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Communications

Elastic Registration for Retinal Images Based on
Reconstructed Vascular Trees

Bin Fang* and Yuan Yan Tang

Abstract—The vascular tree of the retina is likely the most representa-
tive and stable feature for eye fundus images in registration. Based on the
reconstructed vascular tree, we propose an elastic matching algorithm to
register pairs of fundus images. The identified vessels are thinned and ap-
proximated using short line segments of equal length that results a set of
elements. The set of elements corresponding to one vascular tree are elasti-
cally deformed to optimally match the set of elements of another vascular
tree, with the guide of an energy function to finally establish pixel relation-
ship between both vascular trees. The mapped positions of pixels in the
transformed retinal image are computed to be the sum of their original
locations and corresponding displacement vectors. For the purpose of per-
formance comparison, a weak affine model based fast chamfer matching
technique is proposed and implemented. Experiment results validated the
effectiveness of the elastic matching algorithm and its advantage over the
weak affine model for registration of retinal fundus images.

Index Terms—Elastic matching, fast chafer matching, retinal image reg-
istration, vascular tree.

I. INTRODUCTION

Temporal registration is perhaps one of the most significant appli-
cations in the diabetic retinopathy screening program [1]. Typically, a
patient is required to have his/her retinal fundus photographs taken over
a fixed time interval. By comparing the different photographs, physi-
cians are able to evaluate the progress of retinal diseases.

The registration of eye fundus images is a nontrivial task [2]. The
anatomy of the human eye with its sphere-like shape and physical
properties of optical imaging system leads to the quadratic model and
stereo registration [3], [4]. However, the fact that visible surface of
the retina is roughly planar in the images suggests that a weak affine
model may be sufficient without losing too much accuracy. As a result,
much work in retinal image registration uses the weak affine transfor-
mation model and employs detected vessel features. In terms of the
image contents involved, various approaches are classified into either
segmentation-based techniques focusing on aligning the extracted
features of the image subjects or pixel property-based techniques using
the full image content for alignment. The major drawback of the pixel
based techniques is that they are unable to deal with the total surface
of eye fundus images [5]. Zana [6] reported a Bayesian Hough trans-
form based method to determine the best weak affine transformation
coefficients. Heneghan [3] used an expectation-maximization (EM)
algorithm to identify matched pairs of control points. Can [4] used
a similarity-weighted histogram technique to search correspondence
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Fig. 1. (a) Original grey-level retinal fundus image, and (b) reconstructed vas-
cular tree.

of control points. Pinz [7] used Powell’s method while Peli [8] em-
ployed an exhaustive search technique to find the best transformation
parameters. The problem is that it is difficult to sort out the optimal
parameters when initial seed points are insufficient. To employ a large
number of initial seeds incur expensive computation load which takes
the risk of impractical implementation.

In this paper, we propose the use of an elastic matching algorithm
which is similar to that in [9] for retina registration without heavy cal-
culation of sorting out the optimal transformation of the parametric
models. Vascular trees feature of retinal fundus image are reconstructed
using a method we proposed before [10] and are represented by a set
of elements of straight short line segments with equal length. An elab-
orately designed energy function is employed to guide the deformation
of the transformed vascular tree to optimally match a reference vas-
cular tree. Mapped positions of pixels in the transformed retinal image
are computed using displacement vectors of feature points which are
able to be conveniently determined by the matching list at the end of
elastic matching process. In order to compare registration performance,
a weak affine model based fast chamfer matching technique is proposed
and implemented. Our experiments demonstrate the effectiveness of
the proposed elastic matching algorithm and advantage over the weak
affine model for temporal registration of retinal fundus images. Internal
relationship between overlap and center error and computation cost are
investigated.

II. METHODS

A. Vascular Tree Reconstruction

We have proposed a robust method [10] to effectively reconstruct
the vascular tree and the results are to be employed as the features for
our registration algorithms in this work. The technique is briefly ex-
plained as follows. Vessels are enhanced by mathematic morphological
transformation and evaluation of curvature of the vessel-like patterns is
performed. Then, a set of morphological filters are applied to segment
vessel objects. In order to recover the complete vascular tree, a recon-
struction process is performed based on dynamic local region growing.
Fig. 1 shows the reconstructed vascular tree for an entire retina.

