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Abstract— A mathematical model for cancer treatment that
includes immunological activity is considered as an optimal
control problem. In the uncontrolled system there exist both a
region of benign and of malignant cancer growth separated by
the stable manifold of a saddle point. The aim of treatment
is to move an initial condition that lies in the malignant
region into the region of benign growth. In our formulation
of the objective a penalty term is included that approximates
this separatrix by its tangent space and minimization of the
objective is tantamount to moving the state of the system acrss
this boundary. In this paper, for various values of a parameter
that describes the relative effectiveness of the killing action of
a cytotoxic drug on cancer cells and the immunocompetent
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systems effectively become separated [5, appendix B].dn th
first case what medically would be considered cancer never
develops, so-calleimmune surveillangein the latter one
only a therapeutic effect on the cancer (e.g., chemotherapy
radiotherapy, ...) needs to be analyzed. However, tumor-
immune system interactions matter for the interesting case
"in the middle” when a benign (microscopic or macroscopic)
stable equilibrium exists, but uncontrolled cancer grovsth
possible as well. In this case, an unstable equilibrium tpoin
and its stable manifold separate the benign region from the
malignant region of uncontrolled cancer growth. Through

cell density, the existence and optimality of a singular arc is
analyzed. The question of existence of optimal controls and
the structure of near-optimal protocols that move the system
into the region of attraction of the benign stable equilibrium is
discussed.

therapy it may then be possible to move an initial condition
that lies in the malignant region towards and hopefully into
the region of benign growth and thus control the cancer.

. INTRODUCTION In this paper, for a slight modification of Stepanova’s

We consider a mathematical model for cancer-immungodel, we formulate this treatment objective as an optimal
system interactions under chemotherapy as an optimal cagentrol problem. Optimal control approaches have been
trol problem. For the underlying dynamics we use theonsidered previously in the context of cancer immune
classical model by Stepanova [13], a system of two ordinaiiyiteractions (for example, the papers by de Pillis et al, [3]
differential equations that model the interactions betwee[4]), but our approach differs from those in the selection
cancer cell growth and the activity of the immune systemf an objective that is strongly determined by geometric
during the development of cancer. Despite its simplicityproperties of the underlying uncontrolled system. The key
depending on the parameter values, this model incorporatesvel idea is to approximate the separatrix, more generally
many medically important features and the underlying equahe stable manifolds of the unstable equilibria that form
tions have been widely accepted as a basic model. Thete boundaries between these regions of qualitative difter
exist numerous extensions and generalizations includiag tgrowth, by their tangent spaces and include in the objective
ones by Kuznetsov, Makalkin, Taylor and Perelson [12] wha penalty term that induces the system to move across
also estimate growth parameters and the one by de Vladhis manifold. Contrary to the full manifolds, these linear
and Gonalez [5] who use different cancer growth modelsapproximations are easily computed. In [7], [8] we have
D’Onofrio formulates and investigates a general class cflready considered this problem for chemotherapy when the
models [6] that incorporates all these dynamical modelgffect of the cytotoxic agent on the immunocompetent cell
In these papers an extensive analysis of the dynamicéénsities that formulate the immune system reaction was
properties of the underlying systems has been carried oméglected. Essentially, in this case there exists a locally
with the following important common theoretical findings:optimal singular arc that lies in the biologically relevant
while the immune system can be effective in the contralegion and optimal controlled trajectories follow this Ipat
of small cancer volumes, for large volumes the cancdrom the malignant into the benign region. In this paper we
dynamics suppresses the immune dynamics and the tirlude a cytotoxic effect on the cells of the immune system
and investigate the existence and optimality of this siagul
arc as al-dimensional parameter that reflects the strength of
this effect is varied.

This material is based upon research supported by the Namence
Foundation under collaborative research grants DMS 0740207410 and
DMS 1008209/1008221.



