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Abstract— An optimal control problem for combinations
of cancer chemotherapy with immunotherapy in form of a
boost to the immune system is considered as a multi-input
optimal control problem. In the objective, a weighted average
of several quantities that describe the effectiveness of treatment
is minimized that includes the number of cancer cells at
the terminal time, a measure for the immunocompetent cell
densities at the terminal point as a negative term, the overall
amount of therapeutic agents given as a measure for the side
effects of treatment and a small penalty on the terminal time
which is free. In the dynamics, a pharmacokinetic model for the
concentrations of the pharmaceutical agents is included. The
focus of the paper is on the structure of singular arcs. Their
local optimality properties will be investigated analytically
and then illustrated through numerically obtained results. The
resulting geometric structure of optimal controlled trajectories
provides some insights into the design of optimal protocols,
especially the sequencing of the drugs in these combination
treatments.

I. I NTRODUCTION

Mathematical models for tumor-immune interactions have
a long history dating back at least to Stepanova’s classical
paper [13] in which a system of two ordinary differential
equations was proposed to describe the main interactions
between cancer cells and the immune system. Great ad-
vances have been made since then in the understanding
of the workings of the immune system in connection with
research on HIV, yet the main premises of this model remain
valid: for small cancer volumes, the immune system can be
effective in the control of cancer (immune surveillance), but
the tumor overwhelms the immune system for large cancer
volumes [4], [15]. Tumor-immune system interactions play a
significant role in the development of the disease when both a
benign (microscopic) and a malignant (macroscopic) stable
equilibrium exist. The regions of attractions of these two
locally asymptotically stable behaviors are separated by the
stable manifold of a saddle point and, geometrically, the aim
of therapy can be formulated as to move an initial condition
in the region of attraction of the malignant equilibrium point
into the region of attraction of the benign equilibrium [8],[9].
In this paper, we consider this problem for a combination of
chemo- and immunotherapy when a bilinear pharmacokinetic
model for the therapeutic agents is included in the model.

*This material is based upon research supported by the National Science
Foundation under collaborative research grants DMS 1008209/1008221.

II. STEPANOVA’ S MODEL FORTUMOR IMMUNE

INTERACTION

In this paper, we retain Stepanova’s original equations, but
replace exponential growth for the tumor with a Gompertzian
growth model. Stepanova’s model gives the advantage of
a minimally parameterized model that nevertheless rather
accurately models the main aspects of tumor-immune inter-
actions. Letx denote the cancer volume and suppose there
exists a fixed carrying capacityx∞ < ∞. Furthermore,
let y denote the immunocompetent cell densities, a non-
dimensional, order of magnitude quantity related to various
types of immune cells (T -cells) activated during the immune
reaction. The system then takes the form

ẋ = −µCx ln

(

x

x∞

)

− γxy (1)

ẏ = µI

(

x− βx2
)

y − δy + α (2)

with all Greek letters denoting constant coefficients. We only
briefly indicate the meaning of these coefficients, but refer
the reader to [6] for a more detailed discussion.

Equation (2) summarizes the main features of the immune
system’s reaction to cancer. The coefficientα models a con-
stant rate of influx of T-cells generated through the primary
organs andδ is simply the rate of natural death of T-cells. The
first term in this equation models the proliferation of lym-
phocytes. The fact that small tumors stimulate the immune
system while large tumors suppress it, is expressed in the
model through the inclusion of the factor(1−βx) at the term
µIxy describing the effects of tumor immune interactions on
the immune system. The constant1/β thus corresponds to a
threshold beyond which the immunological system becomes
depressed by the growing tumor. Together, the coefficients
µI andβ are used to calibrate these interactions. Similarly, in
the first equation, (1), which models tumor growth employing
a Gompertzian function with growth coefficientµC , the term
γxy describes the elimination effects of the tumor-immune
interactions on the cancer volume.

