a direct relation to the fraction of cells
which are being killed in the G2/M phase. Therefore only the fraction

(1 —u)aszN3 of cells reenters phase G; and undergoes cell division. All cells



a3 N3 leave compartment Go/M. Thus the mathematical model becomes

Nl = —a1 N7 + 2(1 — u)a3N3, (23)
N2 = —vas Ny + a1 Ny, (24)
Ng = —a3N3 + vas No, (25)

with initial conditions N;(0) = Ny, i = 1,2, 3, all positive.

The performance index or objective to be minimized is chosen as
T
J =1 Ni(T) + raNo(T) + r3N3(T) + / u(t)dt — min. (2.6)
0

The coefficients r; are weights and the penalty term 71 N1(T') + roNo(T) +
r3N3(T') represents a weighted average of the total number of cancer cells
at the end of an assumed fixed therapy interval [0,7]. The integrand u
represents the fraction of ineffective cell divisions and thus corresponds to
the number of cancer cells killed. Since the drug kills healthy cells alike, this
is also used to model the negative effect of the drug on the normal tissues
or its toxicity. Thus the Lagrangian models the cumulative negative effects
of the treatment. The blocking agent v does not kill cells and therefore is

not included in the objective.

3 The structure of the mathematical model

The dynamics of the three compartment model is described by a bilinear
system [21]. If we set N = (N1, Na, N3)T, r = (r1,79,73) and consider
a multi-dimensional control variable (u,v), then the general form of the

dynamics is

N(t) = (A+uB; +vBy)N(t), N(0) = Ny, (3.7)



where A, B; and B are fixed (3 x 3)-matrices given by

—a1 0 2ag
A= ap 0 0 , (3.8)
0 0 —ag
and
0 0 —2a3 0 0 O
Bi=1 00 0 s Ba=1| 0 —ay 0 |- (3.9)
00 O 0 ay O
The objective is to minimize
T
J(u) = rN(T) + /0 u(t)dt (3.10)

subject to the dynamics (3.7) and initial condition N(0) = (Nyg, Nag, N3p)
over all Lebesgue measurable functions (u,v) which take values in [0, 1] x
[Umin, 1]-

Note that since admissible controls (u,v) take values in a compact set in
R2, it follows that the norm of matrix A + uB; + vB> is bounded over the
interval [0, 7] and therefore the right-hand side of the differential equation
(3.7) is linearly bounded. It follows from well-known results about ordinary
differential equations that for any admissible control the corresponding tra-
jectory (i.e. solution to the dynamics) exists on all of [0, 7.

Obviously only states N(¢) for which each component is positive are
meaningful. However, it is not necessary to add this condition as extra
state-space constraint since it is automatically satisfied because of structural
properties of the model. Let P=R3 = {N € R* : N; > 0 for i = 1,2,3}
denote the first quadrant. It is easy to see [16] that, regardless of the control

u which is applied, all coordinates of N () remain positive for all times ¢ > #g



if each coordinate of N (ty) is positive. Hence the physically meaningful part
of the state space is positively invariant for the control system.

The first-order necessary conditions for optimality are given by the Pon-
tryagin Maximum Principle [25]: If (u,v.) is an optimal control, then there
exists an absolutely continuous function A, which we write as row-vector,
A:[0,T] — (R?)*, satisfying the adjoint equation with transversality condi-

tion,
A= -NA+4u.B) +0v.By), ANT)=r, (3.11)

i.e. componentwise

).\1 = al ()\1 — )\2), )\1(T) =T, (3.12)
).\2 = GQ’U*(}\Q — )\3), )\Q(T) =T9, (3.13)
A3 = ag(Ag — 2(1 —us) M), A3(T) =3, (3.14)

such that the following condition is satisfied: the optimal controls (u.,vy)

minimize the Hamiltonian
H=u+MNA+uB; +vBy)N (3.15)

over the control set along (A(¢), N.(¢)). The same structure of the equations
which implies positive invariance of P for the flow of trajectories also gives
negative invariance of the first quadrant in the dual space, P* = {\ € (R3)* :
Ai > 0 for i = 1,2,3}, for the adjoint flow (3.11), i.e., if A(T') € P*, then

A(t) € P* for all times ¢ < T. Hence, since Ny € P and r € P*, we have that
Proposition 3.1 All states N; and costates \; are positive over [0,T]. O

Optimal controls (u.,v,) must satisfy the minimum condition of the

Maximum Principle. Since the Hamiltonian is linear in the controls, this is



equivalent to the following two conditions

(L+AOBIN(1)u.(t) = min (1+AOBIN(®))u. (3.16)
OBN(tJo.(t) = min_ A(t)B2N(t)o (3.17)