I[l. STEPANOVA'S MODEL [13] FOR CANCER IMMUNE For these data there are three equilibria, a stable focus at

RESPONSE AS ANOPTIMAL CONTROL PROBLEM [8] (72.961,1.327), a saddle point a(356.174,0.439) and a
In a slightly more general form, the dynamical equation§table node af737.278,0.032). The region of attraction of
are given by the stable focus represents the benign area while the region
of attraction of the stable node is the malignant area. The
& = porkF(x) —yay, (1) stable manifold of the saddle separates these two regions.
= pr (z—B2*)y — oy + )
phase portrait, u=0
where x denotes the tumor volume ang represents the 2.5r
immunocompetent cell densities related to various types of -
T-cells activated during the immune reaction; all Greek g 2
letters denote constant coefficients. E 15l
Equation (2) summarizes the main features of the immune 32
system’s reaction to cancer in a one-compartment model with £
the T-cells as the most important indicator. The coefficient §
« models a constant rate of influx df-cells generated Eos

through the primary organs ands simply the rate of natural
death of theT-cells. The first term in this equation models % 200 400 " 600 800
the proliferation of lymphocytes. For small tumors, it is '
stimulated by the anti-tumor antigen which can be assumed
to be proportional to the tumor volume But large tumors
predominantly suppress the activity of the immune system
and this is expressed through the inclusion of the teria:?.
Thus 1/5 corresponds to a threshold beyond which th
immunological system becomes depressed by the growi
tumor. The coefficientsu; and 5 are used to calibrate
these interactions and in the product withcollectively
describe a state-dependent influence of the cancer cells 4
the stimulation of the immune system. Ky are chosen to normalize th.e control value9te u < 1.

The first equation, (1), models tumor growth. The coeffi!:'g' 2 shows the phase portrait of the system under constant

cient~ denotes the rate at which cancer cells are eIiminatJ Il-dosage  controlu n 1 for (kx,ky) = (1,0) and
kx,ky) = (1,1). Settingky = exx we shall study the

through the activity off"-cells and the termyzy thus models tem d . functi fth téote that
the beneficial effect of the immune reaction on the cancflyS em dynamics as a function or the paramelexote tha

volume. Lastly,uc is a tumor growth coefficient. In our oru = 1 the system has one benign, globally asymptotically

formulation aboveF is a functional parameter that allows stable equilibrium point. Hence at least in principle it dbu

to specify various growth models for the cancer cells. Irkl)e rz{osslble totcontrcl)(; Lhe (zjan_cgrtﬁ ag L_lrnrlll_ml_tedfamoint of
Stepanova’s original formulation this termis simply given Cytotoxic agents could be administered. This Is of course no

by Fi(z) = 1, i.e., exponential growth of the cancer CeIISfea5|ble bepause of side effects and thus an optimal control
roblem arises.

is considered. While there exists a period in the tumor® o L . .
The aim is to move an initial conditiofizg, yo) in the

rowth when exponential growth is realistic, over prolothge . . .
g P 9 b 9 egion of uncontrolled (malignant) cancer growth into the

iods saturati th model ferred. Therasexis 9! . . !
perioas saturafing growtn moae's are preterre erasexd gion of attraction of the stable, benign equilibrium poin

medical evidence that some tumors follow a Gompertzial;?f th irolled svst Such a t fer tvpicall .
growth model [10], [11], i.e., the functiod is given by orthe uncontrofied system. SUch a transier typically ezl

; . ) .~ to minimize the cancer cells while not depleting ther-
Fg(z) = —In (-2 ) with 2., denoting a fixed carrying

) Too o 2 cell densityy too strongly. The system under consideration
capacity for the cancer. But also logistic and ggnerallzeg Morse-Smale and the boundary between these two types
logistic growth models of the forni’, (z) = 1— (i) with  of behaviors consists of a union of smooth curves, the stable
v > 0 have been considered as models for tumor growtimanifolds of unstable equilibria. For the classical vasio
We here thus consider the model with a general growth terof Stepanova’s model with exponential growth there exists
F only assuming thatF" is a positive, twice continuously exactly one saddle point if

