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Abstract— Anti-angiogenic therapy is a novel treatment ap-
proach in cancer therapy that aims at preventing a tumor
from developing a network of blood vessels and capillaries that
it needs for its supply of nutrients to further its growth. In
this paper, a mathematical model for anti-angiogenic treatment
that is based on a biologically validated model by Hahnfeldt,
Panigrahy, Folkman and Hlatky is considered. Using geometric
methods from optimal control theory, in [20] a full solution was
given for the problem of scheduling an a priori given amount
of anti-angiogenic agents when dosage and effectiveness ofthe
agent are identified. The anchor piece of the optimal synthesis
is an order 1 singular arc whose control saturates. In this paper
the structure of this optimal synthesis near the saturationpoint
is developed in detail.

I. I NTRODUCTION

Tumor anti-angiogenesis is a novel cancer treatment ap-
proach that aims at depriving a growing tumor of the blood
vessel network it needs for its growth [12], [16]. Initially, a
growing tumor gets sufficient supply of oxygen and nutrients
from the surrounding host blood vessels to allow for cell
duplication and tumor growth. However, after this state of
avascular growth is over, at the size of about2 mm in diam-
eter, this no longer is true and tumor cells enter the dormant
stage in the cell cycle. These cells then produce vascular
endothelial growth factor (VEGF) to start the process of
angiogenesisduring which they recruit surrounding, mature,
host blood vessels in order to develop the vasculature the
tumor needs for its supply of nutrients [17]. The lining of
these newly developing blood vessels consist of endothelial
cells that are stimulated by VEGF. Surprisingly, the tumor
also produces inhibitors that at times are used to suppress
this process [13]. Overall, angiogenesis is based on a com-
plex balance of tightly regulated stimulatory and inhibitory
mechanisms [7]. Anti-angiogenic treatments rely on these
mechanisms by bringing in external agents that target the
endothelial cells and thus block their growth. This indirectly
effects the tumor. Ideally, deprived of necessary nutrition,
the tumor regresses. Contrary to traditional chemotherapy
this treatment targets genetically stable normal cells andnot
the genetically unstable and fast duplicating cancer cells.

The material in this paper is an extension of results published earlier
in SIAM J. on Control and Optimization in [20]. The underlying research
was partially supported by the National Science Foundationunder research
grants DMS 0707404/0707410.

As a result it has been observed that no resistance to anti-
angiogenic agents has developed in experimental cancer
studies [3]. For this reason, tumor anti-angiogenesis has been
called a therapy “resistant to resistance” that provides a new
hope for the treatment of tumor type cancers [15] and as
such has been and still is a very active area of research not
only in medicine, but also in related disciplines including
mathematical biology.

Following these advances in medical research, several
mathematical models describing the dynamics of angio-
genesis and tumor anti-angiogenic treatments have been
developed. Among these are both cell-based models that try
to accurately reflect the biological processes, e.g., [1], [2],
and population based models where important features are
aggregated over cell-populations. Because of their inherent
complexity, cell-based models are more suitable for large
scale simulations while the much lower dimensional popula-
tion based models are amenable to mathematical analysis. A
prominent one among the latter class of models is the one de-
veloped and biologically validated by Hahnfeldt, Panigrahy,
Folkman and Hlatky, [14], a group of researchers then at
Harvard Medical School. In [14], a two-dimensional model
of ordinary differential equations for the interactions between
the primary tumor volume,p, and the carrying capacity of
the vasculature,q, was developed. Since the carrying capacity
largely depends on the volume of endothelial cells, we also
call q the endothelial support for short. Several modifications
of this model have been introduced and analyzed in the
literature since then, e.g., [8]-[11], and in various papers the
problem of how to schedule an a priori given amount of anti-
angiogenic agents to minimize the tumor volumep [18]-[22]
(or some variation of this formulation [25], [26]) have been
studied as an optimal control problem.

