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Multifractal Analysis of Human Retinal Vessels
Tatijana Stošić and Borko D. Stošić*

Abstract—In this paper, it is shown that vascular structures of
the human retina represent geometrical multifractals, character-
ized by a hierarchy of exponents rather then a single fractal dimen-
sion. A number of retinal images from the STARE database are
analyzed, corresponding to both normal and pathological states of
the retina. In all studied cases, a clearly multifractal behavior is
observed, where capacity dimension is always found to be larger
then the information dimension, which is in turn always larger then
the correlation dimension, all the three being significantly lower
then the diffusion limited aggregation (DLA) fractal dimension. We
also observe a tendency of images corresponding to the patholog-
ical states of the retina to have lower generalized dimensions and a
shifted spectrum range, in comparison with the normal cases.

Index Terms—Blood vessels, fractals, multifractals, retina.

I. INTRODUCTION

OVER the past decade, there have been several attempts
[1]–[6] in the direction of employing the fractal dimen-

sion as a measure for quantifying the “state” of human retinal
vessel structures (considered as geometrical objects), with the
expectation that such analysis may contribute to automatic de-
tection of pathological cases, and, therefore, to computerization
of the diagnostic process. While this is certainly a valid ques-
tion with possibly high impact on real world diagnostic issues,
there are some issues that should be addressed before such in-
vestigations may prove useful for the standard clinical practice.
First, the fact that retinal vessels represent “finite size” realiza-
tions of a fractal growth process, imposes questions about how
exactly should one go about measuring the fractal dimension
of a particular instance (e.g., an electronic image of a retinal
vessel structure, taken from a given angle, with a given reso-
lution and lightning conditions). A related question is to what
extent these calculations may correspond to the limiting fractal
(which would have been attained if the growth process could
have been extended to infinity), or equivalently, to what degree
they may be compared with calculations on other such finite in-
stances. Although various issues related to these questions have
already been addressed (for a current review, see, e.g., [6]), it
seems that many of them remain open for further investigation.
Second, some of these works [3], [4] address the point that the
retinal vessels may have different properties in different regions,
and do indeed find different characteristics depending on the lo-
cale of measurement, although the procedures adopted in these
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works are only remotely related to established concepts of mul-
tifractality, and the corresponding commonly accepted proce-
dures for its measurement (see, e.g., [7]–[12] and references
therein).

In this paper, we concentrate on the latter of the above is-
sues, that is, we show that the human retinal vessel structures
are geometrical multifractals, characterized by a hierarchy of
exponents rather then a single fractal dimension. We analyze a
number of retinal images from the STARE database [13], cor-
responding to both normal and pathological states of the retina.
In all cases, we find clearly multifractal behavior. The capacity
(or box counting) dimension is always found to be larger then
the information (or Shannon) dimension, which is in turn al-
ways larger then the correlation dimension. In all cases, the ob-
served values of the capacity dimension were significantly lower
then the diffusion limited aggregation (DLA) fractal dimension,
which has been considered in earlier works [1], [2], [6] as the
primary model relevant for the phenomenon at hand. It is also
found that images corresponding to pathological cases tend to
have lower generalized dimensions, as well as a shifted spec-
trum range, in comparison with the normal cases.

II. MULTIFRACTAL ANALYSIS

In contrast to simple fractals (or monofractals), multifrac-
tals are characterized by a hierarchy of exponents, rather then
a single fractal dimension. More precisely, multifractals may be
viewed as a union of intervowen monofractals, embedded into
each other. The word “hierarchy” here refers to different mem-
bers of this union, which are characterized by distinct fractal di-
mensions. If this property is disregarded, and a multifractal ob-
ject is treated as a simple (mono)fractal, the common methods
for measuring fractal dimension yield some intermediate values,
where typically the capacity dimension (which is measured, for
example, by box counting method) turns out larger then the cor-
relation dimension (measured by methods such as radius of gy-
ration or the density–density correlation function). Therefore,
the first test of multifractality may be performed by computing
the capacity dimension and the correlation dimension, if they
turn out to be different, one should proceed with the full multi-
fractal spectrum analysis, as described below.

