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Abstract

In the paper, we consider Hilbert spaces of functions on infinite graphs,
and their compactifications.

We arrive at a sampling formula in the spirit of Shannon; the idea is that
we allow for sampling of functions f defined on a continuum completion of
an infinite graph G, sampling the continuum by values of f at points in the
graph G.

Rather than the more traditional frequency analysis of band-limited
functions from Shannon, our analysis is instead based on reproducing ker-
nel Hilbert spaces built from a prescribed infinite system of resistors on G.
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1 Introduction

We consider weighted graphs as electric networks, or in statistical mechanics,
where weights are assigned to each of the 2d edges, and for each vertex x. This
way, a weight of the graph G becomes a positive function defined on the edges
of the specified graph G. Below we develop the general theory, illustrate its
applications; and we obtain Shannon’s result as a special case. An especially
attractive statistical mechanics application is [21], [18] and [6].
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Now Shannon’s view is motivated by signal processing, i.e., engineering of
signals, see e.g., [7]: interpolation of functions (signals) on a continuum, de-
termining band-limited functions defined on a continuum from their discrete
samples. But in some cases outside the study of lattice graphs, one might only
have available the particular given (countably discrete!) graph G; no ambient
continuum; and indeed there might well be a variety of choices for an ambient
continuum. This is the viewpoint taken in the present paper.

In more detail, starting with a fixed infinite graph G, it will be convenient
for us to denote the set of vertices G0, and the edges G1. And we will study
functions on both sets; more precisely, Hilbert spaces obtained by completion
in certain quadratic forms; as well as the interconnections between spaces of
functions on G0, and on G1.

1.1 Electrical Networks

In an electrical network consider configurations of voltages and of currents. In-
terconnections between spaces may be understood with the use of the two rules
for electrical networks, Ohm’s law, and Kirchhoff’s sum-rules for current flow.
In this case, hence functions on G0 represent voltages, i.e., voltage potentials,
while functions on G1 can be a configuration of Kirchhoff-current (measured in
Amps).

In a variety of frameworks, this analysis on weighted graphs will be devel-
oped; and these graphs in turn arise in a host of applications, the network theory
being just one of them [23].

In order to visualize our initial summary, the concepts with reference to
“grids of resistors,” i.e., networks and systems of resistors will be illustrated.
Indeed, there are a number of separate applications of the same theory already
[14], [10]. Nevertheless we are not aware of theorems that allow for realistic am-
bient spaces X for a fixed infinite weighted graph G; as well as an interpolation
in function spaces on X, from sampling points in the vertices of G. One reason
for this is that, starting with G, the choice of such an ambient continuum X is
not obvious from the given graph G. This problem will be solved with the use
of ideas from stochastic integration.

Now the study of weighted graphs is also a part of the wider subject of
random walk analysis. On the other hand, in this wider context we are really
dealing with an analysis of weighted graphs. We are looking at a positive func-
tion c (the notation c is for conductance, and c = 1/resistance). We define a
weighted graph to be a pair (G, c) where c is a fixed positive function defined
on the set of (unordered) edges G1.

The network point of view is developed in recent papers by one of the present
authors and Erin Pearse [15], [14], motivated by electrical engineering, proba-
bility, and statistical mechanics.
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Insert an amp at one fixed vertex x, and extract it at another vertex y. Then
a current and a voltage distribution in the entire graph will be generated. Now,
the current is directed; and this results in an induced directed graph. However,
with the direction on the edges depending on choices: A different amp-in amp-
out experiment, a different current configuration on G will be induced.

We might even extract the one amp at a point at infinity, so this then involves
a subtle analysis of boundaries of infinite graphs.

When G is an infinite tree, then one can easily see that the boundary of
G, bdG should be a Cantor set; but to make this precise, a Laplace operator
on G (this will depend on the choice of conductance function c) must be intro-
duced; an appropriate Hilbert space in such a way that bdG attains properties
in the present discrete context, otherwise familiar from classical (continuous)
harmonic analysis, for instance the harmonic functions on G must have an inte-
gral representation, with an integral kernel on the Cartesian product G×bdG,
much analogous to the more familiar Poisson kernel from the study of harmonic
functions on an open domain in the complex plane.