Using methods of geometric optimal control, in [20] we
gave a solution to this problem for the original model from
[14] in form of a regular synthesis of optimal controlled
trajectories. Such a synthesis gives the optimal controls
and their corresponding trajectories for all possible initial
conditions (p0, q0). It turns out that an optimal singular
arc S is the center piece of this synthesis. A typical, and
medically most realistic scenario consists of optimal controls
that steer the system onto the singular arcS using a short
bang control segment along which the anti-angiogenic agents



are given at full dose and then follow the singular control
that keeps the system on the singular arcS until all available
inhibitors have been exhausted. Due to after effects, the
maximum tumor reduction is realized along a subsequent
trajectory corresponding to the controlu = 0 as the system
crosses the diagonal,p = q, an equilibrium condition for the
dynamics of the tumor growth in the model. However, for
smaller tumor volumes optimal controls are bang-bang with
at most two switchings. The reason is that for these values
the singular control violates the imposed upper bounda and
the singular control no longer is admissible. Thus another
important feature of the optimal synthesis is the point on the
singular arcS where the singular control saturates. If this
happens along a controlled trajectory, then, and contrary to
common engineering practice, it is no longer optimal to give
the maximum doseu = a at saturation. Instead, in this case
the optimal trajectory leaves the singular arc already prior
to the saturation point switching to the full dose control. At
the saturation point itself, only a switch to the controlu = 0
can be optimal. While this may be somewhat unexpected
and even counter-intuitive, this indeed is the typical behavior
at saturation for control-affine single-input systems in low
dimensions. In [24] Schättler and Jankovic proved this fora
general4-dimensional system of the form

ẋ = f(x) + ug(x) (1)

with bounded control set when the vector fieldsf and
g are in general position. Bonnard and de Morant [5]
prove analogous results for a time-optimal control problem
in chemical engineering and the example considered here
provides another practical problem where this saturation
phenomenon becomes an important overall element of the
structure of optimal solutions. Therefore in this paper we
expand upon our solution given in [20] and more precisely
describe the synthesis around the saturation point.

II. A N OPTIMAL CONTROL FORMULATION OF

ANTI-ANGIOGENIC TREATMENT

In the model by Hahnfeldt, Panigrahy, Folkman and Hlatky
[14], the effects underlying angiogenesis are summarized in
a two-dimensional dynamical system with theprimary tumor
volume, p, and thecarrying capacity of the vasculature, q,
as variables. The latter is defined as the “tumor volume
sustainable by the network” [14]. The setD0 = {(p, q) ∈
R

2
+ : p = q} corresponds to points where the vasculature

is adequate to support the tumor, whileD− = {(p, q) ∈
D : p < q} corresponds to conditions when ample vascular
support allows the tumor to grow, andD+ = {(p, q) ∈ D :
p > q} denotes the set where the tumor has inadequate
support and recedes. A Gompertzian growth function with
variable carrying capacity defined byq is chosen as model
for tumor growth, i.e.,

ṗ = −ξp ln

(

p

q

)

(2)

where ξ denotes a tumor growth parameter. The overall
dynamics for the carrying capacity is a balance between

stimulation and inhibition and is taken in the following form

q̇ = bp−
(

µ+ dp
2

3

)

q −Guq (3)

in [14]. Herebp represents the stimulation of the vasculature
by the tumor and the termdp

2

3 q models endogenous inhibi-
tion of the tumor. The exponent2

3 arises from a scaling of the
tumor volume to its surface area through which the inhibitors
are being released. The coefficientsb and d are growth
constants. The termsµq and Guq describe, respectively,
loss to the endothelial cells through natural causes (death
etc.), and loss of endothelial cells due to additional outside
inhibition. The variableu represents the control in the system
and corresponds to the angiogenic dose rate whileG is a
constant that represents the anti-angiogenic killing parameter.