A well-known example of multifractality is the growth prob-
ability distribution during the DLA growth process, which has
been shown to exhibit multifractal scaling [14]–[17]. Geomet-
rical (or mass) multifractals represent a special case when the
measure of interest is homogeneously distributed over the ob-
served structure, so that only the number of particles (Lebesgue
measure) contributes to the measure within a given region of
the fractal [8], [9]. Considering a structure with mass (number
of pixels) and linear size , covered with a grid of boxes of
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linear size , the generalized dimension for the mass distri-
bution is defined by

(1)

where is the mass (number of pixels) within the th box,
and is a continuous (adjustable) variable that makes it pos-
sible to single out fractal properties of the object at different
scales (equivalent of inverse temperature in thermodynamics).
The generalized dimensions , , and correspond to
the capacity (or box-counting) dimension, information (or
Shannon) dimension, and correlation dimension, respectively.
Finally, and represent the limits of the generalized
dimension spectrum, where the measure of interest is “most
dilute” and “most dense,” respectively. For monofractals, all
the generalized dimensions coincide, being equal to the unique
fractal dimension.

The multifractal spectrum is represented by the functional
dependence , where for (mono)fractals of dimension
it is constant for all , and for multifractals
it is a monotone decreasing function of . In the rest of
this paper, we shall frequently refer to particular values ,

, and because they can be directly compared with the
results of other works where the retinal vessel structures are
treated as monofractals, however, they have no other special
significance in comparison with ’s for other values of
(each corresponds to a particular level of density observed).
Also, we shall repeatedly compare the numerical results for

and (the most common monofractal measures) with
the DLA fractal dimension estimate (commonly
accepted in the literature) [9], as various earlier works [1],
[2], [6] suggest that this extremely simple model [18] (random
walkers attaching to a growing cluster, starting from a single
initial seed) may be used to explain the retinal vessel structure
formation, while our results indicate that this may be an
oversimplification.

It turns out that the direct application of (1) in practice is
hindered by the fact that for the boxes that contain a
small number of particles (because they barely overlap with the
cluster) give anomalously large contribution to the sum on the
left hand side of (1). To alleviate this problem and perform the
multifractal analysis of the retinal vessel structures, we adopt
the generalized sand box method [9], [10], which has been suc-
cessfully used do demonstrate geometric multifractality of DLA
[9]. This procedure consists in randomly selecting of the
points belonging to the structure, and counting for each such
point the number of pixels that belong to the struc-
ture, inside boxes of growing linear dimension , centered at
the selected pixels. The quantity may be understood
as the empirical estimate of the spatial probability density of
finding a pixel, belonging to the structure, at the position cor-
responding to the chosen point (it increases with the density
of the tested region, it is greater then or equal to zero, and it
sums to unity for a set of nonoverlapping boxes, of linear dimen-
sion , fully covering the image). The left hand side of equa-

tion (1) can now be interpreted as the average of the quantity
according to spatial probability distribution

. When the box centers are chosen randomly, the av-
eraging should be made over the chosen set, and the equivalent
of (1) becomes

(2)

Equation (2) represents only a very brief synthesis of the gen-
eralized sand box method [9], [10] (generally accepted in the
literature dealing with multifractals), for more details, consult
the original references. The practical advantage of this method
is that the boxes are centered on the structure, so that by con-
struction there are no boxes with too few particles (pixels)
inside.

To verify whether human retinal vessel structures demon-
strate geometrical multifractal scaling properties, we have used
a set of forty retinal images from the STARE database [13],
manually segmented by two different observers (from here re-
ferred to by initials AH and VK as in [13]) from twenty orig-
inal retinal scans (containing ten normal and ten pathological
cases), for the purpose of studies on automatic image segmen-
tation and diagnosis [19]. The images segmented by observers
AH and VK differ in level of detail, and the resulting set, to-
taling forty segmented images, is available for download from
the STARE project [13] in ppm file format, with resolution of
700 605 pixels. As recently it has been argued [20] that fractal
analysis may be more sensitive to changes in vascular patterns
when skeletal images of vascular trees are considered, rather
then the original segmented images (which contain the vessel
width information), in order to verify whether the vessel width
information indeed does exert influence on the multifractal anal-
ysis, we have also performed skeletonization of the two down-
loaded sets using the eight connected Rosenfeld algorithm [21],
to produce two additional sets of 20 images each. A typical
normal and a pathological image, segmented by observers AH
and VK (where images segmented by observer VK demonstrate
a substantially higher level of detail), respectively, together with
their skeletonized versions using the Rosenfeld algorithm, are
shown in Fig. 1.

