Appendix F

ANALY SIS OF EXPERIMENTAL

UNCERTAINTY

F-1

INTRODUCTION

Experimental data often are used to supplement engineering analysis as a basis for
design. Not all data are equally good; the validity of data should be documented be-
fore test results are used for design. Uncertainty analysis is the procedure used to
quantify data vahidity and accuracy.

Analysis of uncertainty also 1s useful during experiment design. Careful study
may indicate potential sources of unacceptable error and suggest improved measure-
ment methods.

TYPES OF ERROR

Errors always are present when experimental measurements are made. Aside from
oross blunders by the experimenter, experimental error may be of two types. Fixed
(or systematic) error causes repeated measurements to be in error by the same
amount for each trial. Fixed error is the same for each reading and can be removed by
proper calibration or correction. Random error (nonrepeatability) 1s different for
every reading and hence cannot be removed. The factors that introduce random error
are uncertain by their nature. The objective of uncertainty analysis i1s to estimate the
probable random error in experimental results.

We assume that equipment has been constructed correctly and calibrated prop-
erly to eliminate fixed errors. We assume that instrumentation has adequate resolution
and that fluctuations in readings are not excessive. We assume also that care 1s used
in making and recording observations so that only random errors remain.

ESTIMATION OF UNCERTAINTY

Our goal is to estimate the uncertainty of experimental measurements and calculated
results due to random errors. The procedure has three steps:

1. Estimate the uncertainty interval for each measured quantity.
2. State the confidence limit on each measurement.
3. Analyze the propagation of uncertainty into results calculated from experimental data.
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Below we outline the procedure for each step and illustrate applications with

examples.
Step 1. Esumate the measurement uncertainty interval. Designate the measured vari-
ables in an experiment as Xy, X, .. .- v,. One possible way 10 find the uncer-

tainty interval for each variable would be to repeal each measurement many
times. The result would be a distribution of data for each variable. Random
errors in measurement usually produce a normal (Gaussian) frequency distri-
bution of measured values. The data scatter for a normal distribution 1s char-
acterized by the standard deviation. o. The uncertainty interval for each
measured variable. x. may be stated as = no, wheren = 1. 2,01 3.

For normally distributed data, over 99 percent of measured values of x;
lie within = 30, of the mean value. 95 percent lie within = 20,. and 638 per-
cent lie within = o of the mean value of the data sct (1]. Thus it would be
possible 10 quantily expected errors within any desired confidence limit 1t a
statistically significant set of data were available.

The method of repeated measurements usually 15 impractical. In most
applications it 1s impossible to obtain enough data tor a statistically signih-
cant sample owing 1o the excessive time and cosl involved. However. the
normal distribution suggests several important concepts:

. Small errors are more likely than large ones.
2. Plus and minus errors are about equally likely.

3. No finite maximum error can be specified.

A more typical situation in engineering Work i a “single-sample”
experiment, where only one measurement .« made for each point [2]. A rea-
sonable estimate of the measurement uncertainty due 10 random error in a
single-sample experiment usually is plus or minus hall the smallest scale
division (the least count) of the instrument. However. this approach also
must be used with caution. as Nustrated in the following example.

EXAMPLE F.1  Uncertainty in Barometer Reading

The observed height ot the mercury barometer column is /1 = 752.6 mm. The least
count on the vernier scale 15 0.1 mm. so one might estimate the probable measure-
ment error as = 0.05 mm.

A measurement probably could not be made this precisely. The barometer slid-
ors and meniscus must be aligned by eye. The slider has a least count of 1 mm. As d
conservative estimate. a measurement could be made to the nearesl millimeter. The
probable value of a single measurement then would be expressed as 752.6 = 0.5 mm.
The relative uncertainty in barometric height would be stated as

0.5 mm
o = £ 2 = £ 0.000664  or 2 0.0664 percent

752.6 mm

Conunents:.

. An uncertainty interval of = 0.1 percent corresponds 1o @ result specified to three signifi-
cant ficures: this precision - ufficient for most engineering work.

3 The measurement of barometer height was precise. as shown by the uncertainty estimate.
But was it accurate? Al typical room temperatures. the observed barometer reading must
be reduced by a temperature correction of nearly 3 mm: This is an example of @ fixed
error that requires a correction tactor.



F-3 ESTIMATION OF UNCERTAINTY 797

Step 2. State the confidence limit on each measurement. The uncertainty interval of
a measurement should be stated at specified odds. For example, one may
write 7 = 752.6 = 0.5 mm (20 to 1). This means that one is willing to bet
20 to 1 that the height of the mercury column actually is within = 0.5 mm
of the stated value. It should be obvious [3] that *. . . the specification of
such odds can only be made by the experimenter based on . . . total labora-
tory experience. There 1s no substitute for sound engineering judgment in
estimating the uncertainty of a measured variable.”

