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Abstra t: We onsider an optimal ontrol problem of the Mayertype for a single-input, ontrol ane, nonlinear system in small dimension. In this paper, we analyze ee ts that a modeling extension
has on the optimality of singular ontrols when the ontrol is repla ed with the output of a rst-order, time-invariant linear system
driven by a new ontrol. This analysis is motivated by an optimal ontrol problem for a novel an er treatment method, tumor
anti-angiogenesis, when su h a linear dierential equation, whi h
represents the pharma okineti s of the therapeuti agent, is added
to the model. We show that formulas that dene a singular ontrol
of order 1 and its asso iated singular ar arry over verbatim under
this model extension, albeit with a dierent interpretation. But the
intrinsi order of the singular ontrol in reases to 2. As a onsequen e, optimal on atenation sequen es with the singular ontrol
hange and the possibility of optimal hattering ar s arises.
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Introdu tion

Appli ations of optimal ontrol to mathemati al models in biomedi al problems have a long history with some early resear h in the seventies (see Eisen's
monograph, 1979), and several seminal papers on an er hemotherapy in the
eighties and early nineties (e.g., Swierniak, 1988 and 1995, Swan, 1988 and
1990, Martin, 1992). A number of models have been, and still are being formulated that des ribe the dynami s of an er and normal ells under the a tion
of various hemotherapeuti agents, most importantly ytotoxi drugs. Sin e
these drugs equally destroy healthy ells, the side ee ts of treatment need to
be balan ed with its therapeuti ee ts. It is natural to formulate questions
like how to apply hemotherapy in the most ee tive way as optimal ontrol
problems with the drug dosage playing the role of the ontrol. Eorts to model
and analyze various aspe ts of this problem (e.g., drug resistan e, drug delivery,
et .) have ontinued to the present day (e.g., Swierniak, Polanski and Kimmel,
1996, Fister and Panetta, 2000, Ledzewi z and S hättler, 2002a,b, Swierniak
et al., 2003, Ledzewi z and S hättler, 2007b), also in luding some of our own
work. For many of these models optimal ontrols turn out to be bang-bang if a
Mayer-type obje tive (i.e., only a penalty term at the endpoint) or a Lagrangian
fun tion that is linear in the ontrol is being used. Bang-bang ontrols represent
sessions of full dose treatments with rest periods in between and thus orrespond
to standard medi al pra ti e. On the other hand, singular ontrols, whi h typially would dene treatment s hedules with feedba k type time-varying partial
doses, are not optimal in most of these models.
More re ently, methods of optimal ontrol also have intensively been applied
to the analysis of models that represent new dire tions of medi al resear h. Topi s in lude HIV-infe tion (e.g., Kirs hner, Lenhart and Serbin, 1997) as well as
novel treatment approa hes to an er su h as immunotherapy (e.g., de Pillis and
Radunskaya, 2001, Castiglione and Pi oli, 2006) and tumor anti-angiogenesis
(e.g., Swierniak, d'Onofrio and Gandol, 2006, Ledzewi z and S hättler, 2007
and 2009, Swierniak, 2008). In the latter problem, the therapeuti omponents
are mostly biologi al agents that need to be grown in a laboratory and are very
expensive and limited. On e more it thus be omes important to optimize the
s heduling of agents over time in order to a hieve best possible usage. For these
newer approa hes, the fa t that anti-angiogeni agents are still only in medi al
trials and thus no guidelines for their s heduling have been established, adds further in entive to undertake a mathemati al analysis of optimal solutions. Even
for only one agent, it is prohibitively expensive to test all reasonable proto ols
in a laboratory setting. Thus the issue how to design an optimal proto ol is
parti ularly important for these novel therapies.
Tumor anti-angiogenesis, already proposed by Folkman in the seventies (Folkman, 1972), but only enabled by medi al resear h in the nineties, is a treatment
approa h for an er that aims at depriving a tumor of its network of blood vessels and apillaries that it needs for its supply of nutrients and oxygen. In an
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initial stage of avas ular growth, a tumor gets su ient supply of oxygen and
nutrients from the surrounding host blood vessels to allow for ell dupli ation
and tumor growth. However, at the size of about 1 − 2 mm in diameter, this
no longer is true and most tumor ells enter the dormant stage in the ell y le.
These ells then produ e vas ular endothelial growth fa tor (VEGF) (Klagsburn
and Soker, 1993) initiating the pro ess of tumor angiogenesis. During this stage
of tumor development, surrounding mature host blood vessels are re ruited to
develop the apillaries the tumor needs for its supply of nutrients. The lining of these newly developing blood vessels onsist of endothelial ells that are
stimulated by VEGF. Surprisingly, the tumor also produ es inhibitors that at
times are used to suppress this pro ess (Folkman, 1995, Davis and Yan opoulos, 1999). Anti-angiogeni treatments rely on these me hanisms by bringing in
external anti-angiogeni agents (e.g., endostatin) that disrupt the growth and
migration of endothelial ells and thus indire tly halt the growth of the tumor.
This treatment targets geneti ally stable healthy ells, not fast dupli ating and
ontinuously mutating an er ells. As a onsequen e, and ontrary to traditional hemotherapy, no drug resistan e has been observed in experimental
an er (Boehm et al., 1997). For this reason the therapy has been alled a new
hope for the treatment of tumors (Kerbel, 1997).
Mathemati al models for tumor anti-angiogenesis that have been formulated
an broadly be divided into two groups: those that try to a urately ree t the
biologi al pro esses, (e.g., Anderson and Chaplain, 1998, Arakelyan, Vainstain
and Agur, 2002), and those that aggregate variables into low-dimensional dynami al systems, (e.g., Hahnfeldt, Panigrahy, Folkman and Hlatky, 1999, Ergun,
Camphausen and Wein, 2003, d'Onofrio and Gandol, 2004). While the former
allow for realisti , large-s ale simulations, the latter enable a theoreti al mathemati al analysis. The biologi al motivation for this paper is the well-re ognized
model by Hahnfeldt et al., 1999, a group of resear hers then at Harvard Medial S hool. In this 2-dimensional model the growth of the primary tumor and
endothelial ells supporting the vas ulature is des ribed under the a tion of
anti-angiogeni agents whose dosage represents the ontrol in the problem. In
previous resear h, we have addressed the question of how to s hedule a given
amount of inhibitors to a hieve the maximum tumor redu tion. Mathemati ally,
this be omes an optimal ontrol problem of Mayer-type with ontrol-ane nonlinear dynami s. In Ledzewi z and S hättler, 2007, we obtained a full synthesis
of optimal ontrolled traje tories. Contrary to the an er hemotherapy problems mentioned above, now optimal ontrols onsist of on atenations of bang
and singular portions. Not only do optimal singular ar s exist, but, in fa t,
the singular ar be omes the enter pie e for the optimal synthesis in the sense
that for a large region of realisti initial onditions every optimal ontrolled
traje tory ontains an interval along whi h the ontrol is singular.
This problem formulation, however, did not in lude a mathemati al model
for drug delivery. Rather, the ontrol identied the dosage with the on entration of the anti-angiogeni agents and their ee t. In reality these are dierent
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on epts that are linked through pharma okineti s (PK) and pharma odynami s (PD). In its simplest and most often used form, PK is des ribed by a timeinvariant linear ordinary dierential equation. An extension of the model for
anti-angiogenesis that in orporates su h a PK-model is a omplished, from a
ontrol theoreti point of view, through the addition of a linear system to the
original dynami s whi h generates this on entration as state with the dosage
as input while the ontrol of the original system is repla ed with this state in
the extended model. In this paper, we shall analyze su h an extension in a
general framework and shall dis uss how su h an extension ee ts the stru ture
of solutions, espe ially, the properties of optimal singular ar s. For the model
of tumor anti-angiogenesis, the result of this analysis will answer the question
of how the stru ture of optimal proto ols is ee ted if the model is made more
realisti by in orporating the pharma okineti s of the drug. This is of importan e from the modeling perspe tive where learly some biologi al a ura y has
to be ompromised to enable a mathemati al analysis of the model.
2.