It should be stressed at this point that the actual segmenta-
tion of retinal vessel images represents a formidable problem
in itself, in particular because the absolute local intensity of
the retinal images can vary according to a large number of fac-
tors (e.g., media opacity in the case of pathological subjects,
screening technique, lightning conditions, etc.). As there seems
to be no consensus yet in the literature as to automatic segmen-
tation methods, we have chosen here to avoid altogether this
problem, by using STARE database images already segmented
by trained individuals (observers AH and VK). Results of this
and other exploratory works may prove useful in practice only
once that automatic segmentation methods are well established,
and large (reliable) image databases of healthy and pathological
subjects are constructed.
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Fig. 1. Image of a typical normal retinal vessel structure (image files
im0162.ah.ppm from the STARE database [13]), segmented by (a) observer
AH and (b) observer VK, together with their skeletonized versions (c) and (d),
respectively, and (e) a typical pathological structure (image file im0001.ah.ppm,
diagnosed with Background Diabetic Retinopathy), segmented by observer
AH.

III. RESULTS

A. Generalized Fractal Dimensions

For all of the four sets (containing 20 images each), we
have performed measurements (calculations) according to
(2), selecting 1000 random points on each structure (typical
structure size is approximately 30 000 pixels, and the
typical linear size is 600 pixels), and counting number

of pixels inside boxes centered at selected points. These
numbers were then used to extract generalized dimension ,
for different values of , as slopes of the
lines obtained through regression (minimum squares fitting)
of , as a function of .
The whole procedure was repeated 100 times (with different
random choices of the 1000 random points), for each image,
and for each value of . The final values of were calculated
as averages over these repetitions.

A word is due on calculations for the special case ,
corresponding to information dimension . As the above for-
mulas are nonanalytic for , we perform calculations at

, for , and assuming linearity of the function
in this (short) interval, we interpolate
(in fact, the difference between the values of calculated on
both sides of was found to be only slightly larger then
the statistical fluctuations induced by random choice of the set
of measurement points on the structure).

Results of a typical calculation are shown in Fig. 2, where we
display generalized dimension spectrum versus independent
parameter , averaged over 100 random choices of 1000 points
each. While there is no a priori reason why the calculations

Fig. 2. Generalized dimension spectrum, D versus q, for a typical normal
retinal image (image file im0162.ah.ppm [13]), averaged over 100 random
choices of 1000 points each (see text for details). Error bars indicate�3�, with
� the standard deviation for the 100 runs at each q, and the curve connecting
the points serves as a guide to the eye. Points corresponding to the capacity
dimension D = 1:651, the information dimension D = 1:597 and the
correlation dimension D = 1:555 are represented by full circles, while the
dotted lines serve to emphasize their position.

for a given value of should follow any particular distribution,
their binned frequency histograms reveal symmetric bell-shaped
form, and the Shapiro–Wilk test [22] performed using DATA-
PLOT software package accepts the normality assumption at
the 99% level, in all cases. The error bars displayed in Fig. 2
were calculated as , where is the standard deviation. The
claim of this work (the null hypothesis in more formal sta-
tistical terms) is that the function is a decreasing func-
tion of (and, therefore, the vessel structure is a geometrical
multifractal), rather than a constant (the vessel structure there-
fore being a simple fractal). As the error bars do not overlap
on the full range of , here we shall say that from the results
displayed in Fig. 2 it is reasonable to conclude that the ob-
served retinal vessel structure demonstrates multifractal scaling
( is a decreasing function of ), rather then being a simple
monofractal , that is, we do not reject the
null hypothesis. In particular, the capacity dimension , the
information dimension and the correlation dimension
(values that may be compared with other works, which treat
retinal vessel structures as simple fractal objects) are all dif-
ferent, satisfying . Finally, all the three values
remain substantially lower then the DLA fractal dimension es-
timate (commonly accepted in the literature) of
(which is in fact underestimated by commonly used methods)
[9]. This finding contradicts the previous works [1], [2], and
[6], which claim that retinal vessel structures are fractals with
the fractal dimension equal to that of the DLA, and, therefore,
implicitly suggest that the mechanism responsible for forma-
tion of retinal vessel structures may be related to that of a DLA
growth process. Our calculations show that all common mea-
sures of fractal dimension of the retinal vessels are well below
their DLA equivalents, suggesting that the growth mechanism
of the retinal vessels is different from that of the DLA.