Thus, if we define the so-called switching functions ®; and @2 by

Dy(t) =1+ (A(t), B1N(t)) =1 — 2a3A1 N3 (3.18)
and

Po(t) = (A(t), BaN(t)) = az(A3 — A2)No, (3.19)

then the optimal controls are given as

0 it D) >0
wa(t) = (3.20)
1 if @1(t) <0

and

Umin if (PQ(t) >0
vu(t) = . (3.21)
1 if @y(t) < 0

A priori the controls are not determined by the minimum condition at times
where ®;(t) = 0. However, if ®;(¢) vanishes on an open interval, also all its
derivatives must vanish and this may determine the control. Controls of this
kind are called singular while we refer to piecewise constant controls as bang-
bang controls. Optimal controls then need to be synthesized from these and
possibly other more complicated candidates. The structure of the optimal
countrols is determined by the switching functions and their derivatives. For
instance, if ®;(¢) = 0, but ®;(¢) # 0, then the i-th control has a switch at

time ¢. To analyze the structure of the optimal controls we therefore need

10



to analyze the switching function and its derivatives. The following lemma,
which allows to calculate first and higher order derivatives of the switching
function simply by calculating commutators of matrices, is verified by an

elementary direct calculation.

Lemma 3.1 Suppose M is a constant matriz and let U(t) = \(t)M N (t),
where N is a solution to the system equation (3.7) for control u and X is a

solution to the corresponding adjoint equation. Then
W(t) = Mt)[A + uB; + vBy, M|N(t), (3.22)

where [A, M] denotes the commutator of the matrices A and M defined as
[A,M]=MA— AM.

Note that we have chosen the order in the commutator so that it is consistent
with the Lie derivative of the linear vector fields f(N) = AN and g(N) =
MN. For,

[f.9] = Dg(N)f(N) = Df (N)g(N) = MAN — AMN = [A,M]N. (3.23)

4 Singular Controls

Although singular controls exist for the 3-compartment model, using high-
order necessary conditions for optimality we now show that they are not

optimal.
Proposition 4.1 The control v, cannot be singular on any open interval 1.

Proof: Suppose v is singular on an open interval I, i.e. ®y(¢t) = 0 on I.

Since Na(t) is positive, it then follows that Wo(t) = A3(t) — A2(t) vanishes

11



identically on I. Thus also
Aa(t) = agu(t)(Aa(t) — As(t) =0 (4.24)
and hence A3(t) and Ag(t) are actually constant and equal on I. Furthermore
0= X3(t) = as[As(t) — 2(1 —u(t))Aa (1)] (4.25)
and thus
A3(t) = 2(1 — u(t)) A1 (2). (4.26)

Since A3 is positive by Proposition 3.1, we have u(t) < 1. If u = 0 on any

subinterval J C I, then A;(¢) also must be constant on J and thus
0= A1(t) = ar[A(t) — Xa(t)] (4.27)

implying Ay = A9 = A3 = const on J. But this contradicts (4.26). Hence u,
also must be singular on I.

In the case when both u, and v, are singular on I, it is a high-order
necessary condition for optimality, the so-called Goh-condition [14, Cor.
6.3], that

0 d oH

S D), N (1), s (1), 04 (1) =0, (4.28)

i.e. this quantity vanishes identically along the optimal trajectory. For our
system

%—Z()\(t),N(t),u* (t),v«(t)) = A(t)B1 N (t). (4.29)
Using Lemma 3.1 we have

d 0H

7 g Q@) N (D), u(0),0.(1)) = MO[A, BN (1) + v(H)A®)[Ba, BIN (1)

(4.30)

12



and thus

%%%—Z(A(t), N(t),us (1), 0. (1) = A8)[ B, BIIN(2). (4.31)

A direct calculation gives

010
[BQ, Bl] = —20,20,3 0 0 O (432)
0 00
and thus
)\(t)[BQ,B]_]N(t) = —2aga3\ (t)NQ(t) <0 (433)

violating the Goh condition. Hence v cannot be singular on any interval I.

O

Proposition 4.2 The control u, cannot be singular on any open interval

1.