Optimal Control with Linear Dynami s for the Control

While the theory below will be developed for a general 2-dimensional dynami s
of the form
Σ:

ẋ = f (x) + ug(x),

0 ≤ u ≤ a,

x ∈ X ⊂ R2 ,

(1)

it has been motivated by a model for tumor anti-angiogenesis that was developed and biologi ally validated by Hahnfeldt et al., 1999. We briey des ribe
this model that we also shall use to illustrate our results. It is a two-dimensional
system of ordinary dierential equations for the intera tions between the primary tumor volume, p, and the arrying apa ity of the vas ulature, q . The
latter is the maximum tumor volume sustainable by the vas ular network that
supports the tumor with nutrients and it largely depends on the volume of endothelial ells. The ontrol u is the dosage of an exogenously administered vessel
disruptive agent. Tumor growth is des ribed by a Gompertzian growth fun tion
of the form
 
p
ṗ = −ξp ln
q

(2)

with ξ a growth parameter and variable arrying apa ity q . The dynami s for
q onsists of a balan e between stimulatory and inhibitory ee ts given by


2
q̇ = bp − µ + dp 3 + γu q.

(3)

The term bp represents stimulation of the vas ulature by the tumor and is taken
proportional to the tumor volume. The three terms with negative signs represent
dierent types of inhibition. Loss of vas ular support through natural auses is
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modeled as µq . Generally, µ is small and often this term is negligible ompared
2
to the other fa tors. The se ond term dp 3 q represents endogenous inhibition
due to the fa t that the tumor also produ es inhibitors that impa t its vas ular
support. These inhibitors are released through the tumor surfa e (hen e the
2
s aling of the tumor volume p to its surfa e area p 3 ) and intera t with the
endothelial ells. The last term γuq models loss of vas ular support due to
outside inhibition. It orresponds to the angiogeni dose rate with γ a onstant
that represents the anti-angiogeni killing parameter. It an be shown that,
given positive initial onditions p0 and q0 and any Lebesgue measurable fun tion
u : [0, T ] → [0, a], solutions to (2) and (3) exist and remain positive for all times
t ≥ 0 (d'Onofrio and Gandol, 2004). Thus the state spa e X =((p, q) : p >
0, q > 0} is positive invariant. Given an a priori spe ied amount of inhibitors,
Z

T

(4)

u(t)dt ≤ A,

0

following Ergun et al., 2003, we then onsider the optimal ontrol problem how
to s hedule the inhibitors in order to maximize the tumor redu tion a hievable,
or, equivalently, for a free terminal time T , we minimize the tumor volume p(T )
a hievable at time T .
Mathemati ally, the dynami s is thus given by a 2-dimensional system of
the form Σ with x = (p, q),


 

−ξp ln pq

 
f (x) = 
2
bp − µ + dp 3 q

and

g(x) =



0
−γq



.

