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Segmentation of macular #uorescein angiographies.
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Abstract

This paper is concerned with the use of Bayesian methods in the segmentation of macular #uorescein angiographies.
Fluorescein angiography is used in ophthalmic practice to evaluate vascular retinopathies and choroidopathies: Sodium
#uorescein is injected in the arm's cubital vein of the patient and its distribution is observed along retinal vessels at
certain times. In this task a previous and essential step is the segmentation of the image into its relevant components. In
order to obtain this segmentation Bayesian methods can be used because a previous knowledge about the spatial
structure of the scene to be segmented is available in this kind of images. The stochastic model assumed for the observed
intensities is a simple model with a Gaussian noise process which is statiscally independent between pixels. The process of
labels x is modelled as a Markov random "eld with a space-dependent external "eld expressing the anatomy of the ocular
fundus and higher order interactions encouraging blood vessels to be thin and large. This procedure is applied to di!erent
cases of diabetic retinophaty and vein occlusions. Two algorithms have been used to estimate x, simulated annealing and
iterated conditional modes. In order to evaluate the accuracy of the estimation several error measures have been
calculated. ( 2001 Pattern Recognition Society. Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction

Fluorescein angiography is a common procedure in
ophthalmic practice, mainly to evaluate vascular re-
tinopathies (diabetic retinopathy, vein occlusions), and
choroidopathies (choroidal neo-vascularisation, central
serious choroidopathy). The technique consists of an
injection of sodium #uorescein in the arm's cubital vein
followed by observation of its distribution along retinal
vessels at certain times. After 8}10 s, the #uorescent
colorant reaches the ocular vasculature and its distribu-
tion can be observed and photographed through ad-
equate exciter and barrier "lters to show the #uorescence
phenomenon. Only abnormal retinal vessels leak sodium
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#uorescein, causing progressive increment in #uores-
cence in certain areas. This exploration allows the clini-
cian to plan and evaluate laser treatment. When impor-
tant diagnostic and therapeutic decisions are to be made
based on these images, direct visual inspection might not
be reliable enough and more accurate, qualitative analy-
sis might be required.

A previous and essential step in the analysis of macular
angiographies is the segmentation of the image into rel-
evant components. This relevant components are blood
vessels (arteries and veins), fovea (avascular foveal region)
and the rest of the ocular fundus, that we will call back-
ground. The segmentation is important for many rea-
sons. Firstly, the level of #uorescence is not the same at
di!erent times in these parts, for example, the grey-level
increment due to the #uoresceinic process appears later
in veins vessels than in arteries. Secondly, the type and
seriousness of lesions depends on its location, in our
particular case the nearer the fovea the graver the lesions
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Fig. 1. Four #uorescein angiographies.

are. And "nally, some manifestations of retinal diseases
are detected by observation of abnormal blood vessels
(too thin, too thick or tortuous vessels).

In order to obtain the segmentation we have used
photographs taken when the #uorescein appears in the
choroidal circulation and the leakage has not yet ap-
peared (from 8 to 20 s after injection). Fig. 1 shows four
#uorescein angiographies they were taken from diabetic
retinopathy and vein occlusion patients.

Although the segmentation problem has been broadly
treated at the computer vision literature its applications
to the ophthalmic context are not very abundant.

Goldbaum and coworkers [1] proposed the design of
speci"c "lters matched for the segmentation of ocular
fundus images. These "lters are di!erent for every rel-
evant element in the retina. An inverted Gaussian-shaped
matched "lter rotated at discrete angles is used to seg-
ment and identify piecewise-linear segments of blood
vessels. In the same way, a circularly symmetric Gaus-
sian-shaped convolution kernel is used to detect the optic
nerve. The fovea is also localised with matching "lters,
just looking for it in some appropriate positions. There is
an obvious disadvantage in this technique: the segmenta-
tion process is divided in several pre-processing steps,
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one for each single element instead of using just one
algorithm to segment the image as a whole.

Other approaches have been previously reported to
segment blood vessels in medical images. Liu and Sun [2]
suggested an algorithm which provides as output pixels
belonging to arteries. This algorithm is based on a track-
ing procedure under a detection}deletion scheme. Kutka
and Stier [3] used for the extraction of blood vessels a
tracking algorithm which takes into account line proper-
ties. As we are interested in separating arteries from veins,
these latest techniques are inappropriate, since they can-
not provide such a distinction.