B. Elastic Matching Algorithm

Parameter transformation model based registration suffers from the
difficulty of finding the optimal model parameters. An attempt in non-
parametric approach for retinal image registration was reported by Ja-
siobedzki [11]. The problem of the active contours is that they seem to
be attracted only to features that they are initially close to. To cope with
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Fig. 2. (a) Overlapped image of the Template vascular tree (black lines) and
the Input vascular tree (grey lines) before matching and (b) overlapped image
of the vascular trees after matching.

the complex structure of vascular trees, we propose the use of elastic
matching for retina registration without searching optimal model pa-
rameters.

The aim of the elastic matching algorithm is to elastically deform a
set of elements of one vascular tree in order to match the corresponding
elements of another vascular tree. An energy function is designed to
guide the movement of elements which enables to correctly align two
sets of elements both globally and locally.

Let the Template pattern and Input pattern be the two binary vas-
cular trees to be registered. Thinning is performed so that the resulting
patterns consist of lines and curves with one pixel wide only. Each re-
sulting straight line is then divided up into smaller segments of approx-
imately equal lengths referred as an “element” which is represented by
its slope and the position vector of its midpoint.

The Template is elastically deformed in order to match with the
Input. The process consists of overlaying one pattern on top of the
other, and the set of Template elements are iteratively moved until the
corresponding elements of both Template and Input patterns meet, as
illustrated in Fig. 2. The objective is to achieve maximum similarity
between the resulting patterns while minimizing the deformation. This
is achieved through the minimization of an energy (or cost) function
which is similar to that in [9]. The energy function E1 used to guide
the movements of the Template elements toward the Input elements is
defined as follows:
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One major advantage of using the designed energy function is that
each Template element normally does not move toward its nearest
Input element but tends to follow the weighted mean movement of
its neighbors in order to minimize the distortions within the neigh-
borhood during first several iterations of the matching process so that
global alignment can be achieved. At the end of the iterations, the
corresponding parts of the two vascular trees should hopefully be the
nearest to each other locally, as shown in Fig. 2(b).

We define feature points of an element being the middle and end
points of the elements we used in the elastic matching method. Once
having identified correspondence of each feature point between two
vascular trees, we are able to calculate displacement vectors for fea-
ture points of the Template by referring to feature pixel locations in the
Template and the matched pixel locations in the Input as follows:

Pj = Tj � Ii(j) (3)

where Tj is the location of feature point j in the Template and Ii(j) is
the location of the feature point of Input which is matched to j.

In order to determine the mapped position of pixels in the Tem-
plate retinal images, we need to first compute the displacement vector
for each pixel. Considering the nonlinear characteristics of the elastic
matching algorithm, we define the displacement vector as follows:

�M =

N

j=1

wjPj : (4)

N is the size parameter of the Gaussian window which establishes
neighborhood of correlation, wj are the correlation weights in the
Gaussian correlation window where wj = exp(�(j� 1)2=(2�N2))
and j = 1; 2; . . . ;N. Pj is the displacement vector of feature point
j of the Template in the Gaussian window sorted in the order of
increasing distance from that pixel. It is obvious that the mapped
positions of pixels in the Template retinal image are able to be
conveniently calculated as the sum of their original positions and
corresponding displacement vectors. If at the mapped location there
is only one original pixel of the Template involved, the grey-level of
the transformed pixel keeps as its original value. When the case is that
more than two pixels of the Template mapped to one new transformed
location, the grey-level is set as the arithmetic average of grey-levels
of all pixels involved.