If the isoperimetri onstraint (4) is added as a third variable to the dynami s,
the optimal ontrol problem then be omes a Mayer-type problem of the following
form:
[OC℄

for a free terminal time T , minimize the obje tive
(5)

J(u) = ϕ(x(T ))

over all Lebesgue measurable fun tions u : [0, T ] → [0, a] subje t to the
dynami s
ẋ = f (x) + ug(x)

x(0) = x0 ,

ẏ = u,

y(0) = 0,

(6)
(7)

and terminal onstraint y(T ) ≤ A.
In this formulation, the dosage of the anti-angiogeni agent and its on entration in the plasma are identied, i.e., pharma okineti s of the inhibitors is
negle ted. Given the ba kground of the model, the obvious question arises to
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what extent the stru ture of optimal ontrols and traje tories is preserved if
the dynami s is rened to in lude these relations. For the most ommonly used
model of exponential growth and de ay, this leads to the following extension of
the optimal ontrol problem [OC℄:
for a free terminal time T , minimize the obje tive J(u) = ϕ(x(T ))
over all Lebesgue measurable fun tions u : [0, T ] → [0, a] subje t to the
dynami s

[OCwLDC℄

ẋ = f (x) + cg(x)

x(0) = x0 ,

ċ = −kc + u

c(0) = 0,

ẏ = u,

y(0) = 0,

(8)

and the terminal onstraint y(T ) ≤ A.
Thus here the ontrol u of formulation [OC] has been repla ed by the state
of a rst-order linear systems. In equation (8), k is a positive onstant, the soalled learan e rate of the agent. The ontrol limit a still denotes the maximal
allowable dosage. Mathemati ally, it would be redundant to in lude another
oe ient at the ontrol u in equation (8) and therefore this term has been normalized. These oe ients determine the limits for the a hievable on entration,
0 ≤ c(t) ≤ cmax = ak . The oe ient γ in the original equation (3) represents a
simple model for the pharma odynami s of the agent and is retained.
Both formulations are single-input, ontrol ane systems and it is wellknown (also see se tion 3 below) that the main andidates for optimality are
the onstant ontrols u = 0 and u = a, the so- alled bang ontrols, and singular ontrols. The latter typi ally orrespond to time-varying ontrols that
take values in the interior of the ontrol set. For a lass of models for an er
hemotherapy that also have this general stru ture Σ and were analyzed earlier
(e.g., Swierniak, 1988, 1995, Swierniak, Polanski and Kimmel, 1996, Ledzewi z
and S hättler, 2002a,b), optimal ontrols are bang-bang and in Ledzewi z and
S hättler, 2005, we have shown that this property of optimal ontrols is preserved under the addition of a linear PK-model of the form (8). In Ledzewi z
and S hättler, 2007, we onstru ted the optimal synthesis for problem [OC] for
the model for tumor anti-angiogenesis by Hahnfeldt et al., 1999, and in this
ase optimal ontrols generally ontain a segment where the ontrol is singular of order 1. The same holds for the modi ation of this model by Ergun et
al., 2003, that was analyzed in Ledzewi z, Munden and S hättler, 2009. Sin e
singular ontrols are inherently dened through nonlinear relationships, it is a
priori not evident whether their optimality will be preserved under su h a modeling extension. In this paper we show that in a ertain sense this a tually is
true for a planar system. All equations that dene an order 1 singular ontrol

and its optimality status arry over verbatim from the optimal ontrol problem
to the model [OCwLDC]. At the same time, however, the order of the

[OC]
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singular ar in reases from 1 to 2 and this does have signi ant impli ations on
the on atenation stru tures of optimal traje tories. Dire t on atenations of
the optimal singular ontrol with the bang ontrols u = 0 and u = a are no
longer optimal and now this transition an only be a omplished by means of
hattering ontrols (see, e.g., Zelikin and Borisov, 1994) or possibly even more
ompli ated ontrol s hemes. Thus, while essential features are preserved under
the modeling extension onsidered here, the stru ture of the optimal synthesis
does hange.
3.

Order

1

Singular Controls for Model

[OC]

We briey des ribe the Lie-bra ket based formulas for an optimal singular ar
and its orresponding singular ontrol in dimension 2. These omputations
are well-known in the framework of dierential geometri methods for optimal
ontrol (e.g., see Sussmann et al., 1983, H. Sussmann's work on time-optimal
ontrol for planar systems in Sussmann, 1982, 1987, or the resear h monographs
by Bonnard and Chyba, 2003, or Bos ain and Pi oli, 2004). These relations
are essential for the onstru tion of a synthesis of optimal ontrols for problem
[OC] and will then be onne ted to the singular ar for the extended model
[OCwLDC] in the next se tion.
If u∗ : [0, T ] → [0, a] is an optimal ontrol for problem [OC] with orresponding traje tory x∗ , then, by the Pontryagin maximum prin iple, there exist
a onstant λ0 ≥ 0, an absolutely ontinuous o-ve tor, λ : [0, T ] → (R2 )∗ , (whi h
we write as row-ve tor), and a onstant ν su h that (i) (λ0 , λ(t), ν) 6= (0, 0, 0)
for all t ∈ [0, T ], (ii) λ satises the adjoint equations
λ̇(t) = −λ(t) (Df (x∗ (t) + u∗ (t)Dg(x∗ (t))) ,

λ(T ) = λ0 ϕx (x(T )),

(9)

and (iii) the optimal ontrol u∗ (t) minimizes the Hamiltonian H ,
H = λ (f (x) + ug(x)) + νu