Because of limited resources (anti-angiogenic agents are
mostly biological agents that need to be grown in a lab
and thus are very expensive) and ever present potential side
effects of any kind of treatment, the problem of how to
administer an a priori specified amount of anti-angiogenic
agents to achieve the “best possible” effect arises. A natural
formulation suggested by Ergun et al. in [11] and then taken
up by us in [18]-[21] is tomaximize the tumor reduction
achievable with a given amount of anti-angiogenic agents.
Mathematically this becomes the following optimal control
problem: for a free terminal timeT , minimize the value
p(T ) subject to the dynamics (2) and (3) over all Lebesgue
measurable functionsu : [0, T ] → [0, a] that satisfy a
constraint on the total amount of anti-angiogenic agents to
be administered,

∫ T

0

u(t)dt ≤ A. (4)

The upper limit a in the definition of the control set
U = [0, a] is a previously determined maximum dose at
which inhibitors can be given. In this formulation, arbitrary
administration protocols are considered over the interval
(0,∞) and the solution to the problem gives the protocol
that achieves the smallest tumor volume achievable with the
overall available amountA of anti-angiogenic agents;T is
the time when this minimum tumor volume is being realized.
It becomes more convenient to adjoin the isoperimetric
constraint (4) as a third variable and define the problem in
R

3. Hence we consider the following formulation:

[OC] For a free terminal timeT , minimize the valuep(T )
subject to the dynamics

ṗ = −ξp ln

(

p

q

)

, p(0) = p0, (5)

q̇ = bp− (µ+ dp
2

3 )q −Guq, q(0) = q0, (6)

ẏ = u, y(0) = 0, (7)

over all measurable functionsu : [0, T ] → [0, a]
for which the corresponding trajectory satisfies the
end-point constrainty(T ) ≤ A.

For numerical illustrations later on we use the following
parameter values that are based on data in [14]: The variables
p andq are volumes measured inmm3; ξ = 0.084, b = 5.85



per day,d = 0.00873 per mm2 per day,G = 0.15 kg per
mg of dose per day, and for illustrative purposes we chose a
small positive value forµ, µ = 0.02 per day. But we want to
emphasize thatour mathematical analysis and conclusions
are valid independently of the specific parameter valuesand
lead to robust implications about the structure of optimal
controls for this model.

III. SYNTHESIS OFOPTIMAL CONTROLS

AWAY FROM SATURATION

Using the necessary conditions for optimality of the Max-
imum Principle (e.g., see [4], [6]) and employing geometric
methods, in [20] a synthesis of optimal controlled trajectories
was constructed. The conditions of the Maximum principle
single out the constant controlsu = 0 and u = a as
well as so-called singular controls [4] as candidates for
optimality. Using Lie-derivative based computations, it was
shown in [20] that there exists an optimal singular arcS
which becomes the center piece for the synthesis of optimal
controls. In the variables(p, x) with x = p

q
, this curveS can

be parameterized in the form

p2+

(

bx(lnx− 1) + µ

d

)3

= 0 for x∗1 < x < x∗2. (8)

and the singular control that keeps the singular curve in-
variant is given as a feedback function ofx in the form
usin(x) = Ψ(x) with

Ψ(x) =
1

G

[(

1

3
ξ + bx

)

lnx+
2

3
ξ
(

1 −
µ

bx

)

]

. (9)

Thus the singular control only depends on the quotient
x(t) = p(t)/q(t). An equivalent expression in terms ofp and
q that does not use the relation (8) for the singular curveS
is given byusin(x) = ψ(p, q)

ψ(p, q) =
1

G

(

ξ ln

(

p

q

)

+ b
p

q
+

2

3
ξ
d

b

q

p
1

3

−
(

µ+ dp
2

3

)

)

.

(10)
While the second formula offers some computational advan-
tages, the first one is easier to use to analyze where the
singular control is admissible. In fact, it shown in [20] that
for µ < b there exists exactly one connected arc on the
singular curveS along which the control is admissible, i.e.,
satisfies the bounds0 ≤ usin ≤ a.