The detection of the fovea is very important, as we said
above, because of the seriousness of lesions near it. Zana
et al. [4] use mathematical morphology to the segmenta-
tion of the fovea and they propose an algorithm based on
region merging. Iban8 ez et al. [5] apply Bayesian method-
ologies to detect the fovea contour.

This paper shows the use of Bayesian image analysis
for the segmentation of macular angiographies.

Bayesian methods are useful in medical image analysis
because in this kind of data a previous knowledge about
the spatial structure of the scene to be segmented is
always available. Human anatomy and the use of well-
de"ned protocols for data acquisition guarantee a com-
mon image structure for each particular type of exam.
Bayesian methods provide a way to use this previous
knowledge in order to design the segmentation process.

In this framework the segmentation task is refor-
mulated as a problem of statistical parameter estimation
by considering the observed image y as a noisy version of
the segmented image x, i.e. the segmented image is re-
garded as a parameter of y distribution and our goal is
the estimation of x. The previous knowledge about x is
incorporated by means of a prior distribution. The natu-
ral prior probability models for x are Markov random
"elds since they can model contextual information. Con-
textual information plays an important role in segmenta-
tion problems because the true label of a pixel is normally
compatible with labels of neighbours pixels in some
sense. Context represents our a priori assumptions about
the physical world, we expect images to be continuous
and smooth at almost every pixel.

Bayesian methods have been extensively used in some
"elds of medical image analysis such as the reconstruc-
tion from single-photon emission computed tomography
data (Refs. [6}10], are just a few examples), the detection
of ventricular contours [11], the segmentation of 3D
X-ray computerised tomography scenes and detection of
microcalci"cations in mammograms [12].

This paper is organised as follows. In the next section,
we establish some notation and describe the general
methodology of Bayesian image analysis. In Section 3 we
introduce the stochastic model for the observed data. The
prior distribution is introduced in Section 4. In Section
5 we describe the way to carry out the estimation of the

segmented image. Section 6 deals with parameter estima-
tion. Section 7 shows the results of applying our meth-
odology to some images. And "nally, in Section 8 we
state conclusions of the methodology described in this
paper.

2. Preliminaries

This section presents a brief overview of Bayesian
approach to image segmentation. A further study in the
subject can be found in Cressie [13], Guyon [14] and
Winkler [15] books.

Let y"(y(s))
s|S

be the observed image and let
x"x(s)

s|S
the labelled image where x(s) denotes the true

(unknown) segment or region which pixel s belongs to.
The observed y(s) (usually grey level) is interpreted as a
realisation of a random variable whose parameters are a
function of x(s). The probability distribution of the ob-
served image y has a density f (y/x). This density describes
the `forward problema of image formation, including
both the stochastic noise inherent in observing y and the
deterministic in#uence of x on y.

Given a prior distribution n(x) of x, the posterior
distribution of x given y is

P(x/y)Jf (y/x)n(x)

and the segmentation x is usually estimated by choosing
a x( that maximise the posterior distribution.

This estimator is called the maximum a posteriori
estimator, MAP estimator. MAP estimators are the
Bayes estimators for the 0}1 loss function. Note that the
image x is estimated as a whole, we look for a global
maximum. In particular, contextual requirements incorp-
orated in the prior (such as homogeneity of regions) are
inherited by posterior distribution and, thus, they will
in#uence in the estimator x( . In this way, some pixels may
be misclassi"ed for the sake of homogeneity. We have
used this estimator in our experiments.

If we were not interested in regular structures but only
in small error rate another reasonable estimator could be
the marginal posterior mode estimator (MPME), that
corresponds to the error rate loss function [15]. Finally,
in other applications such a tomographic reconstruction
the mean value or expectation of the posterior distribu-
tion is a more convenient estimator (MMSE). This is the
Bayes estimator for the mean-square loss function [15].

As we said above, we use the prior model of the `truea
image x to express prior knowledge about the physical
world like spatial interaction and human anatomy. Mar-
kov random "elds models (see Refs. [13,16]) have been
shown to be appropriate tools for modelling spatial con-
text and so they represent natural models for a priori
distribution of x.