Fig. 1 shows the phase portrait of the system (1) and (2) for
the following parameter values:α = 0.1181, β = 0.00264,
γ = 1, δ = 0.37451, µC = 0.5618, µI = 0.00484, and
x∞ = 780. The values forα throughδ are taken from the
paper by Kuznetsov et al. [4] and the remaining parameters
were adjusted to account for Gompertzian growth. The tumor
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Fig. 1. Phase portrait of the uncontrolled system (1) and (2)

volumex is expressed in terms of multiples of106 cells and
y is a dimensionless quantity that describes the immuno-
competent cell density as an order of magnitude relative to
base value1. For these parameter values, there exist three
equilibria: alocally asymptotically stable focusat (xb, yb) =
(73.0, 1.327) whose region of attraction corresponds to the
benign situation, asaddle pointat (xs, ys) = (356.2, 0.439)
whose stable manifold is the separatrix between the benign
and malignant regions, and anasymptotically stable node
at (xm, ym) = (737.3, 0.032) whose region of attraction
defines the malignant situation.

III. D YNAMICS UNDER TREATMENT

We consider the system under the action of a chemother-
apeutic agentu and a second pharmaceutical agentv that
acts on the immune system. We think of the first one
as a cytotoxic or killing agent and of the second one as
representing rudimentary immunotherapy in the form of an
immune boost. Following standard cell-kinetic principles, the
so-calledlog-kill hypothesis, we assume that the elimination
terms are proportional to the concentrations of the agents and
the tumor volume and the immunocompetent cell-densities,
respectively. The equations with treatment thus take the form

ẋ = −µCx ln

(

x

x∞

)

− γxy − κXxc1, (3)

ẏ = µI

(

x− βx2
)

y − δy + α+ κY yc2, (4)

ċ1 = − (ϕ1 + θ1u) c1 + u, (5)

ċ2 = − (ϕ2 + θ2v) c2 + v, (6)

where c1 denotes the concentration of the cytotoxic agent,
c2 the concentration of the immunotherapeutic agent and
κX and κY are positive coefficients that relate these con-
centrations to their effect. The dose rates are bounded by
0 ≤ u ≤ umax and 0 ≤ v ≤ vmax with umax and vmax

denoting the maximum rates of the respective agents.
In these equations, theconcentrationsare modeled as the

solutions of bilinear differential equations with thedosageas
input [7]. During application of the drug, the concentration
builds up (possibly reaching a saturation plateaux) and then
dissipates once the drug is stopped, usually at a lower rate

determined by the half-life of the agent. This behavior is
captured in the bilinear dynamics through the coefficients
ϕ, the clearance rates of the therapeutic agents, and the
coefficientsθ that modulate how fast/slow the concentrations
build up. Forθ = 0 the model reduces to the commonly used
linear equations of exponential growth/decay for continuous
infusions, but in its bilinear form it allows that concentrations
build up to their saturation level at a different (faster) rate
from the rate at which the drug is cleared by the system
(dissipates). Pharmacologically this is a desired scenario.

Naturally, the model is simplified in many aspects. For
example, we did not include a cytotoxic effect of the
chemotherapeutic agent on the immune system. Clearly,
these exist and the interactions are complex. They might be
included as a separate log-kill type term in the equation for
ẏ, but could also be modeled through a factor that reduces
the constant influxα of T-cells. This term depends on the
bone marrow which is one of the main recipients of the
negative side effects of chemotherapeutic drugs. Essentially,
in the model above we are assuming that these effects are
small and, in a first step towards analyzing such a model,
have neglected them. Similarly, implicitly the model assumes
that the tumor consists of a homogeneous population of cells
that are sensitive to the drug. More generally, however, it is
the case that tumors consist of a heterogeneous mixture of
sensitive cells and other cells that exhibit various degrees
of resistance to the chemotherapeutic agent (Norton-Simon
hypothesis). These aspects can be taken into account by
augmenting the model with various compartments of par-
tially or fully resistant cancer cells. This leads to a more
accurate, but also higher-dimensional and mathematically
more challenging system. In a certain sense, the results for
the simplified model reported here can be considered a first
step towards the analysis of such more realistic models.