(10)

along (λ(t), ν, x∗ (t)) over the interval [0, a] and the minimum value is given by
0. The trivial y dynami s only enters the Hamiltonian H and gives rise to
the extra multiplier ν , but otherwise an mostly be taken out from the expli it
formulation of the onditions of the Maximum prin iple.
We all a pair ((x, y), u) onsisting of an admissible ontrol u and orresponding traje tory (x, y) an extremal (pair) if there exist multipliers (λ0 , λ, ν)
su h that the onditions of the Maximum Prin iple are satised; the triple
((x, y), u, (λ0 , λ, ν)) in luding the multipliers is an extremal lift (to the otangent bundle). Extremals with λ0 = 0 are alled abnormal while those with a
positive multiplier λ0 are alled normal. For problem [OC], ex ept for degenerate solutions when u ≡ 0 would be optimal (and these are not realisti for the
underlying biologi al problem we are interested in), all extremals are normal
and we hen eforth assume λ0 = 1.
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The minimum ondition (iii) is equivalent to minimizing the so- alled swit h-

ing fun tion Φ,

Φ(t) = ν + λ(t)g(x∗ (t)),

(11)

over the interval [0, a] and optimal ontrols thus satisfy
u∗ (t) =



0
a

if Φ(t) > 0
.
if Φ(t) < 0

(12)

A priori, the ontrol is not determined by the minimum ondition at times when
Φ(t) = 0. Clearly, if the derivative of Φ does not vanish at a zero τ , then the
value of the ontrol swit hes between u = 0 and u = a at τ and we refer to
the onstant ontrols u = 0 and u = a as bang ontrols. On the other hand,
if Φ vanishes on an open interval I , then also all derivatives of Φ must vanish
and this may determine the ontrol. Controls of this kind are alled singular.
These two lasses of ontrols are the natural andidates for optimal ontrols and
there exists a wealth of literature, both lassi al and modern, analyzing their
optimality status. (For some re ent referen es, see Stefani, 2003, Felgenhauer,
2003, Bonnard and Chyba, 2004, or Maurer et al., 2005.) Derivatives of the
swit hing fun tion are a key tool in analyzing optimal ontrols and the following
well-known lemma shows how to al ulate these derivatives e iently in terms
of Lie bra kets.
Proposition 3.1

Let h be a ontinuously dierentiable ve tor eld and dene

Ψ(t) = hλ(t), h(x(t))i .

(13)

The derivative of Ψ along a solution x to the system equation (6) for ontrol u
and a solution λ to the orresponding adjoint equation (9) is given by
Ψ̇(t) = hλ(t), [f + ug, h](x(t))i ,

(14)

where [k, h] denotes the Lie bra ket of the ve tor elds k and h. In lo al oordinates the Lie bra ket is given by
[k, h](x) = Dh(x)k(x) − Dk(x)h(x)

with Dh and Dk denoting the matri es of the partial derivatives. 
Suppose an optimal ontrol is singular on an open interval I . Sin e ν =

const, it follows that

Φ̇(t) = hλ(t), [f, g](x(t))i ≡ 0,
Φ̈(t) = hλ(t), [f + ug, [f, g]](x(t))i ≡ 0.

(15)
(16)
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It is a ne essary ondition for optimality of the singular ontrol, the so- alled

Legendre-Clebs h ondition (e.g., Bryson and Ho, 1975, Bonnard and Chyba,
2003), that

hλ(t), [g, [f, g]](x(t))i ≤ 0.

(17)

The singular ontrol is said to be of order 1 on I if everywhere on the interval
this quantity does not vanish. Singular ontrols of higher order arise if the term
hλ(t), [g, [f, g]](x(t))i does vanish on some subintervals. If the singular ontrol
is of order 1 on I , then we ne essarily have that
hλ(t), [g, [f, g]](x(t))i < 0,

(18)

i.e., the so- alled strengthened Legendre-Clebs h ondition is satised. This inequality indeed implies some lo al optimality properties of the singular ontrol.
For example, we refer the reader to the lassi al paper by Gardner-Moyer, 1973,
where a lo al embedding of the orresponding singular ar , respe tively surfa e,
into a family of extremals is onstru ted in R3 , or to the more re ent paper by
Stefani, 2003, in whi h strong minimality of a singular extremal is proven if I is
the full interval (0, T ). But generally, for any parti ular problem, it will be ome
ne essary to ombine the singular ar (s) with other extremal traje tories to
onstru t a so- alled regular synthesis to a tually prove optimality (Boltyansky,
1966, Pi oli and Sussmann, 2000). For an order 1 singular ontrol, equation
(16) an formally be solved for u as
usin (t) = −

hλ(t), [f, [f, g]](x(t))i
hλ(t), [g, [f, g]](x(t))i

(19)

and this formula determines the singular ontrol as a fun tion of the state x(t)
and the multiplier λ(t). Thus the omputation of singular ontrols and the
analysis of their lo al optimality requires the omputations of the Lie bra kets
[f, [f, g]] and [g, [f, g]] and their inner produ ts with the multiplier λ.
Spe ial situations arise in dimensions 2 (and also 3) if the ve tor eld [f, [f, g]]
an be written as a linear ombination of lower order Lie bra kets. In these
ases, it is often possible to simplify the expression (19) further and obtain the
singular ontrol as a feedba k ontrol usin (x). In the models for tumor antiangiogenesis that are of interest to us, the ve tor elds [f, g] and [g, [f, g]] are
linearly independent and thus [f, [f, g]] an be written as a linear ombination
of this basis with oe ients that are smooth fun tions of the state x,
[f, [f, g]](x) = ϕ(x)[f, g](x) − ψ(x)[g, [f, g]](x).