C. Weak Affine Model Based Fast Chamfer Matching

To compare performance of the elastic matching algorithm, we adopt
the weak affine model of translations and rotation for globally matching
two vascular trees of retinal fundus images. The model can be mathe-
matically expressed as follows:
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We employ the idea of fast chafer matching [12] which follows a
multiresolution strategy to sort out optimal estimations of model pa-
rameters with the aim of reducing computation load. This method in-
volves iterative calculation of the registration from coarse derivation
of the image up to the image itself by using sorted seeds at lower res-
olution as initial seeds at higher resolution. A large number of seeds
scattering in parameter space at the coarse level (lower resolution) can
be investigated and most of these seeds could be readily rejected. The
method is briefly described as follows.

The original image is at the highest resolution, finest level (level 0).
To create lower resolution image at coarse levels, each block of four
pixels of the original image is represented by one pixel in the previous
level image. The start resolution (level N) is decided by whether the
object in an image is recognizable.

One vascular tree to be matched is called the Template and the other
the Input. A sequential distance transformation [12] is applied to create
Input distance map. The Template is superimposed on the Input dis-
tance map. The measurement of goodness of match is in the form of a
distance function which is defined as the squares of the pixel values of
Input distance map that the Template hits. It is obvious that a perfect
fit will result in a minimum value of the distance function. Local trans-
formations with distances larger than a threshold are rejected and only
those with smaller distances are used as initial seeds of transformation
parameters for matching two vascular tree features in the next finer
resolution level. When the search at the zero level (original image) is
completed, the transformation with smallest distances determines the
optimal model parameters. Hence, the mapped positions of pixels in
the Template retinal fundus image are ready to be uniquely identified
according to the determined optimal transformation model.

III. RESULTS

A. Pre-Processing and Initialization of Transformation Models

The image database that we use to evaluate performance of the pro-
posed registration algorithms consists of 47 grey-level fundus images
from eleven patients at different time period. All fundus images were
acquired using a digital fundus camera applied directly to the fundus
microscope. The image size was 512 � 512. Spatial resolution was
7.141 �m=pixel. We pair the 47 fundus images in different order to
obtain a total of 128 pairs. The vascular trees were first reconstructed
by the method explained in Section II. Next, vascular trees were thinned
to be one-pixel wide skeletons to be ready as features for registration.

In the elastic matching algorithm, each line or curve is approximated
by fitting a sequence of short straight lines (“elements”) of about 20
pixels long. This length of 20 pixels is chosen according to the size
of the image and it is not crucial in the registration procedure. It is
obvious that if the element is too short, it will result in many elements.
The possibility of matching failure would rise and the computational
complexity for matching would be high. On the other hand, if each
element was too long, the resolution of the representation would be
low and the matching of local details would be affected.

The neighborhood size parameters K1 and K2 should be large ini-
tially to allow large distortion of the two patterns being matched, and
the parameters should be successively decreased to allow finer and finer
alignment. This procedure was adopted to alleviate the local minimum
problem associated with gradient descent procedures. In the experi-
ments, to allow two different vascular trees with large translation to be
registered, both K1 and K2 were set to 90 pixels to start with. After
each set of 10 iterations, K1 and K2 were updated as follows:

K1 :=K1 �max(0:1; 0:05 �K1) (6)

Fig. 3. (a) Overlapped extracted vascular trees, (b) fused image. Overlap is
79% and centreline error for FCM is 1.94 and 1.67 for EM.

K2 :=K2 �max(0:1; 0:01 �K2): (7)

The process stopped when K1 was reduced to below 1.0 pixel. K2 was
scheduled to decrease at a lower rate than K1 because it was found that
if they decrease at the same rate, the distortion would be quite large
during the last few iterations. Hence K2 decreased at a slower rate to
allow for more neighboring elements influencing each other in order to
minimize the deformation in the local structure.

In the registration using the weak affine transformation model, the
depth of multiresolution in the fast chamfer matching method is set to
4, resulting in the size of the fourth-level images being 32 � 32. 54
initial positions were attempted at the lowest resolution, namely: 3 �
3 translation points, separated by 3 pixels, and 6 equidistant rotation
angles. The total number of seeds would be increased to 150 when reg-
istration using the previous selected 54 seeds was unsuccessful where
5 � 5 translation points and 6 equidistant rotation angles were tested.