IV. FORMULATION OF TREATMENT AS AN OPTIMAL

CONTROL PROBLEM

The practical aim is to move a given initial state(x0, y0)
of the system that lies in the region of attraction of the
malignant equilibrium point of the uncontrolled system into
the region of attraction of the stable, benign equilibrium point
while keeping side effects tolerable. In principle, once inthe
benign region, the uncontrolled dynamics then can take over.
We already have described this behavior in the context of
chemotherapy only (i.e., forκY = 0) in [6] and a similar
behavior is shown in the context of HIV by Komarova et
al. in [3]. Here we want to investigate to what extent the
addition of the immune boost can help. In an optimal control
formulation, the goal is to make this transfer in an efficient
and effective way. Intuitively, this requires to minimize the
cancer cellsx while not depleting the T-cell densityy too
strongly. The boundary between the benign and malignant
regions consists of the stable manifold of a saddle point
and its tangent space, spanned by the stable eigenvector
of the saddle point, is easily computed and can serve as a
reasonable approximation of the separatrix. This motivates to
choose the weights in the objective for the terminal values for



the cancer volume and the immunocompetent cell-densities
in the formAx(T ) − By(T ) whereA andB are positive
coefficients given by the stable eigenvectorvs of the saddle,
vs = (B,A)T . For example, for the parameter values used
earlier, normalizingB = 1, we have thatA = 0.00192.
Minimizing this quantity thus creates an incentive for the
system to move across the separatrix into the benign region.

We only incorporate side effects of the treatment indirectly
by adding to the objective to be minimized weighted inte-
gral terms

∫ T

0
u(t)dt and

∫ T

0
v(t)dt that measure the total

amounts of therapeutic agents given. Clearly, side effectsare
manifold with hematopoietic toxicities that directly effect the
parameterα in the model the most common. Here these are
all subsumed in the integral of the total dosages and their
weights. Finally, we keep the terminal timeT free in our
problem formulation, but add a small penalty on the terminal
time. This makes the problem formulation well-posed (see
[6]).

Summarizing, we therefore consider an objective of the
following form:

J(u) = Ax(T )−By(T )+C

∫ T

0

u(t)dt+D

∫ T

0

v(t)dt+ST

(7)
whereA andB are positive coefficients determined by the
stable eigenvectorvs = (B,A)

T of the saddle andC, D and
S are positive weights. This leads to the following optimal
control problem in Bolza form:

[OC] for a free terminal timeT , minimize the objective
(7) over all Lebesgue measurable functionsu : [0, T ] →
[0, umax] andv : [0, T ] → [0, vmax] subject to the dynamics
(3)–(6).

It is not difficult to see that for positive initial conditions
x0 andy0 and arbitrary admissible controlsu andv, the states
x and y remain positive. Thus there is no need to impose
positivity as a state-constraint on the variablesx andy.

V. NECESSARYCONDITIONS FOR OPTIMALITY

We denote the state byz = (x, y, c1, c2)
T and express the

dynamics in the form

ż = f(z) + ug1(z) + vg2(z) (8)

where

f(z) =











−µCx ln
(

x
x∞

)

− γxy − κXxc1

µI

(

x− βx2
)

y − δy + α+ κY yc2
−ϕ1c1
−ϕ2c2











is the drift and

g1(z) =









0
0

−θ1c1 + 1
0









and g2(z) =









0
0
0

−θ2c2 + 1









are the control vector fields. We call a pair(z, (u, v)) con-
sisting of admissible controlsu and v and a corresponding

solutionz of the dynamics (8) with initial conditionz(0) =
(x0, y0, 0, 0)T a controlled trajectory.

First-order necessary conditions for optimality of a pair
(u, v) of controls are given by the Pontryagin maximum
principle (for some recent texts, see [2], [11]) and we call a
controlled trajectory for which there exists a multiplier such
that the conditions of the maximum principle are satisfied an
extremal(pair). It is not difficult to see that in our case the
constant multiplier at the objective cannot be zero (extremals
are normal) and thus withH = H(λ, z, u, v),

H = Cu +Dv + S + 〈λ, f(z) + ug1(z) + vg2(z)〉,

the (control) Hamiltonian of the problem [OC], these con-
ditions take the following form: ifu∗ and v∗ are optimal
controls defined over an interval[0, T ] with corresponding
trajectoryz∗, then there exists a nontrivial absolutely contin-
uous covector,λ : [0, T ] → (R4)∗, that satisfies the adjoint
equation

λ̇ = −
∂H

∂z
(λ, z∗, u∗, v∗) (9)

with terminal conditionλ(T ) = (A,−B, 0, 0) such that
for almost every time t ∈ [0, T ], the optimal con-
trols (u∗(t), v∗(t)) minimize the HamiltonianH along
(λ(t), x∗(t), y∗(t)) over the control set[0, umax] × [0, vmax]
with minimum value given by0. The terminal condition on
the multiplier simply is the transversality condition of the
maximum principle.