For a singular extremal hλ(t), [f, g](x(t))i vanishes and thus
hλ(t), [f, [f, g]](x(t))i = −ψ(x(t)) · hλ(t), [g, [f, g]](x(t))i .
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Hen e, if the the strengthened Legendre-Clebs h ondition is satised, the term
hλ(t), [g, [f, g]](x(t))i an els and the singular ontrol is given as a feedba k
fun tion by usin (t) = ψ(x(t)). Clearly, whether this feedba k is admissible,
that is, whether it takes values in the ontrol set [0, a], needs to be determined
for ea h problem under onsideration and annot be asserted in general. Even
when admissible, this feedba k does not dene a singular ontrol everywhere,
but only on a thin subset. For, the onditions of the Maximum prin iple need
to be satised and the extra ondition that H ≡ 0 requires that also
hλ(t), f (x(t))i = 0

for all t ∈ I.

(20)

Sin e λ(t) 6= 0, (otherwise we on e more have the trivial ase u ≡ 0), it follows
that the ve tor elds f and [f, g] must be linearly dependent along the singular
ar and thus the singular ontrol is only dened on the urve
S = {x ∈ R2 : ∆(x) = det (f (x), [f, g](x)) = 0}.

Summarizing, we have the following well-known statement (Sussmann, 1982 and
1987, Bonnard and Chyba, 2003, Bos ain and Pi oli, 2004):
Proposition 3.2

dependent and

Suppose the ve tor elds [f, g] and [g, [f, g]] are linearly in-

[f, [f, g]](x) = ϕ(x)[f, g](x) − ψ(x)[g, [f, g]](x).

(21)

Then the singular ontrol is given in feedba k form as
usin (t) = ψ(x(t))

(22)

and the singular ar is dened by
∆(x) = det (f (x), [f, g](x)) = 0.

(23)

Furthermore, if the strengthened Legendre-Clebs h ondition is satised
along these ar s, and if the singular ontrol takes values in the interior of the
ontrol set, then it is a lassi al result that the singular ontrol an be on atenated at every time with the bang ontrols u = a or u = 0 without violating
the onditions of the Maximum prin iple. That is, if (τ − ε, τ + ε) is a small
interval with the property that the optimal ontrol is singular on (τ − ε, τ ) or
(τ, τ + ε) and onstant on the omplementary interval, u = 0 or u = a, then the
onditions of the Maximum Prin iple are satised. To see this, re all that by
Proposition 3.1, for any ontrol u that is ontinuous from the left (−) or right
(+), the se ond derivative of the swit hing fun tion is given by
Φ̈(t± ) = hλ(t), [f, [f, g]](x(t))i + u(t± ) hλ(t), [g, [f, g]](x(t))i

(24)

and it vanishes identi ally on I along the singular ontrol. Sin e the strengthened Legendre-Clebs h ondition is satised, we have hλ(t), [g, [f, g]](x(t))i < 0.
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If the singular ontrol takes values in the interior of the ontrol set [0, a], then
hλ(t), [f, [f, g]](x(t))i > 0. Hen e, for u = 0 we get Φ̈(t) > 0 and for u = a we
have Φ̈(t) < 0. These signs are onsistent with entry and exit from the singular
ar for ea h ontrol, i.e., for example, if u = 0 on an interval (τ − ε, τ ), then Φ is
positive over this interval onsistent with the hoi e u = 0 as minimizing ontrol.
This allows to onstru t a lo al synthesis of extremals around S by integrating
the onstant ontrols u = 0 or u = a forward and ba kward from the singular
ar . These traje tories indeed are lo ally optimal over a neighborhood overed
by the traje tories in this onstru tion (see, for instan e, Gardner-Moyer, 1973,
or Sussmann, 1982). For the models for tumor anti-angiogenesis whi h we onsidered in Ledzewi z and S hättler, 2007 and 2009, in fa t the global optimality
of these singular ontrols an be established in this way.
4.

Singular Controls for Model

[OCwLDC]

We now show that all the formulas dening the singular ar and its ontrol arry
over (albeit with a dierent interpretation) if a linear dynami s is added to the
model for the ontrol, i.e., if we repla e u with c where
ċ = −kc + u,

c(0) = 0.

We write z = (x, c) and, as before, keep the variable y that keeps tra k of the
isoperimetri onstraint separate sin e it does not parti ipate in the omputations of the Lie bra kets. The dynami al equations now form a single input,
ontrol-ane system of the form
(25)

ż = F (z) + uG

with 3-dimensional state ve tor z , drift F , and a onstant ontrol ve tor eld G
given by
F (z) =



f (x) + cg(x)
−kc



,

G(z) =



0
1



.

(26)

We denote the orresponding adjoint variable by Λ = (λ̂, µ̂) and the adjoint
equations and transversality onditions are
˙
λ̂ = −λ̂ (Df (x) + cDg(x)) ,
µ̂˙ = −λ̂g(x) + k µ̂,

λ̂(T ) = ϕx (x(T ))
µ̂(T ) = 0

(27)
(28)

The Hamiltonian for the problem [OCwLDC] is
Ĥ = λ̂ (f (x) + cg(x)) + µ̂(−kc + u) + ν̂u

with ν̂ again a onstant, the multiplier asso iated with the isoperimetri
straint. The swit hing fun tion now is given by
Ψ(t) = µ̂(t) + ν̂ = hΛ(t), G(z(t))i + ν̂.

(29)
on(30)
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As before, we need to al ulate the derivatives of the swit hing fun tion.
The ontrol ve tor eld G is a oordinate ve tor eld and we simply have that
∂F
(z) = −
[F, G](z) = −
∂c



g(x)
−k



(31)

and the higher order Lie bra kets with G all vanish identi ally: if we write
adnG (F ) = adG ◦ adn−1
G (F ) with adG (F ) dened by adG (F ) = [G, F ], then for
n≥2
adnG (F )(z) =

∂ nF
(z) ≡ 0.
∂cn

(32)

In parti ular, [G, [F, G]](z(t)) ≡ 0. The derivatives of the swit hing fun tion
therefore are now given by
Ψ̇(t) = hΛ(t), [F, G](z(t))i ≡ 0,
Ψ̈(t) =

...