Fig. 1 depicts the singular curve for the parameter values
taken from [14] given earlier. The solid curve in Fig. 1
represents the admissible portion of the petal like singular
curveS for a = 75; the full singular curve is shown dashed.
The qualitative structure shown is generally valid with the
admissible portion shrinking for smaller valuesa.

The admissible singular arc becomes the center piece of
the synthesis of optimal solutions [23] illustrated in Fig.2.
Besides this arc (shown as a solid blue curve in Fig. 2), the
important curves are portions of trajectories corresponding
to the constant controlsu = 0 (almost horizontal, green,
dash-dotted curves) andu = a (almost horizontal, solid,
green curves), and the linep = q (dotted black line)
where the trajectories achieve the maximum tumor reduction.
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Fig. 1. The singular curve and its admissible portion

This diagram represents the optimal trajectories as a whole
and each of the different curves gives a different optimal
trajectory depending on the actual initial condition. The thick
lines in the figure mark one specific such trajectory. The
corresponding optimal control starts as full doseu = a until
the corresponding trajectory reaches the singular arc. Then
time-varying partial doses are given according to the singular
regimen until all inhibitors are exhausted. Only along this
segment a significant tumor reduction commences. Along
the first full dose segment therapy brings down the ample
support given by the vasculature that otherwise would have
generated further tumor growth. After all anti-angiogenic
agents have been exhausted, the optimal trajectory still
follows a trajectory for the controlu = 0 until the diagonal
p = q is reached when the minimum tumor volume is
realized. The corresponding timeT then is the limit of the
horizon considered in the problem formulation[OC]. Fig. 3
shows the graph of the optimal control for initial conditions
p0 = 9, 000 mm3 and q0 = 10, 000 mm3. The control is
of typeas0 and the switchings times aret1 = .1178 (days),
t2 = 5.2246 and the final time is given byT = 5.3740 with
minimum valuepmin = 6586.9.
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Fig. 2. The synthesis of optimal controlled trajectories
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IV. SATURATION OF OPTIMAL CONTROLS

If the singular control saturates, optimal trajectories must
leave the singular arc before all anti-angiogenic agents have
been exhausted. This follows from the result below.

Proposition 4.1: If u∗ is an optimal control that is singular
on the interval [σ, τ ] and saturates atτ with the value
u∗(τ) = a, then y(τ) = A. In other words, the optimal
trajectory can only reach the saturation point at the time
when all anti-angiogenic agents become exhausted. It is not
optimal for the controlu = a to concatenate with the singular
control at saturation points..

Proof. Consider a trajectory that follows the singular arc
S and at the saturation timeτ continues with the control
u = a. The switching function of the control problem can
be expressed as

Φ(t) = 〈λ(t), g(z(t))〉 (11)

wherez = (p, q, y)T denotes the3-dimensional state,g is
the control vector field, andλ is the adjoint vector of the
Maximum Principle. It follows from the calculations done
in [20] that we have for any controlu that

Φ̈(t) =

(

ξ + b
p(t)

q(t)

)

Φ̇(t)

+ (u(t) − ψ(p(t), q(t))) 〈λ(t), [g, [f, g]](z(t))〉

whereψ = ψ(p, q) denotes the singular feedback defined in
(10). Along the singular arc we havėΦ(τ) = 0 and at the
saturation point, sinceψ = a, we also have thaẗΦ(τ) = 0
for the controlu = a. Hence, differentiating̈Φ for times
t ≥ τ alongu = a and taking the limitt→ τ we obtain that

Φ(3)(τ+) = −

(

d

dt |t=τ
ψ(p(t), q(t))

)

〈λ(t), [g, [f, g]](z(t))〉

=

(

d

dt |t=τ
ψ(p(t), q(t))

)

bG2λ2(τ)p(τ). (12)

Recall thatψ(p(t), q(t)) = Ψ(x(t)) with x = p

q
and Ψ

defined in (9). Denoting the point where the singular control
saturates at the upper control valuea by x∗u, we thus have

d

dt |t=τ
ψ(p(t), q(t)) = Ψ′(x∗u)ẋ(τ) (13)

It is easily verified thatΨ′(x∗u) > 0 and in general

ẋ =
ṗq − pq̇

q2
= −ξx lnx− bx2 + (µ+ dp

2

3 )x+Gux.