Proof: Suppose u, is singular on an open interval I, i.e. ®1(f) = 0 on
1. Tt follows from the above argument that v, cannot be singular on any
subinterval and thus, without loss of generality, we may assume that v, is
coustant on I and given by either vy, or 1. Let f(N) = (A+wv,By)N and let
g(N) = By N denote the drift and control vector fields for the corresponding
single-input systems with u, as control. Since ®; vanishes identically on I,
all its time derivatives must vanish as well. Using Lemma 3.1 it follows that

the first two derivatives are given by

©1() = (AD), [f +ueg, gJ(N) (1) = (@), [, g} (N) (D)) , (4.34)
©1(t) = (A®); [f + wags [, g]I(N) (1)) - (4.35)

13



In our case
[9,1f, 9]l(N) = [B1,[A + v Bg, B1]]N (4.36)

and a direct calculation shows that both [B1,[A, B1]] and [By,[Bs, B1]] are
zero. Thus [g,[f,g]] vanishes identically. Hence, and using the notation

adf (g) = [f, g for the Lie bracket, we have
(1) = (AW, L1 gl (1) = (A®), ad? f(9)(N)(B) . (437)
Differentiating once more gives
o) (1) = (A1), [f +weg. [£. 1. glI (V) (1) (4.38)

But it follows from the Jacobi identity for the Lie bracket of vector fields
that

l9.ad” f(9)] = —1f.[9.[f. 91l = —~[f,0] = 0 (4.39)

and thus

o (1) = (M), ad [ (9) (V) (1)) (4.40)

Differentiating one more time yields

() = (A(t), [f + teg, ad® f(g)J(N))
= (A1), ad" f(9)(N)) + ux (A(t), [g, ad® f (9)](N)) (4.41)

14



If we set A = A + v,Bs, then an explicit calculation verifies that

0 —a1 a; —das
[B1,ad®>A(B)] = 12a1a2a3v, | 0 0 —ay (4.42)
0 0 0

= 6ajazasvs < [A, B1] +2a3 [ 0 0 0
0 0 0
(4.43)
But along the singular we have
AH)[A, BI]N(t) = &1(t) =0 (4.44)

and thus
(\(t),[g,ad® f(9)](N)(t)) = —12a1a2a3vs (a1 + azvs) M (t) Na(t) < 0.

Thus equation (4.41) can be solved to determine the explicit form of the
singular control u,. It thus follows that the singular control u, is of order 2.
However, the generalized Legendre-Clebsch condition [14, Thm 5.2] states

that it is a necessary condition for optimality of the singular arc that

(A@), lg. ad’ f(9))(N)(8)) > 0 (4.45)

and this condition is violated. (The sign reverses in our application com-
pared with [14, Thm 5.2] since we minimize the Hamiltonian while it is
maximized in [14, Thm 5.2].) Hence a singular control u, cannot be optimal
in any interval I. [J

These results imply that, once a maximum acceptable level of drug dose
is agreed upon (which is the meaning of v = 1), then it will not be optimal to
ever administer lower doses. Of course, what this maximum level is, depends

on the patient’s overall health and is a matter for the doctor to determine.
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5 Bang-bang Controls

Consequently, and although more complicated structures cannot be ex-
cluded, bang-bang trajectories become the prime candidates for optimality.
However, apriori it is not possible to restrict the number of switchings. Yet
some restrictions on the structure of switchings exist. For, let Uy = A3 — Ao
be the reduced switching function for the control v. Using the adjoint equa-

tion it follows that
\.112 = aov¥s + ag ()\3 — 2(1 — u))\l) . (5.46)

Along u = 1 the right-hand side is positive and thus W4 is strictly increasing.

But then we have the following property of optimal controls:

Lemma 5.1 If u.(t) =1 on an interval I, then v, is bang-bang on I with

at most one switching from v =1 to v = vyin. O

Recall that v = 1 stands for no reduction in the outflow of cells from the
second compartment, i.e. the blocking agent is not being used. Thus Lemma
5.1 states that it will never be optimal to withdraw the blocking agent v if
both the killing and blocking agents are administered at some given time.
The killing agent should be withdrawn first before the blocking agent can
be terminated. However, and we will give an example verifying this below,
optimal protocols may initiate the blocking agent in addition to an already
active killing agent.

We now develop conditions under which a bang-bang control, i.e. a pro-
tocol which alternates between full drug doses and restperiods, indeed gives
a relative minimum over a set of controls whose trajectories lie in some

neighborhood of the reference trajectory in the time-state space. We will do

16



this by constructing a parametrized family of extremals in the sense defined
in [24] by integrating the dynamics and the adjoint equation backward from
the terminal time 7" with the terminal condition N(7') = p € P as free pa-
rameter. (Once this is being done, however, positivity of the trajectories is
no longer guaranteed and needs to be enforced.) For the moment, and de-
noting the corresponding minimizing controls by u = u(t,p) and v = v(t, p),
0 <t < T, the dynamics for the system and adjoint equation are given by

N(t,p) = (A+uB; +vBy)N(t,p), (5.47)

At,p) = =A(t,p)(A+uBy + vBy), (5.48)
with terminal values
N(T,p)=p and XT,p)=r. (5.49)