To de"ne a MRF, it is necessary to introduce a neigh-
bourhood relation in S, the set of pixels. A subset c of S is
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called a clique if any pair of elements of c are neighbours.
Thus, the Hammersley}Cli!ord theorem (see Ref. [13])
shows that the probability distribution corresponding to
a MRF can be expressed as

n(x)"
1

Z
exp (Q(x))"

1

Z
expA!+

c|C

<
c
(x

c
)B, (1)

where Q(x) is called the negpotential function, x
c
"(x(s) :

s3c), c is a clique, and the summation is over the set of
all cliques C. The <

c
's are called `potential functionsa,

lower potentials correspond to higher probabilities and
vice versa.

As we have stated, Bayesian estimators of x are based
on the posterior distribution. Apart from very particular
cases, this distribution cannot be determined completely.
For this reason, in order to obtain such estimators the
methodology of Markov chain Monte Carlo has been
adopted [17]. In this methodology we can compute the
posterior distribution empirically by the simulation of
computationally feasible Markov chains with limit distri-
bution P(x/y). Widely accepted methods used for this
purpose are the Metropolis dynamic and the Gibbs sam-
pler. If we are interested in the MAP estimator we can use
simulated annealing algorithm [18] with the Gibbs or
Metropolys updates.

Another choice to estimate x is the use of the iterated
conditional modes estimator algorithm [19]. The ICM
estimator is a local maximum of P(x/y). Although the
convergence of this algorithm is faster than the SA, the
ICM might fall into a local maximum without possibili-
ties to escape from it whereas the SA is behaved better at
these situations by jumping to a randomly chosen solu-
tion which avoids falling in a local extreme.

3. A stochastic model

To apply statistical methods as described in Section 2,
a stochastic model for the observed intensities has to be
assumed. We have considered a simple model with a
Gaussian noise process statistically independent between
pixels.

Let S be the grid and n"DSD, the number of pixels. At
each pixel or location s3S we denote

f y(s) the observed intensities at pixel s3S,
f x(s)3M0, 1, 2, 3N the labels of kind of region, conven-

tionally: 0 for background, 1 for artery, 2 for vein and
3 for fovea.

We will assume that the observed intensity given x fol-
lows the model

y(s)"a(s)#e(s), (2)

where Ma(s)N
s|S

are constant within each type of region,
i.e., a(s)"a

x(s)
and e(s) are (conditionally) independent

normal variables with null mean and constant variance
into each region, p2

x(s)
(Gaussian noise).

Then the likelihood is

f (y/a)"<
s|S

f (y/a(s))"<
s|S

f (y(s)/x(s))

"<
s|S

1

J2pp2
x(s)

expG!
1

p2
x(s)

(y(s)!a
x(s)

)2H.
In this likelihood function the only information han-

dled is based on pixel intensity which we have proved to
be not su$cient for the segmentation of our images since
brightness is very sensitive to the illumination conditions
in the capture process. Mainly, blood vessels are the most
a!ected because of their small widths. To solve this
problem we can incorporate further knowledge about the
types of objects that are being sought in #uorescein
angiographies. Thus, it is known that blood vessels usu-
ally appear as curvilinear structures that can be locally
modelled as lines.

The most obvious approach to modelling this shape
di!erence would be through the use of a more complex
prior distribution than that considered in the next sec-
tion. That would lead to consider a higher order neigh-
bourhood, which, from the point of view of computation,
would be rather ine$cient.

Instead of that, our approach consists in extracting a
linearity parameter from the image data and incorporate
this information into the likelihood.

Several algorithms can be found in the literature to
achieve a good measure of linearity in each single pixel,
understood as the degree of belief that a straight line
crosses over a given pixel. Most of them are based on the
gradient operation which indicate whether a pixel be-
longs to an edge (line, high value of the result) or not and,
if so, the angular direction of the line associated with it.
In a recent work, DmHaz et al. [20] proposed a method to
detect corners based on statistical analysis of the gradient
orientations in a circular neighbourhood of the point
considered as a possible corner. This method, even ori-
ginally developed for detecting corners in an image also
indicates whether a pixel belongs to an edge. According
to this method, and edge point s in the image can be
de"ned as the point of the image whose gradient is not
null and the observed orientations of the gradient for
other pixels in its neighbourhood are similar enough. In
fact, they are compacted around a privileged orientation
k. Noise causes the observed angles to vary around this
unknown k. It is assumed that the orientations h of the
gradient follow a von Mises distribution [21] that plays
the same role in circular statistics as the Gauss distribu-
tion in standard statistics.