Since the integral term of the objective does not depend
on the state variablesx and y, the adjoint equations can
succinctly be expressed in the form

λ̇ = −λ (Df(z∗) + u∗Dg1(z∗) + v∗Dg2(z∗)) (10)

where Df and Dgi denote the matrices of the partial
derivatives of the vector fieldsf and g, respectively. Since
the Hamiltonian is linear in the controls, the minimization
condition implies that the controls satisfy the following
relations:

u∗(t) =

{

0 if Φ1(t) > 0

umax if Φ1(t) < 0
(11)

and

v∗(t) =

{

0 if Φ2(t) > 0

vmax if Φ2(t) < 0
(12)

whereΦ1 andΦ2 are the correspondingswitching functions
defined by

Φ1(t) = C + 〈λ(t), g1(z∗(t))〉 (13)

and
Φ2(t) = D + 〈λ(t), g2(z∗(t))〉 . (14)

Thus, whenever one of the switching functions is nonzero,
then the corresponding control is locally constant and given
by 0 or the maximum dose; we refer to these constant
controls asbangcontrols. If Φi(t) ≡ 0 on an open interval
I, then the corresponding control is calledsingular [2], [11].
Optimal controls generally need to be synthesized from these
two classes of candidates.



VI. SINGULAR CONTROLS FORPROBLEM [OC]

If the ith control is singular over an open intervalI, then
all derivatives of the switching function vanish. For model
[OC] singular controls are of order1, i.e., it is possible
to determine their structure from the form of the second
derivative of the switching function. For the derivatives,the
constant terms in the switching function generated by the
objective do not matter and since the multiplierλ satisfies
the adjoint equation in the form (10), we can compute the
derivatives of the switching functions using the following
well-known elementary proposition:

Proposition 6.1:Let z(·) be a solution of the dynamics
(8) for the controls(u, v) and let λ be a solution of the
corresponding adjoint equation (10). For a continuously
differentiable vector fieldh defineΨ(t) = 〈λ(t), h(z(t))〉.
Then the derivative ofΨ along an extremal(z, (u, v), λ) is
given by

Ψ̇(t) = 〈λ(t), [f + ug1 + vg2, h](z(t))〉 , (15)

where[k, h](z) = Dh(z)k(z) −Dk(z)h(z) denotes the Lie
bracket of the vector fieldsk andh. �

A. Singular controlsu

Suppose an optimal controlu∗ is singular on an open
interval I so that the switching functionΦ1 and all its
derivatives vanish onI. It is easy to see that the control
vector fieldsg1 andg2 commute,[g1, g2](z) ≡ 0, and thus

Φ̇1(t) = 〈λ(t), [f, g1](z)〉 ≡ 0. (16)

Applying Proposition 6.1 once more to this formula, it
follows that

Φ̈1(t) = 〈λ(t), [f + ug1 + vg2, [f, g1](z)〉 ≡ 0 (17)

on I. A direct calculation shows that[g2, [f, g1]](z) ≡ 0
as well and thus the second controlv does not directly
affect a singular control. (Obviously, there are indirect ef-
fects through the dynamics.) The two second-order brackets
appearing in the formula for the second derivative of the
switching function are given by

[f, [f, g1]](z) =









κXx (ϕ1(1 + θ1c1) + µC(1 − θ1c1))
−µIκXxy(1 − 2βx)(1 − θ1c1)

−ϕ2
1

0









and

[g1, [f, g1]](z) =









−θ1κXx(1 − θ1c1)
0

θ1ϕ1

0









.