Substituting(µ+dp
2

3 ) = bx(1− lnx) along the singular arc
(c.f. (8)), it follows that

ẋ = x (Gu − (ξ + bx) lnx) .

But at the saturation point we also have that

Gu(τ) = Ga =

(

1

3
ξ + bx(τ)

)

lnx(τ) +
2

3
ξ

(

1 −
µ

bx(τ)

)

and thus

ẋ(τ) =
2

3
ξ
(

x(τ) (1 − lnx(τ)) −
µ

b

)

=
2

3

ξ

b
dp(τ)

2

3 > 0.

Hence
Φ(3)(τ+) > 0 (14)

and thusΦ is positive fort > τ , t nearτ . But this contradicts
the minimization property of the Maximum Principle for
u = a and hence such a structure is not optimal. Optimal
trajectories therefore must leave the singular arc prior to
saturating.

The analogous computation withu = 0 for t > τ shows
that it is possible to switch tou = 0 at saturation. However,
it was shown in [20] that this is only optimal if all inhibitors
have been exhausted.�

Hence, if enough anti-angiogenic agents are available to
go beyond the saturation point, optimal trajectories must exit
the singular arc before saturation occurs. When precisely this
happens, depends on the amount of inhibitors left and now
the argument needs to take a more global nature that goes
beyond a mere application of the necessary conditions of
the Maximum principle. In [24] the structure of the small-
time reachable set was analyzed for a single-input system of
the type 1 in dimension4 from a pointx0 where a singular
control saturates, but otherwise the vector fieldsf , g and their
low order Lie-brackets are in general position (i.e., satisfy
appropriate linear independence assumptions on groups of
these vectors). It was shown that trajectories that lie on the
boundary of the reachable set fromx0 are of the typeBSBB
and BBSB where B denotes a trajectory corresponding to
one of the constant controls in the boundary of the control
interval (u = 0 or u = a in our case) andS denotes a
segment along the singular arc. These results carry over to
the problem considered here. In fact, one could think of
the objective as a fourth coordinate and directly apply the
results in [24]. But in [20] it is shown directly that optimal
controls can at most have the concatenation structure0asa0

(For specific trajectories some of these segments need not
be present.) In fact, the initial sequence0asb is generated
by a possible saturation of the singular control at its lower
limit u = 0, the final sequencebsa0 by saturation of the
singular control at its upper limitu = a. Here we useb to
denote a segment along any one of the controlsu = 0 or
u = a. Since saturation at the lower limitu = 0 only occurs
in a medically unrealistic region, we only consider the end
sequencebsa0.

The theoretical analysis of the problem sufficiently reduces
the possible structure of optimal controls, so that it now
becomes easy to calculate these numerically: We set up a



1-dimensional minimization problem where the time when
the trajectory exits the singular arc is taken as the parameter
ε defining a1-parameter family of extremals

Γε(s) = (pε(s), qε(s), yε(s)), 0 ≤ s ≤ T (ε),

with ε ranging over a compact intervalI = [0, θ] in such
a way that all possible extremals become a member of this
family. It will be clear from the construction that the value
υ(ε) of the objective,

υ(ε) = pε(T (ε)) (15)

depends continuously onε and thus for every initial con-
dition there exists a minimizing value that determines the
optimal control. Depending on the relative location of initial
condition (p0, q0) with respect to the singular arcS, the
initial segment of this one-parameter family of extremals is
either given byu = 0 or u = a. Here we only describe the
medically more realistic case when this isu = a.