We have taken advantage of these ideas in order to get
the required linearity parameter. Hence, we need to com-
pute the gradient in every pixel and threshold it by a
given threshold E. All pixels which have a value for the
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Table 1
p-values corresponding to the normality and uncorrelation tests

Label Normality test
p-value

Correlation
coe$cient

p-value

Background 0.0827 0.0661 0.2978
Fovea 0.0319 0.0697 0.0347
Veins 0.0907 0.1474 0.0293
Arteries 0.0339 !0.0673 0.2891

modulus of the gradient higher than E are studied by
computing their orientation gradient histogram. Thus,
for every pixel s in the analysed image, the parameters
(i,k) of a von Mises distribution for the orientations in its
neighbourhood are estimated and the null hypothesis is
tested: `The distribution of the orientations in a neigh-
bourhood of s is a von Mises distribution with para-
meters (i, k)a by using a test of Watson}Stephens [22].
The obtained p-value, l(s), will be used as the linearity
parameter since it denotes the similarity of our data to
the assumed model, a von Mises distribution.

We will admit conditional independence of the vari-
ables y, the intensity, and l, the linearity parameter. This
assumption has to be validated because, as we men-
tioned, the calculus of the linearity parameter is based on
the intensity gradient. Using training data, the hypo-
thesis of independence (in fact not lineal dependence) has
been tested, "nding that at level of signi"cance a"0.01 it
cannot be rejected. The resulting correlation coe$cients
and their signi"cance are shown in Table 1. In the same
way, we have tested the hypothesis of Gaussian noise
using training data. The obtained p-values are shown in
the Table 1 which indicates that our assumption could be
not rejected.

With all these ingredients, the likelihood is expressed
as follows:

f (y, l/a)"<
s|S

1

J2pp2
x(s)

expG!
1

p2
x(s)

(y(s)!a
x(s)

)2H
]f (l(s)/x(s)), (3)

where f denotes the probability distribution of the lin-
earity parameter given the label. This distribution is
unknown and it will be estimated in Section 6.2 using
density estimation.

4. A prior model for the labels

The process followed by labels x is modelled as a
Markov random "eld (1). We know in advance the types
of objects that appear in the ocular fundus; therefore the
features of these objects can be incorporated into the
model.

The blood vessels usually appear as curvilinear and
thin structures that branch or cross. The intensity of the
arteries is lighter than the retina because of the #uor-
escein. The intensity of the veins is almost always darker
than adjacent retina. The fovea (about 500 lm diameter)
is an avascular zone and generally appears as a dark spot
near the centre of the image.

More speci"cally we want that the prior model ex-
presses three conditions:

(i) Neighbouring pixels are likely to belong to the same
region, i.e. our image is smooth.

(ii) Pixels in the middle of the image are likely to belong
to the fovea, and pixels in the periphery are likely to
belong to blood vessels, i.e. the distribution does not
exhibit spatial homogeneity.

(iii) Pixels that belong to the blood vessels are arranged
in large and thin structures, meanwhile fovea is
a convex and compact region.

In order to model pixel interaction to express above
conditions, it is apparent that simple pairwise interac-
tions are inappropriate and higher order cliques have to
be introduced. We have de"ned the neighbourhood sys-
tem as the union of two kinds of neighbourhood:

f Second-order neighbourhood: The neighbours of a pixel s
are those pixels at a Euclidean distance less than 2
from s.

f Fourth-order neighbourhood: The neighbours of a pixel
s are those pixels whose coordinates are at a distance
less than or equal to 4 from the corresponding coordi-
nate of s.

Thus we will use the "rst type of neighbourhood to
express condition (i) and the second one to express condi-
tion (iii) (taking into account that veins and arteries
usually have a thickness lesser than eight pixels), mean-
while the non-homogeneity will be expressed by means of
a space-dependent external "eld.

For the sake of simplicity, only four di!erent types of
cliques will contribute to the negpotential function,
namely: cliques with a single pixel (that we will call type-
1-cliques), cliques with two second-order neighbour
pixels (type-2-cliques), cliques with "ve fourth-order
neighbour pixels like that in Fig. 2(a) and its rotations
(type-3-cliques) and "nally cliques with 25 fourth-order
neighbour pixels like that in Fig. 2(b) (type-4-cliques).