B. Performance of the Elastic Matching Algorithm

Visual assessment has been widely adopted to qualify the registration
results in two ways. One way is to produce a checkerboard of reference
and registered images [5] while the other to superpose transformed vas-
cular tree of the registered image on those of the reference image [6].
In this paper, we not only give superposed images of two vascular trees
to be registered, we also present composite images of fused reference
and registered images for a better view of the registration. Overlapped
portion of the fused image between the reference and registered images
is obtained through the implementation of a classical greyscale image
fusion method with average strategy [13]. The fast chamfer matching
method is referred to as FCM, and the elastic matching algorithm is re-
placed by EM in the following explanations. A successful registration
example is shown in Fig. 3.

Visual evaluation is useful to provide convenience for judging suc-
cess of registration. However, it may not be sufficient to compare the
registration quality for different matching strategies such as those used
in this study. Quantitative criterion has to be developed for the purpose
to evaluate registration accuracy and effectiveness. We follow the def-
inition of registration error to be the centreline error proposed by Can
[4]. Another important index to be taken into account is the percentage
of overlap between the reference image and the registered image. It is
defined as the fraction of the registered image appearing in the refer-
ence image.

The average centreline errors and running times of successful regis-
tration of 121 image pairs for both methods are given in Table I. Av-
erage centreline error for the EM algorithm is 2.06 pixels with stan-
dard deviation equal to 0.98 pixels while FCM method has 2.19 pixels
centreline error and 1.14 pixels standard deviation. The average time
taken for EM is 69.00 s and 83.89 s for FCM when both methods are
implemented on a Pentium III 866. The results indicate that the elastic
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TABLE I
COMPUTATION COMPLEXITY AND PERFORMANCE FOR EM AND FCM (54

SEEDS)

matching algorithm is able to efficiently achieve comparable registra-
tion performance of the weak affine model. The calculation cost de-
pends on the complexity of the extracted vascular trees. If the number of
vessels appearing in the extracted vascular trees is relatively large, the
calculation load involved for the distance and the displacement vector
updates will be heavier. However, all registration can be done in a few
minutes for both FCM and EM. The longest time for EM to register an
image pair is 150 s and 197 s for FCM.

In order to investigate possible internal relationship between images
overlap and measured centerline errors, a plot of the centerline error
against the percentage of overlap between image pairs is shown in
Fig. 4. Fig. 4(a) shows the scatter plot of the centreline errors for 121
pairs of images that are successfully registered using EM and FCM
with 54 seeds and Fig. 4(b) shows the average errors in 10 percent
range from 60–70 to 90–100. It is clear that although centreline error
decreases as overlap increases, the trend is not obvious. Successful reg-
istration may have centreline error of 4.97 pixels and the smallest cen-
treline error is 0.63. This phenomenon can be explained that although
median statistics of centreline error are used to alleviate error measure
from missing or spurious centrelines, the effects on measuring centre-
line error of vessels in registered image that do not appear in retina area
of the reference still exist, and this difference in extracted vascular trees
is mainly related to the vessel detection process. Hence, it has lost the
comparison foundation to other works [4], [14] by examining the cen-
treline error used here. An accurate measurement of registration accu-
racy will be investigated in the future study. In addition, for those pixels
on the transformed vascular tree other than the feature points, the dis-
placement vectors involved to determine pixel mapped positions are
not computed directly using the matching list like the feature points
but according to (4) which may incur inaccurate alignment.

In addition, there are five cases in this study where the FCM method
uses 54 initial seeds to search for the global minimization of the dis-
tance function but is unable to successfully register image pairs. On
the other hand, the EM algorithm can still achieve successful registra-
tion. Although best transformation parameters were estimated by FCM
when the total number of seeds has been increased to 150 where 5� 5
translation points and 6 equidistant rotation angles were tested, this is
achieved at a significant increment in the processing time, see Table II.
Processing time for FCM is triple that of EM. In spite of that, there
are still two cases where FCM fails to register image pairs even when
150 initial seeds were used. For the EM method, although there were a
few vessels not aligned properly, majority of the vascular structures is
successfully matched. These results demonstrate the advantage of the
proposed elastic matching algorithm in efficiency with less runtime and
effectiveness of successful registration for special cases than the FCM
method.