For bang-bang controls these are linear equations with constant matrices
between the switching times, hence easily solved. The crucial step is to
determine the controls u(t,p) and v(t,p), i.e. the correct switching sequence
depending on the terminal value of the trajectory. This will be done through
the minimum condition of the Maximum Principle. Then the issue becomes

whether the flow map o of the trajectories defined as
0:00,T] xP — [0,T] x P,

(t,p) = a(t,p) = (¢, N(t,p)) (5.50)
defines a field, i.e. whether the trajectories cover the state-space injectively.
It is shown in [23, 24] that this will be the case if the restrictions of the
flow away from the switching surfaces are diffeomorphisms and if proper

transversality conditions which guarantee that the combined flows are locally

injective are satisfied at the switching surfaces. Under these conditions

17



a differentiable solution to the Hamilton-Jacobi-Bellman equation can be
constructed and these controls are optimal [2]. In [18] this construction has
been carried out in detail for the 2-compartment model. Here we generalize
this construction to the 3-compartment model, but we refer to [18] for some
of the details of the construction.

Let (N, (ux,v4)) be a reference extremal pair where the controls (u., v,)
are bang-bang with switchings at times tx, £k = 1,... ,m, 0 <1, < --- <
t1 <tg="1T, and N, is the corresponding trajectory. Henceforth we always

assume that
(A1) the controls u, and v, do not have simultaneous switchings.

We then associate with (u.,vs) amap ¢ : {1,... ,m} — {1,2} which assigns
to every switching time ¢ the index ¢(k) corresponding to the control which
has a switch at time tx, i.e. «(k) = 1 if the switch is in the control v and
t(k) = 2 if the switch is in the control v. We also assume that all switchings
are strict in the sense that the derivative of the corresponding switching
function at ¢; does not vanish. Thus, if A\, denotes the corresponding adjoint

variable, then we also assume that

(A2) for k=1,... ,m, and ¢« = (k) we have that

q)b(tk) = A (tk)[A + ue B + U*BQ,BL]N*(tk) #0. (551)

Notice that, since [B,, B,] = 0, the derivative of the switching function ®;
for the control u involves the control v, but not u itself and the derivative
of the switching function @, for v involves only . Thus ®; will not be dif-
ferentiable at switchings in v and ®5 will not be differentiable at switchings

in u. However, since we assume that there are no simultaneous switchings,

18



®; and P, are differentiable at switchings in u and v respectively . Hence
®, is differentiable at .

Regarding a medical interpretation, assumption (A2) simply enforces
that at the indicated times indeed administration of the blocking or killing
agent has to be initiated or terminated. Condition (A1) can easily be en-
forced by giving the drugs in sequence. Mathematically, conditions (A1)
and (A2) will be satisfied generically (i.e. except in a few special cases)
and they imply the most regular structure for the field around the refer-
ence trajectory. Specifically, call a triple I' = (N, (us, vx), Ax) for which
(A1) and (A2) are satisfied a strictly bang-bang extremal lift without simul-
taneous switchings. Let p, = N(T') and for p in a neighborhood W of p,
integrate the equations (5.47) and (5.48) backward while chosing the con-
trols v = u(t,p) and v = v(¢,p) to maintain the minimum condition of the
Maximum Principle. Thus u(t,p«) and v(¢,ps) are given by the reference
controls u, and v, and N(t, p,) and A(f, p.) are the reference trajectory and
corresponding multiplier. The following lemma asserts that a strictly bang-
bang extremal lift without simultaneous switchings can be embedded into a
family of strictly bang-bang extremal lifts without simultaneous switchings
which have switchings in the same order by varying the terminal condition

of the reference trajectory.

Lemma 5.2 LetT' = (N(-,ps), (u(-,p«), v(-,px)), A(+, px)) be a strictly bang-
bang extremal lift without simultaneous switchings and denote the switching
times of the controls by ty, k=1,... , m, 0 <ty <---<t;1 <tyg=T. Then
there exists a neighborhood W of p. and continuously differentiable functions
7 defined on W, k = 1,... ,m, such that for p € W the controls u(-,p)

and v(-,p) are bang-bang with switchings in the same order as the reference
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control at the times 0 < 7,(p) < -+ < 11(p) < T and the corresponding
triples I'y = (N(-,p), (u(-,p),v(-,p)), A(,p)) for p € W are strictly bang-

bang extremal lifts without simultaneous switchings.

The proof of Lemma 5.2 is rather straightforward and we refer the reader
to [24, Lemma 5.1] for the details. However, we briefly discuss the signif-
icance of assumptions (Al) and (A2): It follows from condition (A2) and
the implicit function theorem that for every switching time ¢; there exists
a neighborhood Wy, of p, on which the equation ®,(¢,p) = 0 can locally be
solved for t as a differentiable function of p, t = 7(p), with tx = 7(p«).