As it was previously commented, we intend to model
the particular spatial structure of fundus images by
means of a space-dependent external "eld of the MRF
model. In order to simplify we have considered again a
very simple space-dependent external "eld:

We have de"ned four partitions of S
i

a partition for
each type of region: (S

k
,S@

k
), k"0, 1, 2, 3, S

0
"S, be-

cause the background is spread to the whole image,
S
1
"S

2
are those pixels which are within a distance r

1
of
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Fig. 2. Some cliques which contribute to the negpotential function.

the centre of the image, because veins and arteries are
both in the periphery, and S

3
are those pixels within

a distance r
2

of the centre of the image, because the fovea
is in the center.

The external "eld that we have assumed, for a k "xed,
is constant within each member of the partition.

All above considerations lead us to assume the next
prior distribution for the segmented image x:

p(x)JexpG+
s|S

3
+
k/0

as
k
1
k
(x(s))# +

0xkxlx3

b
kl
n
kl

#+
l

d
l
n
l
#e

l
m

lH, (4)

where n
kl

is the number of second-order neighbour pairs
of pixels labelled as k, and l, respectively, n

l
is the number

of type-3-cliques labelled as l, m
l
is the number of type-4-

cliques labelled as l, and as
k
"a

k
if s3S

k
and a@

k
otherwise.

The parameters b
ij

are thought to encourage type-2-
cliques to have the same label in order to have a smooth
segmented image. The parameters d

l
intend to encourage

all the pixels in a type-3-cliques to have the same label
and, on the contrary, the parameters e

l
discourage all the

pixels in a type-4-cliques to have label vein or artery. By
means of these parameters we will achieve that veins and
arteries are large and thin and the fovea be compact.

We shall have to impose restrictions on the parameters
to make the model identi"able. The usual restriction is to
consider <

c
(x

c
)"0 if x(s)"0 for some s3c. So, we have

"xed a
0
"d

0
"e

0
"0 and b

0l
"0 ∀l.

We have "xed also a
l
"0.1a@

l
for l"1, 2 and

a
3
"0.01a@

3
.

This conditional distribution result in the joint poste-
rior:

P(x/y, l)J
1

(J2pp2)n
expG +

s|S

1

2p2
(y(s)!a

l(s)
)2

#+
s|S

3
+
k/0

as
k
1
k
(x(s))# +

0xkxlx3

b
kl
n
kl

#+
l

d
l
n
l
#e

l
m

lH<
s|S

f (l(s)/x(s)). (5)

The posterior distribution of x is also a Markov
random "eld with respect to the same neighbourhood
system.

5. Estimation of x

Our goal is to "nd the estimate of the vector of labels x.
In order to make inferences about these parameters we
should work with the posterior distribution P(x/y, l). This
distribution has a number of additional unknown para-
meters (hyperparameters) required to fully de"ne the
model. These parameters will be now assumed "xed and
known. We will speak about them in next section.

In our experiments we have used two methods in order
to estimate x, simulated annealing and ICM. These
methods require only access to the full conditional poste-
rior distributions, given by

P(x(s)/x(t) tOs, y, l)

J expGasx(s)# +
x(s):k

b
x(s)k

n
s,k
# +

k:x(s)

b
kx(s)

n
s,k
#d

x(s)
t
s,x(s)

#e
x(s)

m
s,x(s)

1

2p2
(y(s)!a

x(s)
)2H f (l(s)/x(s)), (6)

where n
s,k

is the number of second-order neighbours of
s with label k, t

s,k
is the number of type-3-cliques in which

s is included having all other pixels labeled as k, m
s,k

is the
number of type-4-cliques in which s is included having all
other pixels labeled as k.
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Fig. 3. Initial estimates for the segmentation of images (a) and (b) of Fig. 1.

The simulated annealing algorithm we have used is the
stochastic relaxation algorithm proposed by Geman and
Geman [18]. It is based on simulated annealing and the
Gibbs sampler. It is known [14] that this algorithm is
well adapted when the optimisation is done in a product
space and the function to minimise is Markovian.

The Gibbs sampler's visiting scheme used is a raster
scan and the cooling schedule ¹(k) is geometric.

The scheme is as follows:

Step 1: Initialisation. k"1. An initial estimate of x is
introduced. The temperature ¹(1) is initialised.

Step 2: Full update. Run a full sweep over all the image
x in such a way that the new x(s) is randomly chosen with
probability expM(1/¹(k)) ln(P(x(s)/x(t)Os, y, l))N.