Ψ(t) =

Λ(t), ad2F (G)(z(t))
Λ(t), ad3F (G)(z(t))

≡ 0,
≡ 0,

(33)
(34)
(35)

and the ontrol only enters the fourth derivative,
Ψ(4) (t) = Λ(t), [F + uG, ad3F (G)](z(t)) ≡ 0.

(36)

A singular ontrol of this type is said to be of intrinsi order 2 (Zelikin
and Borisov, 1994). Note that, for a general problem, it need not follow that
the third derivative of the swit hing fun tion vanishes on an interval I if only
the inner produ t hΛ(t), [G, [F, G]](z(t))i vanishes on I , (see, e.g., Bonnard and
Chyba, 2003). But this is true if [G, [F, G]] ≡ 0 as it is the ase here. The
adje tive `intrinsi ' is used to distinguish these ases. Thus, in this ase, if the
ontrol u is singular on an open interval I , then Λ must vanish against the
ve tor elds F (sin e Ĥ ≡ 0), G, and their Lie bra kets [F, G], ad2F (G) and
ad3F (G). Generi ally, in low dimensions, these are too many onditions to be
met simultaneously. But in our ase there exist relations between these ve tor
elds that guarantee that all these onditions an be satised. Note that
F (z) =



f (x)
0



− c[F, G](z)

(37)

and dire t omputations verify that
ad2F G(z) = −



[f, g](x)
0



+ k[F, G](z),


[f + cg, [f, g]](x)
ad3F G(z) = −
+ kad2F G(z).
0

(38)
(39)

13

Singular Controls and Chattering Ar s

and
[G, ad3F (G)](z)

=−



[g, [f, g]](x)
0



(40)

.

The multiplier Λ is nonzero (otherwise we again have the trivial solution
u ≡ 0) and thus the ondition that Λ vanishes against the ve tor elds F ,
[F, G] and ad2F (G) is equivalent to the statement that that these ve tor elds
are linearly dependent:


F (z), [F, G](z), ad2F (G)(z)
 
 
 
 
f (x) + cg(x)
−g(x)
−[f, g](x) − kg(x)
= det
,
,
−kc
k
k2

 
 

f (x)
−g(x)
[f, g](x)
= − det
,
,
= k∆(x).
(41)
0
k
0

0 = det



Hen e this equation redu es to relation (23) that denes the singular ar for
the model [OC]. Now, however, this relation, whi h does not depend on the
new variable c, only denes a verti al surfa e in (x, c)-spa e on whi h singular
ar s need to lie. But Λ(t) also vanishes against the ve tor eld ad3F (G) and the
linear dependen e of the ve tor elds adF (G), ad2F (G) and ad3F (G) determines
c:
0 = det



[F, G](z),

ad2F (G)(z),

ad3F (G)(z)



ad2F (G)(z),



[f + cg, [f, g]](x)
2
−
+ kadF (G)(z)
0



[f, g](x)
= − det [F, G](z), −
+ k[F, G](z),
0


[f + cg, [f, g]](x)
0
 
 
 
 
g(x)
[f, g](x)
[f + cg, [f, g]](x)
= det −
,
,
−k
0
0


= k det [f, g](x), [f + cg, [f, g]](x) .
(42)
= det



[F, G](z),

Using the relation (21) to express [f, [f, g]] as a linear ombination of [f, g] and
[g, [f, g]], we thus get that
0 = det




[f, g](x),



ϕ(x)[f, g](x) + (−ψ(x) + c)[g, [f, g]](x)


= (c − ψ(x)) det [f, g](x), [g, [f, g]](x) .
= det

[f, g](x),

[f + cg, [f, g]](x)
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The linear independen e of [f, g] and [g, [f, g]] implies that c is given by
c = ψ(x),

(43)

the same fun tion that denes the optimal ontrol in the model [OC].
Overall, the singular ar of the model [OC] in x-spa e is preserved as a

verti al surfa e in (x, c)-spa e and the equation whi h for problem [OC] denes
the singular ontrol, now denes the new state variable c. The graph of this
fun tion interse ts the singular surfa e in a unique urve, the new singular ar .

The ontrol that keeps this ar invariant is al ulated by impli it dierentiation
of this relation, i.e.,
u =
=

ċ + kc = Dψ(x)ẋ + kc
kc + Dψ(x) (f (x) + cg(x)) .

If u is singular of intrinsi order 2, then it is a ne essary ondition for minimality that
∂
∂u




d4
Ψ(t) = Λ(t), [G, ad3F (G)](z(t)) ≥ 0.
dt4

This is known as the Kelley ondition (Kelley, 1964, Kelley et al., 1967, Zelikin
and Borisov, 1994), but also alled the generalized Legendre-Clebs h ondition
in Bryson and Ho, 1975, or in Knoblo h, 1981. For a singular ontrol that is
of intrinsi order k, this ne essary ondition for minimality an ompa tly be
expressed as
(−1)k

∂ dk ∂H
≥ 0.
∂u dtk ∂u

(44)

For problem [OCwLDC℄, by (40) we have that
D
E
Λ(t), [G, ad3F (G)](z(t)) = − λ̂(t), [g, [f, g]](x(t)) .