1http://www.itl.nist.gov/div898/software/dataplot.html
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TABLE I
GENERALIZED DIMENSIONS D , WITH STANDARD DEVIATION VALUES � , FOR q = �10, 0, 1, 2, 10, FOR THE 20 ANALYZED IMAGES FROM

THE STARE DATABASE. SECOND COLUMN INDICATES CLASSIFICATION STATUS FOR EACH OF THE IMAGES (PATHOLOGICAL OR NORMAL)

Numerical results corresponding to Fig. 2 (for the set of
twenty images from the STARE database segmented by ob-
server AH) are given in Table I. The first column lists the image
names, while the second column indicates image classification
status as “pathological” or “normal.” The values of general-
ized dimensions are given for , 0, 1, 2, 10, where as
already mentioned , , and correspond to the capacity,
information and correlation dimension, respectively, while

and indicate the range of the general dimension
spectrum. It is seen from Table I that all of the values calculated
for the capacity dimension (which corresponds to box counting
method), and indeed the correlation dimension (corresponding
to methods such as radius of gyration or the density–density
correlation function), are significantly lower then the DLA
fractal dimension [9]. Therefore, our results
show that retinal vessel structures are geometrical multifractals,
and that the overall fractal dimension is lower then that of the
DLA.

Results of the multifractal analysis for the other three sets
of images (STARE database images segmented by observer
VK, and the skeletonized versions of AH and VK) all yield
qualitatively similar results, all of them clearly demonstrating
multifractal behavior. In Table II we present the results for
the capacity (box counting) dimension , for all of the four
sets of images. It follows from Table II that the process of
skeletonization (removal of vessel width information from the
image) slightly reduces the fractal dimension, while this effect
is much weaker in comparison with the effect of the level of
detail present in the segmentation process, as found between the
two current observers. However, when the results are compared

2For more details on the diagnostic procedure used for classification of im-
ages, see http://www.parl.clemson.edu/stare/diagnoses

consistently within each group separately, the mean fractal
dimension is found to be lower for the pathological images then
for the normal cases, for all of the four groups. Although this
finding can hardly be considered conclusive from the statistical
viewpoint, it is nevertheless encouraging from the point of
view that fractal spectrum analysis could be employed for
quantification of the retinal vessel state, in order to contribute
to automatic diagnostics. To this end, far more detailed studies
of images corresponding to specific diseases and normal cases,
are needed. Assuming that each of the observers consistently
applied his own criteria in segmentation, it follows that the
fractal dimension results may be compared only between
images segmented by the same observer, either skeletonized or
not, but should be normalized before making comparisons of
results from different groups.

B. The Spectrum

When addressing multifractality, numerous works deal with
the so-called spectrum (see, e.g., [7], [8], [23], and refer-
ences therein), where

(3)

represents the number of boxes such that the probability
of finding a particle (pixel) within a given region scales as

(4)

and may be understood as the fractal dimension of the
union of regions with singularity strengths between and

. The exponent takes values from the interval ,
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TABLE II
CAPACITY (OR BOX COUNTING) DIMENSION D FOR THE TWO SETS OF IMAGES FROM THE STARE DATABASE SEGMENTED BY OBSERVERS AH AND VK,
TOGETHER WITH THEIR SKELETONZIED VERSIONS. SECOND COLUMN INDICATES CLASSIFICATION STATUS FOR EACH OF THE IMAGES (PATHOLOGICAL OR

NORMAL), AND THE LAST THREE LINES PRESENT AVERAGES FOR THE PATHOLOGICAL, NORMAL, AND ALL IMAGES, RESPECTIVELY

and the function is usually a single humped function with
a maximum at . The relationship between the

spectrum and the spectrum is made via the Legendre
transform

(5)

where

(6)

and

(7)

is the mass correlation exponent of the th order. In the limiting
case of a simple fractal (monofractal), the fractal dimension is
independent of , from (6) and (7) it follows that

, and finally from (5) and (7) it follows that
. Monofractal structures should be, therefore, represented by

a single point on the scatterplot, while
multifractal structures produce a nontrivial spectrum.