Step 3: Update the control parameters. k"k#1, ¹(k) is
updated.

Step 4: Return to 2 for a "xed number of cycles or until
approximate convergence of x.

In practice, we have obtained good results by using
1/¹(k)"1.01~k, where k is the number of full sweeps.

Simulated annealing has a slow convergence. As an
alternative we have also tried with the deterministic re-
laxation algorithm known as iterated conditional modes
proposed by Besag [19]. The scheme is now

Step 1: Initialisation. k"1. An initial estimation of x is
introduced.

Step 2: Full update. Run a full sweep over all the image
x in such a way that the new x(s) is chosen to maximise
P(x(s)/x(t) tOs, y, l). k"k#1.

Step 3: Return to 2 for a "xed number of cycles or until
approximate convergence of x.

5.1. Initial estimates

In order to use the above iterative procedures some
initial estimates are needed. The initial estimate of x has
been obtained using a simple segmentation algorithm
based on local thresholds.

The initial estimates of images in Fig. 1 are shown in
Fig. 3.

5.2. Monitoring convergence

We are going to monitor convergence by plotting the
number of pixels with each type of label against the
iteration number. Some of these plots are shown in Fig. 6.

6. Parameters and hyperparameters

As we said above the model has a great number of
unknown parameters. If we denote h the vector of para-
meters, in the Bayesian paradigm in which we are operat-
ing, there are several ways to estimate them:

f Empirical Bayesian approximation: In a empirical
Bayesian way we consider that the parameters are
unknown but "xed.

f Fully Bayesian approximation: In the fully Bayesian
approximation the parameters result as random sam-
ples drawn from some hyperprior distribution. This
procedure is used in Refs. [10,23}25] advises the use of
this Bayesian approach when the models (likelihood
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Table 2
Parameter estimates using training data

a
1
"!0.02 a

2
"0.07 a

3
"0.31

b
11

"1.28 b
12

"!1.4 b
13

"!0.25
b
22

"1.7 b
23

"!0.15
b
33

"1.8
d
1
"1.1 d

3
"0.21

e
1
"!0.98 e

3
"0.1

and prior) are not a very correct description of the
processes.

In this way the desired inference about x should be
based on the posterior distribution which arises from
integrating out all the variables in the full joint poste-
rior. This marginalisation is a very di$cult task. In
addition to that, if this marginalisation were possible
we would still be left with a high dimensional and, may
be, more complicated marginal.

In this work an empirical Bayesian approximation has
been adopted and we will consider that the parameters
are "xed and unknown and so they have to be estimated.

Again, there are two alternative ways: using training
data if they are available, or not using them because
either they are not available or because their use is not
suitable for our particular type of problem. As a result of
the di!erent types of parameters used by our model we
have to distinguish three cases.

6.1. Parameters in the prior

Training data can be used in order to estimate the
parameters in the prior distribution because all our im-
ages are fundus images and so they share common struc-
ture. Maximum likelihood method could be used but
the normalisation constant (p(x) distribution) neither is
available or can be computed. Several algorithms have
been proposed to overcome this di$culty. We can use,
for example, those due to Younes [26], Geyer and Thom-
pson [27], Geyer [28] and the Monte Carlo Newton}
Raphson approach [13,14].

Nevertheless, the pseudolikelihood approach has been
used here because of its lower amount of computation.
The pseudolikelihood function of the x prior distribution
has the next expression

P¸(a
k
, b

kl
, d

l
, e

l
)"

expM+
s|S

(+3
k/0

as
k
1
k
(x(s)))#+

0xkxlx3
2b

kl
n
kl
#+

l
5d

l
n
l
#25e

l
m

l
N

<
s|S

+3
x/0

expMas
x
#+

x:k
b
xk

n
s,k

#+
k:x

b
kx

n
s,k

#d
x
t
s,x

#e
x
m

s,x
N
. (7)

In order to maximise this pseudolikelihood the conju-
gate gradient method of Fletcher}Reeves}Polak}Ribiere
(see Ref. [29]) has been used.

6.2. Distribution of the linearity parameter

The density function of the linearity distribution is
completely unknown, unlike the other cases, we have to
estimate the function and not only some parameters. By
using again training data we can use a kernel estimator to
obtain fK (l(s)/x(s)).