IV. CONCLUSION

In this paper, we have described an elastic matching algorithm
based on reconstructed vascular trees for temporal registration of
pairs of eye fundus images. Registration methods employing weak

Fig. 4. Overlap versus centreline errors. (a) Scatter plot of the centreline errors
for 121 pairs of images that are successfully registered using EM and FCM (54
seeds) and (b) average errors in 10 percent range from 60–70 to 90–100.

TABLE II
COMPUTATION COMPLEXITY AND PERFORMANCE FOR EM AND FCM (150

SEEDS)

affine model have to estimate optimal model parameters by means
of searching global minimization of designed functions relative to
similarity measurement. The problem is that it is often difficulty to
conveniently obtain optimal parameters estimation with small size of
initial seeds set. Increasing the number of initial seeds incurs heavy
computation load and even does not guarantee successful registration.
On the other hand, the proposed elastic matching algorithm is able to
achieve both global and local alignments avoiding heavy calculation.
Experiment results show that the elastic matching algorithm performs
comparably in both accuracy and efficiency to that of the weak affine
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model where the fast chamfer matching method is able to successfully
register pairs of fundus images using small size of initial seeds set.
The elastic matching algorithm outperforms the weak affine model
based fast chamfer matching technique when there is a need for a
larger number of initial seeds to search for global minimization.
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The Effect of the Cut Surface During Electrical Stimulation
of a Cardiac Wedge Preparation

Bradley J. Roth*, Salil G. Patel, and Ryan A. Murdick

Abstract—Optical mapping from the cut surface of a “wedge prepara-
tion” allows observation inside the heart wall, below the epicardium or en-
docardium. We use numerical simulations based on the bidomain model to
illustrate how the transmembrane potential is influenced by the cut surface.
The distribution of transmembrane potential around a unipolar cathode
depends on the fiber angle. For intermediate angles, hyperpolarization ap-
pears on only one side of the electrode, and is large and widespread.

Index Terms—Bidomain, cardiac, electrical stimulation, fiber geometry,
wedge preparation.

I. INTRODUCTION

Optical mapping of the transmembrane potential is a common
method for recording electrical activity in cardiac tissue [1]. One limi-
tation of optical mapping is that it records the transmembrane potential
from a thin layer on the surface of the heart. Often, researchers want
to know what is happening deep in the heart wall. To overcome this
limitation, several groups have begun to use a “wedge preparation”
[2]–[5], which is prepared by slicing across the wall to create a cut
surface. Optical mapping from this surface allows observation of the
electrical behavior of regions inside the wall, below the epicardium
and endocardium.

While a wedge preparation provides a unique view of what is hap-
pening deep inside the heart wall, it has limitations. Obviously, the
tissue at the cut surface may be damaged. In this paper, we examine
a subtler artifact inherent to these preparations. In a normal heart, the
fiber geometry is complex with fiber direction rotating across the wall.
At the epicardial and endocardial surfaces, the fibers are generally ori-
ented in the plane of the surface. In a wedge preparation, however,
fibers approach the cut surface at a variety of angles. We showed pre-
viously that if cardiac fibers approach an insulated surface at an angle,
then an electrical shock can induce a surface transmembrane potential
[6]. This polarization is caused by the cut surface, and would not be
present had the heart wall been left intact.

We use numerical simulations to illustrate one example of how the
transmembrane potential can be influenced dramatically by the cut sur-
face during experiments using a wedge preparation. Our results indicate
that studies of electrical stimulation (for example, defibrillation) must
be interpreted cautiously.

II. METHODS

We use a passive bidomain model to represent the electrical behavior
of cardiac tissue [7]. The fiber and electrode geometry are similar to that
we have used previously [8]–[10] (Fig. 1). Circular electrodes of radius
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