(45)

Therefore, if we an identify λ̂ with λ over an interval I when the ontrol is singular, then the strengthened Legendre-Clebs h ondition for the singular ontrol
of problem [OC℄ implies that the strengthened version of the Kelley ondition is
satised for problem [OCwLDC]. This indeed an be done: sin e (i) the singular ar S is preserved and (ii) the extra variable c is dened by the same feedba k
fun tion of x, it follows that λ and λ̂ satisfy the same
on
D dierential equation
E
I . Furthermore, by (34) and (38) we also have that λ̂(t), [f, g](x(t)) = 0. The
fa t that the swit hing fun tion Φ for problem [OC] vanishes on I implies that
hλ(t), g(x(t))i = −ν

(46)
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while the fa t that the swit hing fun tionD Ψ and its derivative
vanish for problem
E
[OCwLDC] imply that µ̂(t) ≡ −ν̂ and λ̂(t), g(x(t)) = k µ̂(t). Hen e
D
E
λ̂(t), g(x(t)) = −kν̂.

(47)

Thus, if we take λ(t) = λ̂(t) and ν = kν̂ , then these multipliers satisfy the
onditions of the Maximum Prin iple for a singular ontrol on I . Hen e the
status of the ne essary ondition for optimality of a singular ontrol arries over
from problem [OC] to [OCwLC].
However, the fa t that the Kelley ondition is now satised with a positive
sign, has signi ant impli ations on possible on atenations between the singular
ontrol and bang ontrols. If the singular ontrol takes a value in the interior of
the ontrol set, 0 < usin (z(t)) < a, then it is no longer optimal to on atenate
the singular ontrol at time t with any of the two bang ontrols u = 0 or u = a.
For example, suppose for some ε > 0 the ontrol is singular over the interval
(τ − ε, τ ) and is given by u = 0 over the interval (τ, τ + ε). We now have that
Φ(4) (τ +) = λ(τ ), ad4F (G)(z(t)) < 0

(48)

and thus the swit hing fun tion has a lo al maximum for t = τ , i.e., is negative
over the interval (τ, τ + ε). But then the minimization property of the Hamiltonian implies that the ontrol must be u = a. The analogous ontradi tion
arises for other types of on atenations. Thus an optimal singular ontrol of or-

der 2 that takes values in the interior of the ontrol set annot be on atenated
with a bang ontrol. However, transitions onto the singular ar are still possible

by means of hattering ar s, i.e., through ontrols that swit h innitely often
between the ontrols u = 0 and u = a on any interval (τ, τ + ε). For a singleinput ontrol-ane system, Zelikin et al. (Zelikin and Borisov, 1994, Zelikin
and Zelikina, 1998) give onditions under whi h a anoni al family of hattering extremals does exist in the otangent bundle, but for these ontrols to be
optimal (like it is the ase in the Fuller problem), a bije tive proje tion into the
state spa e needs to exist (also, see Chyba and Haberkorn, 2003). Nevertheless,
in all these ases, hattering ontrols appear to provide the only realisti ontrol
s heme that would allow to onne t with the singular ar .
5.

Example: Optimal Control for Tumor
Anti-Angiogenesis

For the mathemati al model for tumor anti-angiogenesis from Hahnfeldt et al.,
1999, the optimal ontrol problem [OC℄ under onsideration is to minimize the
tumor volume p(T ) over all Lebesgue measurable fun tions u : [0, T ] → [0, a]
subje t to the dynami s (2) and (3) and terminal ondition y(T ) ≤ A. In this
ase there exists an optimal singular ar whi h determines the optimal synthesis
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and we briey des ribe both, but refer to Ledzewi z and S hättler, 2007a, for
the mathemati al analysis.

(Ledzewi z and S hättler, 2006, 2007a) For problem [OC]
there exists a lo ally minimizing singular ar S in (p, q)-spa e whi h, using a
blow-up of the form r = pq , an be parameterized in the form
Proposition 5.1

S:

2

dp 3 = br(1 − ln r) − µ

(49)

with r ∈ (r1∗ , r2∗ ) where r1∗ and r2∗ are the unique zeroes of the equation
br(1 − ln r) − µ = 0

and satisfy 0 < r1∗ < 1 < r2∗ < e. The singular ontrol keeps S invariant and is
given as a feedba k fun tion of p and q as
usin (t) = ψ(p(t), q(t))





2
1
p(t)
p(t) 2 d q(t)
3 (t)
=
−
µ
+
dp
ξ ln
+b
+ ξ
.
γ
q(t)
q(t) 3 b p 31 (t)

(50)

Using the relation (49), the singular ontrol an equivalently be expressed as a
fun tion of r alone in the form
1
usin (t) =
γ






1
2
µ
ξ + br(t) ln r(t) + ξ 1 −
.
3
3
br(t)

(51)