6.3. Parameters of the distribution of the intensity

Training data is not useful to estimate the parameters
of the distribution of the intensity because there is a great
variability in grey levels among images.

We choose to follow an iterative procedure (see Refs.
[19,30]) that given a current estimate of x, x( a new value
for the parameters of y distribution is obtained by maxi-
mising the conditional density of y:

a(
k
"

1

n
k

+
s|S> x( (s)/k

y(s),

p( 2"
1

n
+ (y(s)!a(

x( (s)
)2,

where n
k
"dMs3S: x( (s)"kN.

With these new values of the parameters, new es-
timators for x are obtained. This process is repeated until
convergence.

7. Experimental results

The proposed methodology has been applied to sev-
eral fundus ocular images. All these images have been
taken by a Canon CF-60U and Nikon NFC 50 fundus
cameras, transformed into video signal with a photo
video camera PHV-A7E, Sony and digitalised with a
Matrox MVP-AT card with 512]380 pixels. They be-
long to patients su!ering from di!erent lesions such as
diabetic retinopathy, vascular occlusion and macular
edema.

Four images from this database are shown in Fig. 1.
As we have explained earlier, prior distribution para-

meters have been estimated using training data. We
have considered d

1
"d

2
and e

1
"e

2
because of

the similar behaviour of the arteries and veins. The rest
of parameters values are shown in Table 2. Two di!er-
ent optimisation algorithms have been applied: the

simulated annealing and the ICM which have been
coded in VISTA, a set of image processing libraries
written in C.

The segmented images obtained by using these
schemes are shown in Figs. 5 and 4, which corresponds,
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Fig. 4. Results using 50 iterations of ICM algorithm.

respectively, to the simulated annealing after 100 iter-
ations and ICM after 50 iterations.

With regards to convergence, in Fig. 6 we can see the
plot of the number of fovea pixels against the number of
iterations (full sweeps of the image) corresponding to the
second image in Fig. 1. We see that ICM reaches the
convergence in about 40 iterations meanwhile SA in
about 90 iterations. The same behaviour is observed in
all the plots. Th CPU times involved with ICM is about
25 s by iteration and 30 s with SA.

In order to test our methodology these automated
segmented images are compared with the images seg-
mented by expert clinicians manually. These pattern
images are shown in Fig. 7. From now on, we refer to
images segmented by the expert clinicians as the true
images.

In order to evaluate the accuracy of the estimation
several error measures have been used. These error
measures have been separately calculated for each label-
led segment of the image (fovea, vein and artery), for each
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Fig. 5. Results using 100 iterations of SA algorithm.

image and for each optimisation algorithm. Let A be the
true image and B the estimated image and n(S)"the
number of pixels in S, we calculate:

f The false positive rate de"ned by

a(A,B)"
n(BCA)

n(S
k
CA)

, (8)

where k"1 for artery, k"2 for vein and k"3 for
fovea and S

k
k"1, 2, 3 is de"ned in Section 5.

f The false negative rate de"ned by

b(A,B)"
n(ACB)

n(A)
. (9)

f The Pratt's [31] `"gure of merita de"ned by

FOM(A,B)"
1

maxMn(A),n(B)N
+
x|B

1

1#id(x,A)
, (10)
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Fig. 6. Convergence plots for the image (b) of Fig. 1. (a) SA
algorithm. (b) ICM algorithm.

Table 3
Error measures for each labelled segment of the images of Fig. 1

ICM SA

Image Label a b FOM a b FOM
(%) (%) (%) (%)

a Fovea 22.4 10.3 0.71 27.7 6.5 0.67
Arteries 16.7 26.5 0.79 18.7 19.9 0.76
Veins 10.5 41.3 0.55 10.6 41.0 0.6

b Fovea 24.0 3.0 0.8 43.4 0.0 0.67
Arteries 1.4 28.2 0.8 2.6 24.5 0.85
Veins 1.6 20.3 0.56 1.7 21.7 0.58

c Fovea 23.9 7.48 0.65 29.4 6.6 0.6
Arteries 4.7 43.11 0.78 9.8 29.01 0.84
Veins

d Fovea 82.2 0.0 0.6 90.1 0.0 0.53
Arteries 61 42.5 0.77 8.7 38.7 0.73
Veins 0.5 15.8 0.78 0.73 6.51 0.78

Table 4
Error measures for noisy images of Fig. 8

ICM SA

Noise Label a b FOM a b FOM
level (%) (%) (%) (%)