Fig. 1. Phase portrait of the uncontrolled system

We consider this dynamics under the application of a
hemo-therapeutic agent. Following [5], we assume that
fhe elimination terms are proportional to tumor volume
a%d immunocompetent cell densities, the so-caltegikill
hypothesis Hence we subtract termsxzu, respectively
KRy from thex andy dynamics. The coefficientsx and

differentiable function defined on the interv@, oo).
The phase portrait of the uncontrolled dynamics is shown ne (5 — ﬂ) < avy 3)
in Fig. 1. For our numerical illustration we use a Gom- 46

pertzian growth model withc,, = 780 and the following and then this separatrix is given by the unstable manifold
parameter valuesuc = 0.5618, v = 1, uy = 0.00484, of this saddle [5]. In general, however, it is not possible to
£ = 0.00264, 6 = 0.37451, « = 0.1181. These values give an analytic description of this manifold. But its tange
are based on the paper by Kuznetsov et al. [12], witepace is spanned by the stable eigenvector of the saddle
some adjustments made for the Gompertzian growth modgloint and thus is easily computable and can serve as a first



=0 the problem for a free final tim&'.

2.5

>, [OC] for a free terminal timel’, minimize the objective
Z o
2 -
P Jw) = a(0) - by(@) +e [ ude, @)
% 0
g 1 (a, b andc positive coefficients), subject to the dynamics
2059 e i = pewF(z) — oy — Kxau, 2(0) = 20, (5)

O‘ o— ‘ | §=nr (z—P2*)y — oy +a—erxyu, y(0) =y, (6)

0 290 cancer volume, x 0 800 over all Lebesgue measurable functians[0,7] — [0, 1].

- e=1 It is easily seen that for any admissible controlall
variables remain non-negative and thus there is no need

2 to impose this as a state-constraint. Also, we denote the
é state byz = (z,y)” and express the dynamics in the form
£ 15 Z2 = f(z) + ug(z) where
E . uoxF(x) — vy
g z) = 7
g o) (u;(zﬁxQ)yéera )
Eos = and

\ V=== —KXT

0 ‘ ‘ 9(z) = : ®)

0 200 cancer4\9cﬂume,>< 600 800 ( ) ( 7I£Yy >

are the drift and control vector field, respectively.

Fig. 2. Phase portraits of the system witk, = 1 for ¢ = 0 (top) and
c i 1 (bottom). P Y K : (top) [1I. NECESSARYCONDITIONS FOROPTIMALITY

First-order necessary conditions for optimality of a cohtr

u are given by thd?ontryagin Maximum Principl¢for some
L . - recent texts, see [1], [2]). It is easily seen that all exf=m
approximation. In fact, the separatrix shown in Fig. 1 opals or this problem are normal, i.e., that the multiplier at the

the one in Eig. 2 of [5] are almost lines. It thus is a reasamab bjective cannot vanish. We already incorporate this into o
strategy to include a penalty term of the form(7') —by(T)  ¢rmulation and. for a row-vectoh — (o) € (R2)*
in the objective wherex and b are positive coefficients define the HamiitoniarH — H(\ 2,9, u) as’ '

determined by the stable eigenvector = (b, a)T of the

saddle. For example, normalizirig= 1, for the parameter H = cu+ M (poxF(x) —vyay — kxau) (9)

vglues given earlier we have.that: 0.00192. Minimizing o (pr (z — B2?) y — 8y + a — Kyyu)

this penalty term naturally directs the system towards the ] . ]

benign region. or equivalently, in term of the vector fieldgsandg, as
But side effects of the treatment need to be taken into H=(\f(z))+u(c+ (Ng(2))). (10)

account. There exist various options of modeling them. F . : , : .
. ) . I u, is an optimal control defined over an intery@l7'] with
example, ifu denotes a cytotoxic agent, one can include its ; . T :

: ; oo . ..~ "corresponding trajectory, = (z.,y«)" , then there exists an
cumulative effects in the objective and aim to minimize a : 2\
weiahted average of the form absolutely continuous co-vectak, : [0,7] — (R*)*, such