The confidence interval statement 1s based on the concept of standard de-
viation for a normal distribution. Odds of about 370 to 1 correspond to = 30
99.7 percent of all future readings are expected to fall within the interval. Odds
of about 20 to 1 correspond to = 20 and odds of 3 to 1 correspond to * o
confidence limits. Odds of 20 to 1 typically are used for engineering work.

Step 3. Analyze the propagation of uncertainty in calculations. Suppose that meas-
urements of independent variables, x,, x5, . .., x,, are made in the labora-
tory. The relative uncertainty of each independently measured quantity 1is
estimated as u;. The measurements are used to calculate some result, R, for
the experiment. We wish to analyze how errors 1n the x;s propagate 1nto the
calculation of R from measured values.

In general, R may be expressed mathematically as R = R(x, x5, . . ., X,).
The effect on R of an error in measuring an individual x; may be estimated by
analogy to the derivative of a function [4]. A variation, ox;, in x; would cause
variation oR; in R,

OR; = gi—T OX;
The relative variation in R 1s
OR; | dR x; OR Ox;
?:Ema;;'f:Raxi- X; L

Equation F.1 may be used to estimate the relative uncertainty in the result due
to uncertainty in x;. Introducing the notation for relative uncertainty, we obtain

. (F.2)
" R dx;

How do we estimate the relative uncertainty in R caused by the com-
bined effects of the relative uncertainties in all the x;s? The random error 1n
cach variable has a range of values within the uncertainty interval. It 1s un-
likely that all errors will have adverse values at the same time. It can be shown

[2] that the best representation for the relative uncertainty of the result 1s
i | q1/2

2 . 2
up = =% %, OR u | + 5 =X ur | + -+ Xy OR u, (F.3)
R ox, R dx, ~ R ox,

=4 -

EXAMPLE F.2 Uncertainty in Volume of Cylinder

Obtain an expression for the uncertainty in determining the volume of a cylinder
from measurements of its radius and height. The volume of a cylinder in terms of ra-
dius and height is

V. = ¥(r,h) = e h
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Differentiating, we obtain

oW ¥

3
d¥ = —dr + — dh = 27@rh dr + wr-dh
dr oh
since
0¥ 0¥ ,
—=2mrh and — = 7~
ar oh
From Eq. F.2, the relative uncertainty due to radius 1s
Ly e SH = L ay ' — g {F}"""I'Jr'l"-rf — rT
-F-ilﬂ l.-’- 1 — il.j.l..l.; -—-I.I!.
V ¥ or mr-h
and the relative uncertainty due to height 1s
oV,  h Jd¥ h -
”VJ —- = = _'__H,I' — wr H‘; = ”.I"
' ¥ ¥ oh " mr°h I j
The relative uncertainty in volume is then
3 571/2
uy = + [(ZH,) +(u),) ] (F.4)

Comment: The coefficient 2, in Eq. F.4, shows that the uncertainty in measuring cylinder ra-
dius has a larger effect than the uncertainty in measuring height. This is true be-
cause the radius 1s squared in the equation for volume.

APPLICATIONS TO DATA

Applications to data obtained from laboratory measurements are illustrated in the fol-
lowing examples.

EXAMPLE F.3 Uncertainty in Liquid Mass Flow Rate

The mass flow rate of water through a tube 1s to be determined by collecting water in
a beaker. The mass flow rate 1s calculated from the net mass of water collected di-
vided by the time interval,

m = 59 (E.5)
At
where Am = m; — m,. Error estimates for the measured quantities are
Mass of full beaker, m, = 400 = 2 g (20to 1)
Mass of empty beaker, m, = 200 = 2 g (20 to 1)

Collection time interval, Ar = 10 = 0.2s(20to 1)

The relative uncertainties in measured quantities are
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v =+ 28 _ 4001

e T 200¢g
2
Uy, = i% = +0.02
S

The relative uncertainty in the measured value of net mass is calculated from Eq. E.3 as
¥ ~1/2

2
Mg dAm m, dAm .
Uy, = T Uy, + Uy,
Am amf / Am ame g

= +{[Q)DE0.005) + [(1)(=1)(+0.01)]2}"2
HM = iOUMI

Because m = m(Am, At), we may write Eq. F.3 as
- q1/2

Am I (At am Y
- - + F.6
- ( m 9Am “ﬂ"’”) (m JA1 ”‘“) (+0)
The required partial derivative terms are
Afn om _1 s 41‘ amz_l
m o0Am m O0At
Substituting into Eq. F.6 gives
u; = +{[(1)(£0.0141)]% + [(=1)(£0.02)]*}"/2
u, = +£0.0245 or *+ 2.45 percent (20to 1)

Comment: The 2 percent uncertainty interval in time measurement makes the most impor-
tant contribution to the uncertainty interval in the result.