Low Fovea 29.4 0.2 0.78 32.4 3.4 0.759
Arteries 1.7 36.4 0.89 2.4 40 0.85
Veins 1.7 25.3 0.56 1.9 26.7 0.59

Medium Fovea 24.2 8.0 0.81 28.7 2.1 0.78
Arteries 1.8 41.7 0.84 2.5 39.0 0.85
Veins 1.8 23.4 0.57 1.9 28.9 0.59

High Fovea 23.4 8.7 0.81 29.6 0.96 0.78
Arteries 2.8 41 0.85 2.4 40.3 0.85
Veins 1.8 23.2 0.57 1.9 30.6 0.57

where d(x,S) denotes the function distance of S and i is
a scaling constant (usually set to 1

9
).

False positive and false negative rates are detection
performance measures, i.e. discrepances between A and
B are measured by the number of disagreements, regard-
less of the pattern. FOM is a localisation performance
measure.

Results are shown in Table 3. Examination of this table
leads to the following points:

In all cases the measure error values are acceptable
enough, the worst values are reached with Fig. 1(d) be-
cause of their poor quality.

The FOM values are always greater than 0.5 even in
the image of Fig. 1(d).

The lowest values for the false positive rate usually
correspond to the fovea. That means that the estimated
fovea is always a little bigger than the true fovea. Because
of the seriousness of the lesions near the fovea, this is not
a serious error in the opinion of the experts clinicians.
For clinical practice, it is better to obtain a bigger fovea
than a smaller one.

In relation to the false negative rate, usually, it is bigger
in vessels than fovea because some little branches are lost.
These branches are not very important to the clinical
practice.

On the other hand, if we compare SA and ICM algo-
rithm we can see that both of them provide good results
with slight di!erences. These slight di!erences can be due
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Fig. 7. Images segmented by expert clinicians manually.

to the fact that ICM stops when the algorithm reaches a
local maximum meanwhile SA reach the global one.

We have found that in the most of the cases the images
obtained by the SA algorithm have a similar estimate for
veins and arteries: false positive rate and false negative
rate and FOM are similar. However, the estimates for the
fovea use to give a false positive error rate bigger than
this obtained by the ICM algorithm. We could conclude
that there is not much di!erence between results ob-

tained by the SA algorithm and those obtained using the
ICM algorithm. However, the convergence time with the
former is 3 times the time needed with the later.

7.1. Robustness against noise

In order to prove the robustness against noise of these
algorithms, salt and pepper noise has been added to one
of the images under study. Three di!erent levels of noise
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Fig. 8. Image 1 (b) with salt and pepper noise. (a) Low, (b) medium, (c) high.

Fig. 9. Segmented images obtained from noisy images of Fig. 8 using ICM algorithm.

have been introduced that we will call low, medium and
high. Low noise means that 5% of randomly chosen
points in the image have been modi"ed, medium means
8% and high means 10%. The noisy images are shown in
Fig. 8. The segmented images obtained from these noisy
version after applying the ICM and SA algorithms can be
seen in Figs. 9 and 10. Table 4 shows false positive, false
negative and FOM computed from these angiographies.
The performance of these algorithms are very similar to
the one obtained from the original image (with no noise).
This points out that the proposed procedures are robust
against noise.

8. Conclusions

We have proposed a method to obtain a segmentation
of the eye fundus angiographies based on Bayesian stat-
istical methodologies. In contrast to other previous ap-
proaches, it provides a global segmentation, i.e. veins,
arteries and fovea are obtained by using only one algo-
rithm.

In order to assess the performance of the method it has
been applied to several eye fundus angiographies and the
results have been compared with those obtained man-
ually by expert clinicians. These experimental results
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Fig. 10. Segmented images obtained from noisy images of Fig. 8 using SA algorithm.

showed that the method achieves a good segmentation of
the main vessels but little branches are lost. The estimate
of the fovea is good but is a little bigger than those
obtained manually. These results are considered good
enough for clinical practice by the expert clinicians. We
have proved also that the method exhibits immunity
against noise.

We could conclude that although we can "nd in the
literature other methods which obtain a better segmenta-
tion of one of the di!erent elements in the eye fundus, we
have showed that our method provides a segmentation
that is good to the clinical practice and that it segments
the image as a whole using just one algorithm.
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