We consider initial conditionsz0 = (p0, q0, 0) with p0 <
q0. In this case the vasculature supports further tumor growth
and in order to prevent this, the optimal controls start with
u = a and then have at most the concatenation structure
asa0. If the a-trajectory starting atz0 does not intersect the
admissible singular arc (this can happen if either there only
is an inadequate supply of anti-angiogenic agents to reachS
or S is only reached in its inadmissible portion below the
saturation point,) then the optimal control is simply of the
form a0: it starts withu = a until all inhibitors have been
exhausted and then still followsu = 0 until the diagonal is
reached. Nothing else needs to done in this case. Otherwise,
let Γsat denote the reference trajectory that starts atz0 =
(p0, q0, 0), uses the controlu = a until the singular arc is
reached at some timeτ and then follows the singular arc for
time σ until the saturation point is reached. We simply use
the time along the singular arc of the reference trajectory as
parameter and construct the one-parameter familyΓε over
the compact parameter interval[0, θ] as follows withθ the
time along the singular arc: the trajectoryΓε(·) agrees with
the reference trajectoryς along the initial segment foru = a
until the singular arc is reached at timeτ , then Γε(·) still
follows the singular arc for timeε when it again switches
to the controlu = a. At that point the controlu = a is
used until all remaining inhibitors have been exhausted at
which time a final segment withu = 0 is added until the
trajectory terminates at timeT on the diagonal. Note that
ε = 0 corresponds to the special case when the trajectory
does not follow the singular arc, but continues straight with
u = a. The family thus constructed contains all possible
extremals that start atz0 and the optimal trajectory is given
by Γε̂(·) whereε̂ is a minimizer ofυ(ε) over [0, θ].

We illustrate this construction for the initial conditions
p0 = q0 = 5, 000[mm3]. This point already is close to the
saturation point on the singular arcS which lies atpsat =
4, 122.6 andqsat = 1795.1 and the available anti-angiogenic
agents are large enough to reach the saturation point. The
time along the singular arc until saturation isθ = 2.647.

Fig. 4 shows the reference trajectoryΓsat and Fig. 5 shows
the corresponding control.
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Fig. 4. The reference trajectory with saturation
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Fig. 6 shows a section of the graph of the value function
υ(ε) where the minimum is attained. In the relevant range the
final values only differ in the second digit after the point and
thus, from a practical point of view, the reference trajectory
that simply continues the singular control at the saturation
point with u = a is a perfectly adequate strategy to take.

2.2 2.25 2.3 2.35 2.4 2.45 2.5 2.55
3781.196

3781.198

3781.2

3781.202

3781.204

3781.206

3781.208

3781.21

3781.212

3781.214

3781.216

υ(ε) 

ε 

Fig. 6. The valueυ(ε) for ε ∈

REFERENCES

[1] A. Anderson and M. Chaplain, Continuous and discrete mathematical
models of tumor-induced angiogenesis,Bull. Math. Biol., 60, 1998,
pp. 857-899



[2] L. Arakelyan, V. Vainstain and Z. Agur, A computer algorithm
describing the process of vessel formation and maturation,and its
use for predicting the effects of anti-angiogenic and anti-maturation
therapy on vascular tumour growth,Angiogenesis, 5, (2002), pp. 203-
214

[3] T. Boehm, J. Folkman, T. Browder, and M.S. O’Reilly, Antiangio-
genic therapy of experimental cancer does not induce acquired drug
resistance,Nature, 390, (1997), pp. 404-407

[4] B. Bonnard and M. Chyba, Singular Trajectories and theirrole in
Control Theory, Math’ematiques & Applications, vol. 40, Springer
Verlag, Paris, 2003

[5] B. Bonnard and J. de Morant, Toward a geometric theory in the time-
minimal control of chemical batch reactors,SIAM J. Control Optim.,
33, (1995), pp. 1279-1311

[6] A. Bressan and B. Piccoli,Introduction to the Mathematical Theory
of Control, American Institute of Mathematical Sciences, 2007