EXAMPLE F.4 Uncertainty in the Reynolds Number for Water Flow

The Reynolds number is to be calculated for flow of water in a tube. The computing
equation for the Reynolds number 1s

Re = B I Re(m, D, w) (F.7)

D

We have considered the uncertainty interval in calculating the mass flow rate. What
about uncertainties in p and D? The tube diameter is given as D = 6.35 mm. Do we
assume that it is exact? The diameter might be measured to the nearest 0.1 mm. If so,
the relative uncertainty in diameter would be estimated as

0.05 mm
HD — i
6.35 mm

The viscosity of water depends on temperature. The temperature is estimated as 7 =
24 *+ (0.5°C. How will the uncertainty in temperature affect the uncertainty in u? One
way to estimate this 1s to write

= +0.00787 or + 0.787 percent

5 1 d
=+ _ 28+ (F.8)
po o dl

The derivative can be estimated from tabulated viscosity data near the nominal tem-

perature of 24°C. Thus

W)
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l
o —

di  Ap p(25°C)— pu(23°C)  (0.000890 —0.000933) N s

dT” AT (25 -23)C m- 2°C
d g
= = 215x10° N-¢/(m” - °C)
dT
It follows from Eq. F.8 that the relative uncertainty in viscosity due to temperature is

5

I m- . =2.15x10™ N-8 (£0.5°C)
Uty = | X > a
& 0.000911 N s m- - C
= 10.0118 or + 1.18 percent

”;JJ )
Tabulated viscosity data themselves also have some uncertainty. It this 1s = 1.0 percent,
an estimate for the resulting relative uncertainty in viscosity 1s

i, = £[(£0.01)7 +(£0.0118)°]"% = +0.0155  or  +1.55 percent

The uncertainties in mass flow rate, tube diameter. and viscosity needed to com-
pute the uncertainty interval for the calculated Reynolds number now are known. The
required partial derivatives, determined from Eq. F.7. are

m dRe m 4 Re

— — = ]

Re dm Re muD  Re

w dRe R 4m  Re _ )

Re ou Re WP,ED Re

DORe _ D . 4 Re |

Re oD Re  zuD- Re

Substituting into Eq. F.3 gives
i g i iy s
. [m JRe ] L JdRe | { D ORe ]

. =0 i, U i =-
i Re dm Re o " Re oD "
e, = £{[((£0.0245)] + [(=1)(£0.0155)] + [(=1)(+0.00787)]7}"'
ug, = £0.0300 or +3.00 percent

Comment. Examples F.3 and F.4 illustrate two points important for experiment design. First,
the mass of water collected. Am, 1s calculated from two measured quantities. my
and m_ . For any stated uncertainty interval in the measurements of i, and m,, the
relative uncertainty in Am can be decreased by making Am lareer. This might be
accomplished by using larger containers or a longer measuring interval. Az. which
also would reduce the relative uncertainty in the measured Ar. Second, the uncer-
tainty in tabulated property data may be significant. The data uncertainty also 1s
increased by the uncertainty in measurement of fluid temperature.

EXAMPLE F.5 Uncertainty in Air Speed

Air speed is calculated from pitot tube measurements in a wind tunnel. From the
Bernoulli equation.

\/2

VYo

V it [-f) hﬁ“ dler ] (Fg)
Pair

where /1 1s the observed height of the manometer column.
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The only new element in this example is the square root. The variation in V due
to the uncertainty interval in 4 is

-1/2
_}l E}i — h’ ] (zghpwal[t}r ] zgpwa[er
V ah V 2 pﬂi[‘ pﬂi['

hoV _h112pyy 1V
Voh V2V p. g

Using Eq. F.3, we calculate the relative uncertainty in V as

——
—

.
2

LY (1 Ll
Hv =T _’juh i Eupwulcr o _Eupair

_ o

2"]4'"2

It u, = *£0.01 and the other uncertainties are negligible,
: 1172

l 2
T ie[a(i 0.01)] ;

.

uy = +0.00500 or +0.500 percent

Comment: The square root reduces the relative uncertainty in the calculated velocity to half
[hat Uf iy,

SUMMARY

A statement of the probable uncertainty of data is an important part of reporting
experimental results completely and clearly. The American Society of Mechanical
Engineers requires that all manuscripts submitted for journal publication include an
adequate statement of uncertainty of experimental data [5]. Estimating uncertainty in
experimental results requires care, experience, and judgment, in common with many
endeavors in engineering. We have emphasized the need to quantify the uncertainty
of measurements, but space allows including only a few examples. Much more infor-
mation is available in the references that follow (e.g., [4, 6, 7]). We urge you to con-
sult them when designing experiments or analyzing data.
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