9 9 that the following conditions hold:

(a) A1 and A\, satisfy the adjoint equations

T .
J(u) = ax(T) — by(T) + C/ u(t)dt. M= =X (pe (F(2) +aF' (2) — vy — kixu)
0 —Xopr (1 —282)y (1D
)\2 = )\1’7I — /\2 (,u] (I — ﬂ.r2) — 5 — Hyu) (12)
with somec > 0. S_uch an obje<_:t|ve WI” strike a balanceWith terminal conditions\; (T) = a and \o(T) = —b,
between the benefit at the terminal tirieand the overall

de off 4 by th | ‘ d 3 (b) for almost every time € [0,T], the optimal control
side effects measured by the total amount of drugs 9IVeD. ;) minimizes the Hamiltonian alongA(t), z. (¢), v. (£))

Th's.'s the approach we take here. The prolblem'can Ber the control sef0, 1] with minimum value given byp.
considered both for a fixed or for a free terminal tirfie Defining the so-calledwitching function® as

In the first case]” denotes some a priori determined therapy

horizon; in the second one it merely denotes the time when O(t) = c+ (A(t), (2 (1)), (13)
the minimum for the objective is realized. The Necessary. . Lamiltonian can be written in the form

conditions for optimality for these two formulations are

closely related, but here, for definiteness sake, we conside H = (), f(w(t)) + @(t)u(t).



SinceH is linear inu, the minimum is realized fou.(t) =0 H = (A, f(2+)) = 0. Since the derivative of the switching
if ®(t) > 0 andu.(t) =1if ®(t) < 0 and we refer to the function vanishes od as well,

constant controls = 0 andu = 1 as thebangcontrols. The .

minimum condition by itself does not determine the control A, £, 91(2)) = 0, (19)
at times when®(¢) = 0. However, if®(t) = 0 on an open it follows that the vector fieldsf and [f,g] are linearly
interval, then also all derivatives @b(¢t) must vanish and dependent along, on I. (The multiplier\(¢) is a nontrivial
this typically allows to compute the control. Controls oisth solution to a homogeneous linear differential equation and
kind are callecsingular[1]. Optimal controls then need to be thus nonzero.) For our system the determinantfofnd
synthesized from these candidates. For exampie(if) = 0, [f, g] is a quadratic polynomial iy with coefficients that
but () # 0, then the control switches between= 0 are functions ofr of the form

andu = 1 depending on the sign @b(7). Thus derivatives

of the switcr?ing function matter in( zhis analysis. These 9t (f(2),[f:9)(2)) = az(@)y” + ar (@)y + ao(x),  (20)
computations simplify significantly within the framework o with

geometric optimal control theory. The adjoint equatiorenth
simply read

A(t) = =A() (Df(z(1) + u(t)Dg(2(1))  (14)

with Df and Dg denoting the matrices of the partial and
derivatives of the vector fields which are evaluated alorg th
reference trajectory, (t). The derivatives of the switching  as(z) = —u;y (z — 282°) + ey [ (z — Ba®) — 6] .
function can easily be computed. Since the objective does , . . L .

: . It is a necessary condition for optimality of a singular
not contain a Lagrangian term that depends on the state ”

. . o -~ —control u,, the so-called Legendre Clebsch (LC) condition,
for problem [OC] a direct calculation verifies the following that
well-known formula.
Proposition 3.1:Let z2(-) be a solution to the dynamics (M), lg: 11, ll(z.)) < O (1)

for control v and letA be a solution of the corresponding holds along an optimal singular arc. If we actually have
adjoint equations. For a continuously differentiable wect (\(¢),[g,[f,9]](z+)) < 0, i.e., the strict LC-condition is
field h define ¥ (t) = (A(¢), h(2(t))). Then the derivative of satisfied, then, since the second derivative of the switchin
¥ is given by function vanishes, the singular control can be computeu fro