To address the question of multifractality of retinal vessel
structures within this framework, in Fig. 3 we present the

spectrum for a typical normal retinal image (image
file im0162.ah.ppm [13]). To calculate the derivatives in

Fig. 3. The f(�) spectrum for a typical normal retinal image (image file
im0162.ah.ppm [13]), with the error bars corresponding to �3� (� being the
standard deviation over the 100 runs for each point, see text for more details).

(6), we have performed calculations at pairs of points and
with , so that derivatives were calculated as

, except at point ,
where we have used .
As before, the Shapiro–Wilks test [22] was performed using
DATAPLOT software package to check the distribution of

and over the 100 repetitions at each [the same that
were used to evaluate the ], and as before the test accepts
the normality assumption at the 99% level, in all cases. The
standard deviation was then calculated for each and each
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Fig. 4. The f(�) spectrum for the 20 images from the STARE database [13],
segmented by observer AH. Curves corresponding to normal retinal images are
represented by open circles, and those corresponding to pathological images
are represented by full symbols. It is seen that pathological image curves tend
to be shifted to the lower � range and have lower maxima, in comparison with
the normal images (see text for more details).

Fig. 5. The f(�) spectrum for the 20 images from the STARE database [13],
segmented by observer AH. Curves corresponding to normal retinal images are
represented by open circles, and those corresponding to pathological images
are represented by full symbols. It is seen that pathological image curves tend
to be shifted to the lower � range and have lower maxima, in comparison with
the normal images (see text for more details).

from the repetitions. The error bars displayed in Fig. 3
have triple magnitude of these standard deviation values, and
as they do not overlap across the entire spectrum, again we may
conclude that the retinal vessel structures exhibit multifractal
scaling (we do not reject the null hypothesis).

In Fig. 4, we show detailed results of our calculations, per-
formed on the STARE database images segmented by observer
AH, with respect to the spectrum. While the current set of
images is not particularly adequate for testing the effects of a
given type of pathology (there are only ten normal images, and
ten pathological images affected by not necessarily the same dis-
ease ), it is seen that pathological case images tend to have lower
maxima, occasionally more narrow spectrum range, and a shift
in the spectrum position, in comparison with the normal cases.

Finally, in Fig. 5, we present results of the spectrum av-
eraged separately for the normal and the pathological images for
all of the four sets, where it is seen that the previous observation

holds for both observers, independent of skeletonization. The
skeletonized imagespresentmore narrow spectrum then the
original segmented images (which contain the vessel width in-
formation) for both observers, which may explain the conclusion
of [20] that fractal analysis after skeletonization may be more
sensitive to changes in vascular patterns. More precisely, since
monofractals have infinitely narrow spectrum (a single
fractal dimension), the above results show that skeletonized
structures may be more closely approximated as monofractals
(whenasingledimension iscalculatedrather then thewholespec-
trum). As the general properties of the spectrum are preserved
through skeletonization, another advantage of using such images
may be considered the fact that they contain far fewer pixels,
and, therefore, the calculations require less computer time.

The results of calculations of the spectrum presented
in Figs. 4 and 5 again may be considered encouraging from the
point of view of the objective of turning the diagnostic process
automatic, although further more detailed studies are neces-
sary to determine their statistical significance, and whether
the observed differences in multifractal scaling behavior may
be exploited for discerning normal images from images with
certain types of pathologies. More precisely, the current work is
primarily concerned with establishing the fact that retinal vessel
images represent geometrical multifractals, nevertheless, our
calculations suggest that there may be grounds for automatic
differentiating between normal images and certain pathological
cases.

IV. CONCLUSION

In conclusion, we show in this paper that vascular structures
of the human retina represent geometrical multifractals, charac-
terized by a hierarchy of exponents, rather then a single fractal
dimension. We analyze 20 retinal images from the STARE
database [13], where half of the images correspond to normal
states of the retina, and half to different pathological states,
together with their skeletonized versions. In all studied cases
we find clearly multifractal behavior, with capacity dimension
considerably lower then the DLA value. We also observe a
tendency of normal images of having higher generalized di-
mensions and a shift of the spectrum range towards higher
singularity strength values, in comparison with the pathological
cases. While the last observations are hardly conclusive from
a statistical standpoint, they may prove relevant in the quest of
automatic diagnostic procedures.
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