[7] S. Davis and G.D. Yancoupoulos, The angiopoietins: Yin and Yang in
angiogenesis,Curr. Top. Microbiol. Immunol., 237, (1999), pp. 173-
185

[8] A. d’Onofrio, Rapidly acting antitumoral anti-angiogenic therapies,
Physical Review E,76 (3), Art. No. 031920, 2007

[9] A. d’Onofrio and A. Gandolfi, Tumour eradication by antiangiogenic
therapy: analysis and extensions of the model by Hahnfeldt et al.,
Math. Biosci., 191, 2004, pp. 159-184

[10] A. d’Onofrio and A. Gandolfi, The response to antiangiogenic anti-
cancer drugs that inhibit endothelial cell proliferation,Appl. Math. and
Comp., 181, 2006, pp. 1155-1162

[11] A. Ergun, K. Camphausen and L.M. Wein, Optimal scheduling of
radiotherapy and angiogenic inhibitors,Bull. of Math. Biology, 65,
(2003), pp. 407-424

[12] J. Folkman, Antiangiogenesis: new concept for therapyof solid
tumors,Ann. Surg., 175, (1972), pp. 409-416

[13] J. Folkman, Angiogenesis inhibitors generated by tumors, Mol. Med.,
1, (1995), pp. 120-122

[14] P. Hahnfeldt, D. Panigrahy, J. Folkman and L. Hlatky, Tumor develop-
ment under angiogenic signaling: a dynamical theory of tumor growth,
treatment response, and postvascular dormancy,Cancer Research, 59,
(1999), pp. 4770-4775

[15] R.S. Kerbel, A cancer therapy resistant to resistance,Nature, 390,
(1997), pp. 335-336

[16] R.S. Kerbel, Tumor angiogenesis: past, present and near future,
Carcinogensis, 21, (2000), pp. 505-515

[17] M. Klagsburn and S. Soker, VEGF/VPF: the angiogenesis factor
found?,Curr. Biol., 3, (1993), pp. 699-702

[18] U. Ledzewicz, J. Munden, and H. Schättler, Schedulingof Angiogenic
Inhibitors for Gompertzian and Logistic Tumor Growth Models, Disc.
and Cont. Dyn. Syst., Series B, 12, (2009), 415-438

[19] U. Ledzewicz and H. Schättler, A synthesis of optimal controls for a
model of tumor growth under angiogenic inhibitors,Proc. 44th IEEE
Conf. on Dec. and Contr., Sevilla, Spain, 2005, pp. 945-950

[20] U. Ledzewicz and H. Schättler, Anti-Angiogenic therapy in cancer
treatment as an optimal control problem,SIAM J. Contr. Optim., 46,
2007, pp. 1052-1079

[21] U. Ledzewicz and H. Schättler, Analysis of a mathematical model for
tumor anti-angiogenesis,Opt. Contr. Appl. Meth.,29, (1), (2008), pp.
41-57

[22] U. Ledzewicz and H. Schättler, On the optimality of singular controls
for a class of mathematical models for tumor anti-angiogenesis. Disc.
and Cont. Dyn. Syst., Series B, 11, (2009), pp. 691-715

[23] B. Piccoli and H.J. Sussmann, Regular synthesis and sufficiency
conditions for optimality,SIAM J. Control Optimization, 39, (2000),
pp. 359-410

[24] H. Schättler and M. Jankovic, A Synthesis of time-optimal controls
in the presence of saturated singular arcs,Forum Mathematicum, 5,
1993, pp. 203-241

[25] A. Swierniak, A. d’Onofrio and A. Gandolfi, Control Problems related
to tumor angiogenesis, Proceedings of IECON 2006, IEEE Press
(2006), pp. 677-681

[26] A. Swierniak, Direct and indirect control of cancer populations,
Bulletin of the Polish Academy of Sciences, Technical Sciences, 56
no. 4, (2008), pp. 367-378