W(t) = (A(E), [f +ug, h](=(t))) b(t) =0 as

ag(x) = —apc (xF'(z)+eF (1)),
ar(x) = prpe (z—2p2%) F(x) + 207e
—prpe (z — Ba?) xF'(z) + SpcaF' (z),

</\(t)7 [f7 [fa g“ (Z*>>

bracket of the vector fields and h. O _ P * .
The first two derivatives of the switching functiah are N the regioniz where the vector fieldg and [f, g] are lin-
thus given by early independent, we can express the second-order bsacket
. [f,[f,g]] and|[g, [f,¢]] as linear combinations of this basis,
(t) = (A1), [f, 9)(2(1))) (15)  say
and (£ 1£.911(2) = G(2)9(2) + G)[fa(2)  (23)
. and
O(t) = (A1), [f.[f, ) +u(t) (A1), [g,[f, 1)) .
()= X6 U ) + () (0 o et 19,15, 91)(2) = E(2)9(2) + & ()11, 9)(2).
For our system, direct calculations give the required Liélong a singular arc\ vanishes againgff, g| and is negative
brackets and, for example, we have that againstg. Hence, the strengthened Legendre-Clebsch condi-

tion is satisfied if and only i€;(z.(¢)) is positive and the

[f,9](2) = kx ( lﬁ?ff;gigg;jii ) . (17) singular control is given by
| _G(=)

and Usin (t) = m (24)
Zs
2 ( nea® (F'(x) + 2F"(v)) " o
[0, 1f,9ll(2) = —k% (1~ 482)zy Once more, explicit calculations show thathas the form
2
2 9 yry — pQ(I)y +P1(13)y +p0(1‘) 25
+I€X€ ( —a ) (18) gl(xay) RX q2(-’17)y2 T q1($)y +q0(1‘)7 ( )
The formula for[f, [f, ¢]] is quite complex and will not be with
stated here. Po(@) = —canc [(1+&) F'(x) +2F" (@) z,
If an optimal controlu, is singular over an open interval
I then (IE) IE 0 and :Lhuls()\l(t?ug(z (Z)» _ EC <o 0@ =mnmc [F"(z) + 28 (F'(z) — aF" (z))] #* + 2¢°%a,

Moreover, from (10), the Hamiltonian alonfj reduces to p2(x) = eprye [(1 —¢) (1 - 26x) — 20a],



and

qo(”L) = —Eq, QQ((E) = 5277
q1(z) = pr (1 —28z)x — epcF' (x)z.

These formulas simplify considerablydf= 0, i.e., when
we assume that there is no or only a negligible influence of
the cytotoxic agent on the immunocompetent cell densities,
ky = 0 [8]. In this case the functiongg, p2, go and g, all
vanish. For the remaining computations and our numerical
calculations we nowassumea Gompertzian growth model

Fg(z) =—In (%) For ¢ = 0 equation (25) then reads

immunocompetent density, y

pi(@) pc (1 — 4pa]

&i(x,y) = kx = :

00) =0 @) = (1= 2

which is positive forz > 5 or z < ﬁ. Since we are E

interested in the case when the immune activity can have
some influence, but, on the other hand by itself is not able
to control the cancer, the medically more interesting negio
isG={(z,y): z> ﬁ} where the cancer volume is large.
In this region the strengthened Legendre-Clebsch comditio
is satisfied. For= > 0 the numerator and denominator of
¢&1(x, y) are quadratic functions i provided thaps (x) # 0.

For (z,y) € G it can be shown thaps(z) is positive
and thus, for example, both numerator and denominator
of & (z,y) are positive ify is larger than the largest real
root of numerator and denominator. In general, however,
it is now no longer possible to determine the form of the
singular arc analytically. Similarly, whether it satisfite
Legendre-Clebsch condition and whether the singular obntr
is admissible (i.e., takes values in the control f&tl])

can only be determined numerically. But the formulas given
above allow to make these numerical computations. In Fig. 3,

immunocompetent density, y

unocompetent density, y

for a Gompertzian growth model and the parameter values _

given earlier, we include several graphs that illustrate th
evolution of the singular arc and the corresponding Legendr
Clebsch condition as varies from0 to 1. In the figure we
graph¢&; so that the Legendre-Clebsch condition is satisfied
when the function is positive.