Lemma 6.1:It always holds thatθ1c1(t) < 1.
Proof. It follows from the pharmacokinetic equation (5) that

c1(t) ≤ c1,max =
umax

ϕ1 + θ1umax

and thusθ1c1(t) ≤ θ1c1,max < 1. �

The Lie bracket[g1, [f, g1]] lies in the linear span of the
vector fieldsg1 and [f, g1]. In fact,

[g1, [f, g1]](z(t)) = ψ1(t)g1(z(t)) + ψ2(t)[f, g1](z(t) (18)

with

ψ1(t) =
2ϕ1c1(t)

1 − θ1c1(t)
and ψ2(t) ≡ −θ1, (19)

andψ1(t) is positive. Along a singular controlu, we have
that〈λ(t), [f, g1](z(t))〉 ≡ 0 and〈λ(t), g1(z(t))〉 = −C, and
thus it follows that

〈λ(t), [g1, [f, g1]](z(t))〉 = −Cψ1(t) < 0. (20)

Hencea singular control is of order1 and the Legendre-
Clebsch condition for minimality of the singular control is
satisfied[2], [11].

The corresponding singular control is given by

using(t) = −
〈λ(t), [f, [f, g1]](z(t))〉

〈λ(t), [g1, [f, g1]](z(t))〉
. (21)

In this equation, the multipliersλ1 and λ3 are determined
by the fact that the switching function and its derivative
vanish and the expression determines the singular control
as a function dependent on the states and the multiplierλ2.
This multiplier is determined by the structure of the second
control v.

B. Singular controlv

The computations for a singular controlv are analogous.
In this case

Φ̇2(t) = 〈λ(t), [f, g2](z)〉 ≡ 0 (22)

and

Φ̈2(t) = 〈λ(t), [f + vg2, [f, g2](z)〉 ≡ 0 (23)

since also [g1, [f, g2]](z) ≡ 0. (This is a direct conse-
quence of the Jacobi-identity sinceg1 andg2 commute and
[g2, [f, g1]](z) ≡ 0.) Hence the computations are identical,
only with the index1 becoming2. In particular, for any
admissible control it also holds thatθ2c2(t) < 1 and the
Legendre-Clebsch condition here takes the form

〈λ(t), [g2, [f, g2]](z(t))〉 = −D
2ϕ2c2(t)

1 − θ2c2(t)
< 0 (24)

and thus again is always satisfied. Now the singular control
is given by

vsing(t) = −
〈λ(t), [f, [f, g2]](z(t))〉

〈λ(t), [g2, [f, g2]](z(t))〉
(25)

and in this expression the multipliersλ2 and λ4 are deter-
mined by the fact that the corresponding switching function
and its derivative vanish while the multiplierλ1 depends on
the structure of the controlu.



C. Totally singular controlsu and v

If both controls are singular, all the multipliers are de-
termined and thus these formulas determine the singular
controls as feedback functions. In fact, the vector fieldsg1,
[f, g1], g2, and[f, g2] form a basis and writing the drift vector
field f as a linear combination in the form

f = ρ1g1 + ρ2g2 + ρ3[f, g1] + ρ4[f, g2],

where theρi are smooth functions of the statez, it follows
that along an arc where both controls are singular we have

〈λ(t), f(z(t))〉 = −Cρ1(z(t)) −Dρ2(z(t)).

Since also

H = 〈λ(t), f(z(t))〉 + uΦ1(t) + vΦ2(t) + S ≡ 0,

in such a case, it follows that

Cρ1(z(t)) +Dρ2(z(t)) = S. (26)

This defines a hypersurface in the state space that supports
totally singular controls.

VII. O PTIMAL CONTROLLED TRAJECTORIES

We give some examples of optimal controlled trajectories
that illustrate typical structures of optimal solutions. For our
computations we used the classicalε-approach in which a
quadratic penalty term

ε

∫ T

0

u2(t) + v2(t) dt

is added to the objective and then the optimal controls for
the underlying problem are recovered in the limit asε → 0
[1].

In all the cases considered below, optimal solutions contain
a time interval where the controlu is singular. We use
identical initial conditions given by(x0, y0) = (600, 0.1) in
the malignant region. This initial tumor volume is high and
for this reason the chemotherapeutic agent is initially given at
maximum dose over some small interval[0, t1]. This simply
becomes necessary to reduce the large number of cancer
cells in a region where immunotherapy is ineffective. Recall
that cancer cells are measured in multiples of106 and the
variablex ranges in the hundreds whiley is a dimensionless
normalized to range near1.