Hence there exist well-defined switching surfaces
Sp=A{(tN) :t=m(p), N = N(7(p), p),p € Wi} (5.52)

near (tg, Ni(tx)) in the combined (¢, NV)-space which are 3-dimensional imbed-
ded submanifolds. Even in the case of simultaneous switchings the existence
of these surfaces can easily be guaranteed by making analogous assumptions
on the derivatives from the right for the switching functions. Condition (A1)
is equivalent to the geometric property that these switching surfaces Sy do
not intersect if a sufficiently small neighborhood W of p, is chosen. This
implies the simplest (and locally the most typical) form of a local synthesis
for the field of extremals around the reference bang-bang extremal lift ' as
described in Lemma 5.2. This structure is no longer valid if two switching
surfaces S, and Sy, intersect in (¢x, Ni(tx)). In such a case it matters how
these surfaces intersect and the geometric properties of their intersection
need to be analyzed in detail. These, however, will depend on the specific
values of the parameters and states and costates at the switching. Therefore
a general analysis of these situations is not feasible, but instead a case-by-

case analysis becomes necessary. For a specific trajectory the local structure
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of the field of extremals around a reference bang-bang extremal lift I' which
has simultaneous switchings in the controls can still be determined under
suitable assumptions on higher order derivatives of the switching functions
involved. Then the construction of a regular synthesis [1] can be pursued.
Our results, making assumption (A1), present the most typical behavior
which can be analyzed in general. While the theorems and optimality con-
ditions formulated in our paper are for this scenario only and do not apply
to the case of simultaneous switchings in the control, the construction itself
does. But it then requires modifications of the proofs and the calculations
to fit the specific cases.

While the states and costates remain continuous at the switching sur-
faces, their partial derivatives become discontinuous because of the different
controls. For later use we need to update the p-partials at a switching
surface. Let ¢t = 7(p) parametrize a switching surface. Without loss of gen-
erality assume the control u switches and denote the constant controls for
t > 7(p) and t < 7(p) by uy and u_, respectively. Also let Au = uy —u_
denote the jump in the control. For p € W, let N*(¢,p) and N~ (¢, p) denote
the solutions to the system equation with controls v, and u_, respectively,
and initial condition N*(¢,p) = N(t,p) for t = 7(p). The control v has
the value of the reference control v, which is constant in a sufficiently small
interval around ¢, = 7(p,). Hence the trajectories of the system are given by
N™*(t,p) for t > 7(p) and by N~ (¢,p) for t < 7(p). In particular, N* and N~
are differentiable functions which agree on the set S = {(¢,p) : t = 7(p)}.
It is an elementary argument (for example, see [24, Lemma 2.3]) to see that

for every component ¢ = 1,2, 3, of NV there exists a continuous real-valued
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function x;(t,p) defined near S such that for (¢,p) € S we have
gradN; (t,p) = gradN; (t.p) + (6, 9)(L,—Vr(p), (5.5

where grad denotes the gradient in both £ and p and V7 denotes the gradient

of the function 7 of p, both written as row vectors. Thus we have

and for y =1,2,3,
ON;” ON or
—L(t,p) = L (t,p) — k;i(t,p)=—(p). 5.55
; (t,p) ; (t,p) — Ki(t, p) ; (p) (5.55)

Using the differential equation for N, and reverting back to vector notation

writing & = (k1, k2, s3)7, it follows that

r(t,p) = (A+u_By +0Ba) N(t,p) — (A+uy Bi +vBy) N(t,p)

=—-AuB1N(t,p), (t,p)€S. (5.56)

Hence we get for the matrices of the partial derivatives with respect to p

that

- +
- 0)0) = S 0)p) + MBNG ).V (55)

An analogous formula holds for the multipliers AT (¢, p) defined correspond-
ingly. Note that %V—p_(T(p),p) is a rank 1 correction of %(T(p),p). For our
construction we need that the matrix %_];(t’ p) remains invertible. The par-
tial derivative %—]g is the solution of the variational equation for (5.47). Since
this equation is linear and since the controls are constant, the variational

equation is identical and we have for ¢t < 7(p) that

ON (1. 9) = exp (A -+ u_By + 0Byt — () - 2o
p p

(r(p),p).  (5.58)
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Hence %_];(t’ p) will be invertible if %V—p_(T(p), p) is. Assuming inductively
that %(T(p),p) is nonsingular, it is a well-known result from Linear Al-
gebra [8] that ag—p_(T(p), p) is nonsingular if and only if

ONT
Jp

-1
1+v7<p>( <T(p),p>) AuBIN(r(p).p) £0.  (5.50)

In fact, the inverse is given by

(agfp (T(p),p)> o (?; (T(p),p)) »

(5.60)

The following result has been proven for bang-bang trajectories for general

systems in [24]:

Theorem 5.1 [24] Let I' = (N, (us,vs),As) be a strictly bang-bang ex-
tremal lift without simultaneous switchings and denote the switching times
of the controls by tp, k = 1,... ,m, 0 < &, < -+ <t < tg =T. Let
ps = Nu(T) and let 7, = 7(p), k=1,... ,m, 0 < 1(p) < - < 71(p) <T
be parametrizations of the switching times defined on some neighborhood of
p«. For the k-th switching let 1(k) be the indicator of the control that switches

and denote the jump in the control by

A u(tk—l—) — U(tk—) if L(k) =1
" wte) —olte—) if (k) =2
If for every switching k =1,... ,m, we have that
Nt -
149 (G-ter)) ABN.@ >0 (66
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then (uy,vy) is a relative minimum. More precisely, there exists a neighbor-
hood W of ps such that the flow 0:{0,T] x W, (t,p) — (t, N(t,p)), defines a
field of extremals and (u.,vy) is optimal relative to any other control whose

corresponding trajectory lies in the image R = o ([0,T] x W).

Idea of the Proof: Since %—g(T,p) = Id, the identity matrix, the matrix
%—]z(t,p) is invertible for 71 (p) < t < T'. It follows inductively from (5.59)
that the matrix %—Jl(t,p) is nonsingular on all intervals [7;41(p), 7i(p)], i =
1,...,m—1, and on [0, 7,,(p)]. The specific sign in the transversality con-
dition (5.61) guarantees that the combined flow transversally crosses the
switching surfaces. This allows to combine the separate bang-bang flows
into one injective flow. Furthermore, using (5.61) it can be shown that
the corresponding value-function remains continuously differentiable at the
switching surface. Optimality of (u.,v,) relative to R then follows from
standard Hamilton-Jacobi theory. The details of the argument can be found
in [24]. O
For this result to be of practical use we need an efficient way to calculate
the quantities
-1
vnn) (G- tr) (5.62
Such a procedure exists and it requires neither the computation of partial
derivatives with respect to p nor matrix inversion. Indeed, since only one of
the controls switches at every switching surface, with a minor modification
for the overall dynamics, these calculations are identical to those for the

2-compartment model [18] and we only summarize the resulting formulas.

Proposition 5.1 Let + denote the index of the control which switches at

ty = 7k(p«). Then for p in a sufficiently small neighborhood W of p. we
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1
1
va) (G o)) = g (A0

+N" (1 (p), p) B! St (11(p).p))  (5.63)

where ST (1x(p),p) (respectively S~ (11 (p),p)) denotes the limit of the func-
tion

T —1
S(tp) = 5 (0.0 (%—f(t,p)) | (5.64)

from the right (respectively left) at t = 1, (p). The matriz S can be calculated

inductively on [1x(p), Tk—1(p)] as the solution to the Lyapunov equation

S(t,p) + S(t,p)(A + u(t,p)By + v(t,p)Bs) (5.65)

+ (A + u(t7p)B1 + ’U(t,p)Bg)TS(t,p) =0
with terminal conditon S~ (1x_1(p),p), i.e.

S(t,p) = exp ((A+ u(t,p)B1 + v(t,p)B2)T (tp-1(p) — 1))

- S7(Te—1(p), p) - exp ((A + u(t, p) B1 + v(t,p) B2)(1x-1(p) — 1)) -
(5.66)

In particular, no partial derivatives of the state or costate with respect
to the parameter p need to be calculated nor do we need to calculate the
inverse. Everything is subsumed in the calculation of the matrix S(¢,p).
However, since S is defined in terms of the p-partials, it will no longer
be continuous at switching times and we need to use the correct update
formulas. As above, let ST(¢,p) and S™(¢,p) denote the matrices S when
constructed with N* and A* respectively. Then using (5.60) the following

formulas can be verified:
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Proposition 5.2 Let + denote the index of the control which switches at
tr = 7x(px) and define
Gi(p) = =————— (A(mk(p),p) B, + N (7(p), p) B! S* (&(p) p)) -
(5.67)

Then we have for p in a sufficiently small neighborhood W of p. that

S~ (me(p),p) = (BEN (14(p), p)Gi(p) + ST (14(p), p)) (5.68)

, BN (7k(p),p)Gr(p)
(”* - Gk(p)Bsz(rk(p),p)) |

The formulas developed so far are valid in general for strictly bang-
bang extremal lifts without simultaneous switchings for arbitrary bilinear
systems. A number of simplifications occur for the 3-compartment model
for cancer chemotherapy based on the special strucure of the matrices and

we summarize them in the next Theorem:

Theorem 5.2 Let I' = (N, (u«,v:),\s) be a strictly bang-bang extremal
lift without simultaneous switchings and let @5 (t) = 1 + A\(t)B1N.(t) and
D3(t) = A\e(t)BaN.(t) be the switching functions associated with the controls
us and vy respectively. Denote the switching times of the controls by ty, k =
Lio..,m 0 <ty,<- <t <tg=T and let (uk,v) denote the constant
values of the controls on the interval (tg,tg—1). For the k-th switching let
v = (k) be the indicator of the control that switches and denote the absolute

Jump in the control by
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Set Sy =0 and for k=1,... ,m, define

S]j_ = exp ((A + upB1 + ’UkBQ)T(tk,1 — tk)) Sk_fl

exp ((A + ug By + vg B2)(tr—1 — ) , (5.69)
0,
Gp = ———— (\(ty) B, + NI (t) B S, (5.70)
@7 2|
_ B N*(tk)Gk
S, = (BIXL(t)Gr + S) ( Id - . 5.71
If for k=2,... ,m, we have that
‘(i)f(tk)‘ +0,N1 (1) BLS} BN, (t;) > 0, (5.72)
then all the matrices S, , k = 2,... ,m, are well-defined and (u,v.) is a

relative minimum for the 3-compartment model. More precisely, there exists
a neighborhood W of N,.(T) such that the flow o restricted to [0,T] x W de-
fines a field of strictly bang-bang extremals without simultaneous switchings

and (uy,vy) is optimal relative to any other control whose trajectory lies in

the image R = o ([0,T] x W).

Proof: The theorem follows from Theorem 5.1 using special properties of
the model. Set p, = N,(T) and let 7, = 7%(p), k= 1,... ,m, 0 < 7,(p) <

- < 7(p) < T be parametrizations of the switching times defined on
some neighborhood of p.. In the terminolgy of Theorem 5.1 we then have
S™(T,ps) = S, and for £ = 1,...,m, S,:Ct = SE(1i(p«),p«). We need
to verify that condition (5.61) is satisfied at every switching, i.e., for k =

1,...,m, we have

ON* -
1+ V1i(p+) (a—p(tkup*)) A, B, N, (t)
A,

=1-- (A« (tr)B, + N (tx) Bl S;") B,N.(t) > 0. (5.73)
@ (tk)
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By the minimum condition of the Maximum Principle we always have that
A, = —sgn (éj(tk)) ) (5.74)

(for example, if uy = 1 and ugy; = 0, then the switching function @4

decreases at tx) and therefore

Furthermore, for our model B? = 0 and therefore these terms drop out
trivially. Also the corresponding terms for Bs drop out, but for a different
reason. A direct calculation verifies that B% = —a9 B> and therefore we have

at any switching in the control v that
)\*(tk)BQ . BQN*(tk) == —GQA*(tk)BQN*(tk) == —GQQ)E(tk) =0 (575)

since tj is a switching time. Summarizing, we therefore have in general that

ONt

-1
1+ V7i(ps) <W(tk,p*)> A,B N, (ty) =

Lt O NI () B S BN (1)
7 (1)
and thus conditions (5.61) and (5.72) are equivalent. In particular, these con-
ditions inductively guarantee that the matrices S, , k =1,... ,m, are well-
defined. Finally, at the terminal time we have N(T,p) = p and A(T,p) = r
giving S~(T,p) = 0. In particular, it follows that ST (7, (p),p) = 0 and
therefore the first transversality (5.72) will always be satisfied for £k = 1. O

Corollary 5.1 FEwvery strictly bang-bang control with at most one switching

18 a relative minimum. O
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Remark: The conditions (5.72) ensure that the switching surfaces are
crossed in the same direction by the two flows involved in the switching.
They form a true requirement which in general need not be satisfied. As a

case in point notice that (since S;” = 0)

BT T . B

1 (t1)

is negative semi-definite (and so is then S ) so that the second term in (5.72)
is non-positive for £k = 2. In general, due to the continued addition of rank
1 matrices at the switching times, the matrices S,;" will have no definiteness
properties.

If the transversality condition (5.72) is violated with a negative value,
then indeed local optimality of the bang-bang trajectory ceases at this

switching.