For e = 0 the singular set contains a closed loopGn
and two more curves for small cancer volumes (that are
not of practical interest to this problem). As the parameter
¢ increases, the two branches on the left coalesce (not
shown) to one curve (see Fig. 3 with= 0.70). As ¢ is
increased further, this curve moves to the right and evélgtua
bifurcates (i.e., merges and separates with a qualitgtivel
different shape) with the loop iz for some value in
the interval [0.87,0.89] to form one curve. The Legendre-
Clebsch condition is consistently satisfied for the medjical
interesting branch lying iz to the right.

immunocompetent density, y

immunocompetent density, y

IV. ON THE STRUCTURE OF OPTIMAL AND
NEAR-OPTIMAL CONTROLS

The admissible portion of the singular arc(nis essential
in steering the system across the separatrix of the uncon-
trolled system. Recall that the aim in the problem is to move
an initial condition in the malignant region into the region
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Fig. 3. Singular curves (left) and Legendre-Clebsch camifright)



of attraction of the benign equilibrium. Optimal control is
only the framework employed to realize this underlying [1]
objective. Fore = 0 a realistic initial condition lies to the
right of the singular arc and initially optimal controls are 2l
constant given by, = 1 until the trajectory hits the singular
arc. At this junction, and assuming the singular control[3]
is admissible, the control becomes singular. Assuming a
sufficient amount of drugs is available, the trajectory nowp,
follows the singular arc across the separatrix. Once thés ha
happened, in principle the control could switch @o= 0 5]
and follow the uncontrolled trajectory towards the benign
equilibrium point. This trajectory provides a “free pass”
since it does not incur any additional cost in the sense off!
increasing the value of the objective as long as the linear
penalty termax(t) — by(t) keeps decreasing. Depending on [7]
geometric properties of the uncontrolled system near the
benign equilibrium (a stable focus), optimal timesvhen to
leave the singular arc andof when to restart chemotherapy [8]
at maximum dose then need to be computed numerically.
Overall, a concatenation sequence of the fars®1 (that [9]
is, initial treatment with a full dose followed by a singular
segment, then a rest period, and one final full dose treatment
interval) is expected to be a close-to-optimal strategy.

However, the existence of “free pass” trajectories coupledo]
with a free terminal timel’ raises the possibility that for
some parameter values optimal controls actually do not.exig: 1
In fact, the junction pointsc(7) when the controls leave
the singular arc may converge to the intersection point ¢4
the singular arc with the stable manifold of the saddle point
that defines the separatrix to generate better values for the
second junction point:(c). In this case we only have an (23]
infimum, not a minimum. From a practical point of view,
however, this is irrelevant since the real objective onlyois
move the initial condition into the region of attraction bt
benign equilibrium point. This is accomplished by any of
the 1s01-type controls that are indicated by the necessary
conditions for optimality and we call these contraiear
optimal Another approach that would make the problem
formulation well-posed is to add a penalty term on the
terminal timeT’, saydT with d some positive constant, to
the objective. This is being developed in [9].

V. CONCLUSION

Based on Stepanova’s mathematical model of immunologi-
cal activity during cancer growth, we considered the pnwble
of how to transfer a malignant initial condition into a bemig
region through therapy. We turn this into an optimal control
problem by approximating a separatrix between regions of
benign and cancerous growth with its tangent space at the
corresponding saddle point and including this term as pgnal
term in our objective. Consequently a minimization of the
objective realizes the desired transfer. Necessary dondit
for optimality suggest as optimal concatenations of thenfor
1s01. Even when the existence of an optimal control is not
guaranteed, this structure provides near optimal conthals
achieve the main aim of the underlying problem formulation.
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