There exists exa tly one onne ted ar on the singular urve S along whi h the
singular ontrol is admissible, i.e., satises the bounds 0 ≤ usin (r) ≤ a. This ar
is dened over an interval [rℓ∗ , ru∗ ] where rℓ∗ and ru∗ , respe tively, are the unique
solutions to the equations usin (rℓ∗ ) = 0 and usin (ru∗ ) = a and these values satisfy
r1∗ < rℓ∗ < 1 < ru∗ < r2∗ .
This stru ture is fully robust and only requires that we have γa > b − µ > 0,
natural onditions for the problem. Fig. 1 gives the graph of the singular urve
dened by (49) with the admissible portion marked as solid urve. For the
parameter values for this illustration we used the following data from Hahnfeldt
et al., 1999: ξ = 0.192
ln 10 = 0.084 per day (this value is adjusted to the natural
logarithm), b = 5.85 mm per day, d = 0.00873 per mm per day, γ = 0.15 kg
per mg of dose. For the upper limit a on the dosage we sele ted a = 75 and for
illustrative purposes we also set µ = 0.02.
The admissible singular ar be omes the enter pie e for the synthesis of
optimal solutions that is depi ted in Fig. 2. The important urves are the admissible portions of the singular urve (solid blue urve), portions of traje tories
orresponding to the onstant ontrols u = 0 (dash-dotted green urves) and
u = a (solid green urves), and the line p = q (dotted bla k line) where the traje tories a hieve the maximum tumor redu tion. This diagram represents the
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Figure 1. Singular ar and its admissible part
optimal traje tories as a whole and ea h of the dierent urves gives a dierent
optimal traje tory depending on the a tual initial ondition. The thi k urves
in the graph mark one spe i su h traje tory. In this ase the initial value
p0 for the tumor volume and q0 for the arrying apa ity are high and require
to immediately start with the treatment. The optimal traje tory therefore initially follows the urve orresponding to the ontrol u = a. Note that, although
inhibitors are given at full dose along this urve, this shows very little ee t
on the number of the an er ells in a sense of de rease. During this period
the inhibitors drive down the arrying apa ity q and in this way prevent the
further growth of the tumor that otherwise, enabled by ample vas ular support,
would have o urred. On e the traje tory orresponding to the full dose hits
the singular ar S , it is no longer optimal to give full dose and the optimal ontrols here swit h to the singular ontrol. The optimal traje tory then follows
the singular ar until all inhibitors are exhausted. At this time therapy is over,
but there still are after ee ts of treatment. Sin e the singular urve S lies in
the region p > q where we always have ṗ < 0, even along u = 0, the tumor
volume is still de reasing and the maximum tumor redu tion is only realized
as the traje tory for the ontrol u = 0 rosses the diagonal p = q . The orresponding time then is the optimal free end-time T onsidered in the problem
formulation [OC]. We only remark that the s enario des ribed here assumes
that no saturation o urs along the singular ar . If that were the ase, then
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optimal ontrols no longer follow the singular regimen until saturation, but in
fa t optimal traje tories leave the singular ar with the ontrol u = a prior to
the saturation point (see also, S hättler and Jankovi , 1993, or Bonnard and
de Morant, 1995). Simply ontinuing the ontrol with u = a is not optimal
(Ledzewi z and S hättler, 2007).
18000
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14000

tumor volume, p

u=a
beginning of therapy
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10000

full dosage

8000

partial dosages along singular arc

x u*
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4000
no dose
2000

0

0

2000

4000
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8000

10000

12000

14000

16000

18000

carrying capacity of the vasculature, q
Figure 2. Synthesis of optimal traje tories for problem [OC℄ for a model for
tumor anti-angiogenesis (Hahnfeldt et al., 1999)
When a linear model for pharma okineti s is added, the model [OCwLDC],
the singular urve is preserved as a verti al surfa e in (p, q, c)-spa e, Fig. 3, and
now the singular ar is dened as the interse tion with the graph of the fun tion
c = ψ(p, q), see Fig. 4.
Chattering ar s now be ome the prime andidates for the optimal transitions
to and from the singular ar . The pre ise stru ture of these optimal ontrols,
however, has not yet been worked out. From a pra ti al point of view, for the
underlying appli ation hattering ontrols are not realisti . The real signian e of knowing the optimal solution rather lies in establishing a ben hmark
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Figure 3. Verti al singular surfa e in (p, q, c)-spa e for problem [OCwLDC℄
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Figure 4. Singular ar in (p, q, c)-spa e for problem [OCwLDC℄
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value with whi h other, simple and realizable strategies an be ompared. In
fa t, even for problem [OC], the optimal singular ontrols are dened by timevarying feedba k ontrols and thus are not medi ally realizable. In Ledzewi z,
Marriott, Maurer and S hättler, 2009, we have shown for this problem (for both
the original model by Hahnfeldt et al., 1999, and its modi ation by Ergun
et al., 2003,) that simple pie ewise onstant ontrols with two dosages - easily
pra ti ally realizable proto ols - provide ex ellent suboptimal approximations
to the optimal ontrols that onsistently give values that ome within 1% of the
theoreti ally optimal values. These dosages are not of the bang type, but rather
give lower dosages over spe ied time intervals that mimi k the time-varying
optimal singular ontrol in its behavior. It is hoped that similar results an be
established for the problem [OCwLDC] when a linear pharma okineti model
is added and that simple, non-optimal on atenations with bang ontrols will
provide satisfa tory suboptimal approximations. Thus it would not only be of
theoreti al interest to establish an optimal synthesis of ontrolled traje tories
for this problem.
6.

Con lusion

We onsidered a Mayer optimal ontrol problem for a single-input, ontrol ane
system in dimension 2 when the ontrol was repla ed by the state of a rst order
time-invariant linear system. We showed that the fundamental formulas that
dene and hara terize the optimality of singular ontrols and their orresponding traje tories are preserved verbatim under su h an extension. However, the
intrinsi order of the singular ar in reases from 1 to 2. If the Kelley ondition
is satised and the singular ontrol takes values in the interior of the ontrol
set, then this pre ludes on atenations between the singular and bang ontrols
from being optimal and now hattering ar s be ome the prime andidates to
ee t the transitions to and from the singular ar .
For an appli ation of these results to the problem of minimizing the tumor
size for a model of tumor anti-angiogenesis, establishing the stru ture of an
optimal synthesis would provide valuable information about the extent to whi h
the pharma okineti s of anti-angiogeni agents would need to be in luded in the
modeling of the problem. In this regard, the important question is how lose to
optimal proto ols simple realizable ones an ome and how the optimal values
for the two problem formulations [OC] and [OCwLDC] ompare. Thus, if there
is little dieren e in the tumor volumes a hievable with realizable proto ols, this
gives reden e to a modeling approa h that negle ts the pharma okineti model.
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