Case 1: Here we takeC = 0.005, D = 0.02, and
S = 0.005 and the maximum dose rates are equal,umax = 2
and vmax = 2. The dose rates of the therapeutic agents
along with their concentrations are depicted in the top panel
of Figure 2 (chemotherapeutic agent = red, immune boost
= green) and the corresponding trajectory is shown in the
bottom panel as blue curve. This panel also depicts the
stable and unstable submanifolds of the saddle point that
generates the separatrix between the benign and malignant
regions. For the chemotherapeutic agent, we obtain optimal
controls u that qualitatively have the same structure as
were observed in [6], [12] when no pharmacokinetic model
was included. Following a brief full dose chemotherapy
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Fig. 2. Examples of optimal controls and concentrations (top) and cor-
responding controlled trajectories (bottom) with a pharmacokinetic model
on both therapeutic agents for “Scenario 1” with coefficients C = 0.005,
D = 0.038, andS = 0.005.

treatment, the controlu becomes singular and administers
chemotherapy at much decreased dose rates as the system
approaches the separatrix for the uncontrolled system. In
contrast to the model when dose rate and concentration are
identified [12], here the dose rates are higher to make up for
the smaller concentrations generated by the pharmacokinetic
model which diminishes the effects. During the initial phase,
the cancer cells decrease only to about450×106. The initial
dose thus reduces the number of cancer cells, but by itself
does not yet drive the system in the benign region. This is
done in combination with a short immune boost that gets
activated in a bang-bang switch while the chemotherapeutic
agent follows a singular regime. At that time, the trajectory,
rather than simply diminishing the cancer cells, also leads
to an increase in the value of the immunocompetent cell
densities following a more direct route towards the separatrix
intersecting it almost orthogonally. The pharmacokineticpa-
rameters for the immune boost are given byϕ1 = ln(2) and
θ1 = 0.014 [14] and have the effect that the concentration
c2 remains significant for quite some time and ensures that
the immunocompetent cell densities remain high.

Case 2: For this case, we changed the coefficients in
the objective toC = 0.02, D = 0.0335, and S = 0.002.
Compared with scenario 1, now chemotherapy has become
much more “costly”, but overall is used only at slightly lower
dose rates. Regardless of the cost imposed on chemotherapy,
initially it is always necessary to reduce the high number
of cancer cells since immunotherapy simply is not effective
in this range. Thus a similar overall picture emerges as in
scenario 1. The dosages of the therapeutic agents along with
their concentrations again are depicted in the top panel of
Figure 3 and the corresponding trajectory is shown in the



0 1 2 3 4 5 6 7

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0 200 400 600 800
0

0.5

1

1.5

2

2.5

3

Fig. 3. Examples of optimal controls and concentrations (top) and cor-
responding controlled trajectories (bottom) with a pharmacokinetic model
on both therapeutic agents for “Scenario 2” with coefficients C = 0.02,
D = 0.041, andS = 0.0025.

bottom panel.
Case 3:The main change in scenario 3 is that we reduced

the maximum rate for the immune boost tovmax = 1. As a
result, the immune boost is given immediately and for much
longer duration to make up for a lower maximum concen-
tration. But, once more, similar features emerge, especially
if one considers the response of the system shown in the
bottom panel of Figure 4.

VIII. C ONCLUSION

We considered a mathematical model for combination
of cancer chemotherapy with immunotherapy in form of a
boost to the immune system that included pharmacokinetic
models for the therapeutic agents as a multi-input optimal
control problem. Administrations along intermediate dose
rates given by singular controls satisfy the strengthened
Legendre-Clebsch condition and thus are expected to be
at least locally optimal, but the exact determination of
optimal concatenation sequences generally is a challenging
problem. In this paper, examples of optimal controls and
corresponding trajectories have been computed numerically
that confirm optimal administration of the chemotherapeutic
agent at dose rates determined by singular controls [5], [6];
in the scenarios considered here, the immune boost is given
over a single interval at maximum dose.
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