Theorem 5.3 With the notation of Theorem 5.2 assume that the transver-

sality condition

‘(i)f(tk)‘ +0,N7 (t4) BT St BN, (t;) > 0 (5.77)
1s satisfied for k =2,... ,¢ —1, but that

‘i)f(tg)‘ +0,NL (1) BLS} BN, (1) < 0. (5.78)

Then there exists a neighborhood W of p, = N.(T) such that the flow o
restricted to Dy = {(t,p : ty < t < T,p € W} defines a field of strictly
bang-bang extremals without simultaneous switchings and (uy,vy) is optimal
relative to any other control whose trajectory lies in the image Ry = o (Dy),

but (us,vs) is no longer optimal for initial times t < ty.
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Essentially, this result is proven by verifying that the /-th switching surface
is an envelope in the sense of Sussmann [27] consisting of conjugate points
where local optimality ceases. Since we are assuming that only one of the
controls switches at ¢, this proof is identical to the proof of [18, Thm 5.3].
Figures 5.1 and 5.3 below show the graphs of two sample switching func-
tions for our problem. The parameters chosen for the calculation were
a; = 0.197, ao = 0.395, a3 = .107, r1 = 1, ro = .5, r3 = 1, and the
time horizon is 1" = 7. The terminal values for the states, respectively the
parameter values are p; = po = 10 and p3 = 17. The control u (see Fig.
5.2) switches once at to = 1.5279, the zero of the switching function ®,(¢,p)
for u (Fig. 5.1) while v (see Fig. 5.4) has two switchings at 3 = .7439 and
t1 = 3.5583, the zeroes of its switching function ®s(t,p) (Fig. 5.3). Notice
that since the derivative of ®; involves v, but not u, ®; is differentiable at
t2 € (1,2), but its graph has corners at t3 € (0,1) and ¢; € (3,4) where ®;
is not differentiable. Analogously, since the derivative of ®9 involves u, but
not v, @, is differentiable at the switchings ¢; and 3 in v, but its graph has
a corner at the time ¢y of the switching in . Notice also how the discontinu-
ities in the controls affect the graphs of the components N;(t,p), i = 1,2, 3,
of the state (Figs. 5.5-5.7). Since the control u only enters the equation of
N directly, the discontinuity in u causes a corner in the graph of N; (t,p)
at to € (1,2) (Fig. 5.5), but is not noticable in the graphs of Ns(t,p) and
Ns(t,p). Similarly, the discontinuities in v show as corners in the graphs of
Ny(t,p) (Fig. 5.6) and Ns(t,p) (Fig. 5.7) since v enters the equations for Ny
and N3, but are not visible in the graph of N;. Using the algorithm given in
Theorem 5.2, it can be verified that the transversality condition is satisfied

at each switching and therefore the pair (u,v) is locally optimal.
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Table 1. Data for the switchings

switching time || switch in control || transversality condition
t1 = 3.5583 v .3081
to = 1.5279 u 5171
t3 =0.7439 v 1977

Figs. 5.5 to 5.7 give the graphs of the trajectories verifying in particular
that the states are positive. Note that this protocol allows the numbers N
and N3 of cancer cells in the second and third compartment to rise while it
drastically reduces the number Nj of cancer cells in the first compartment.
Overall, the weighted average rN(¢) decreases from 42.5 at time ¢t = 0 to
32 at time T' = 7. From a medical point of view the shift of higher number
of cancer cells from the first to the third compartment makes perfect sense
since this is where the killing agent is active, i.e. more cells are exposed to
the drug, while smaller numbers of cancer cells in the first compartment
imply that less cells will move through the cell-cycle in the future.
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Figure 5.1: Switching function ®4(¢,p) for the control u(t,p)
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Figure 5.2: Control u(t,p)

Figure 5.3: Switching function ®,(¢,p) for the control v(¢, p)
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Figure 5.4: Control v(t,p)
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Figure 5.5: First component of the state, Ny (¢, p)
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Figure 5.6: Second component of the state, Na(t,p)
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Figure 5.7: Third component of the state, N3(t,p)
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6 Conclusion

In the paper we pursued a further analysis, beyond the standardly used
Maximum Principle, of optimal controls of the 3-compartment model for
cancer chemotherapy by [32]. After eliminating singular controls from the
candidates for optimality, a more detailed analysis of bang-bang controls
and corresponding trajectories was performed. Sufficient conditions for op-
timality in the form of conditions for transversal crossings of the flow at
switching surfaces were derived. In particular, it follows from our results
as a simple corollary that bang-bang controls with at most one switching
are locally optimal (assuming that the derivative of the switching function
does not vanish at the switching). It was also shown that a violation of
the transversal crossings condition causes loss of optimality. The arguments
used in this paper are general and apply to arbitrary systems with bang-bang
controls. Some numerical calculations were given to support and illustrate
the applicability of the theory.

Interpreting the results for the model, it follows that it is not optimal to
administer a drug, neither the killing nor the blocking agent, at a level less
than their maximum dose allowable. Optimal protocols consist of periods
of fully administering one or both of the drugs with restperiods in between
as, indeed, it is the common practice in medicine. However, although some
of these protocols may satisfy the necessary conditions for optimality, they
still need not be optimal. Our results in Theorems 5.2 and 5.3 provide easily
verifiable conditions to determine whether a given protocol is at least locally

optimal and to eliminate non-optimal protocols.
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