We then move to the development of formula for the Laplace operator of
such a given weighted graph (G, c), and we introduce a Hilbert space H(G, c).
The Laplace operator will be Hermitian as a densely defined linear operator in
H(G, c); it could be bounded or unbounded depending on the context. It might
even have non-zero deficiency indices in the sense of von Neumann.

Now this Hilbert space H(G, c) must be relied on for the essential ingredients
in a harmonic analysis. While it might be natural choice to try l2 sequence space
that is more simple looking, l2(G0) as a candidate for Hilbert space, this will
not work. The papers by Jorgensen and Pearse make the case that “the right”
Hilbert space is H(G, c) which is called the energy Hilbert space. The study of
these Hilbert spaces also entails notions of resistance distance, see [13].

This H(G, c) turns out to be a reproducing kernel Hilbert space (RKHS),
however not in the traditional sense of the RKHS notion, see [3, 2]. As a matter
of fact, the reproducing kernel in H(G, c) is a function depending on a pair of
points in G0; not just one point, which is the traditional notion of RKHS; see
e.g., [12].

Two different approaches to analysis on graphs have been used in a number
of recent papers. While separate teams of authors, ask closely related questions
about the graphs under study, the tools are different.

There has been a recent revived interest in sampling techniques, motivated
by quantization requirements in digital signal processing in part, and by contrast
to our present approach, much of this is based on harmonic analysis tools, see
e.g., [1, 5, 4, 8, 9], and other investigations on Markov processes [19, 11, 20, 22,
16, 17, 13].
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2 Graphs, Signals, Shannon’s Interpolation

In this section we briefly review the standard formulation of Shannon interpo-
lation of band-limited signals, and we outline an adaptation to the analogous
interpolation on infinite graphs G. In Theorem 2.1 we state an interpolation
theorem in this context, offering an interpolation formula for functions defined
on “the” boundary bd(G) of a given graph G of G: we interpolate a certain class
of functions on bd(G) expanded from its values on the vertices in G.

In signal processing Shannon’s example

∑
(‖signal‖2) =

∫
R
‖f(t)‖2dt <∞ (1)

but not all funtions on R are signals. Here, signal is referred as observable and
band limited.

L2
band := {f ∈ L2(R) : f̂(·)is supported in [−π, π], frequency band}. (2)

↑ band-limited analogue-signals

2.1 Shannon’s Theorem:

f ∈ L2
band satisfies interpolation

f(t) =
∑
n∈Z

f(n)
sinπ(t− n)
π(t− n)

. (3)

Since f is band-limited,

f̂(θ) =
∑
n∈Z

a(n)e−inθ Fourier transform and Fourier series (4)

a(n) :=
1

2π

∫ π

−π
einθf̂(θ)dθ (5)

=
1

2π

∫ π

−π
einθ

∫
R
e−iθtf(t)dt (6)

=
∫

1
2π

∫ π

−π
eiθ(n−t)dθf(t)dt (7)

=
∫
δ(n− t)f(t)dt = f(n), ∀n ∈ Z. (8)

Now substitute (2.8) into (4), and we get
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f(t) =
1

2π

∫
R
f̂(θ)eiθtdθ

=
∑

n

f(n)
1

2π

∫ π

−π
eiθ(t−n)dθ

=
∑
n∈Z

f(n)
sinπ(t− n)
π(t− n)

, ∀t ∈ R.

Our plan is to carry on Shannon’s idea to the realm of graphs. We need
an embedding of G0B into some counting space, called S1 below, such that
∃la : Ga ×B such that

f̃(ξ) =
∑

x∈G0

la(x, ξ)f(x) (9)

thus extending Shannon in the version (3).

2.2 The General Theory of Without Groups:

Interpolation for our (G, c) 7→ HE finite energy voltage signals, where G0 repre-
sent vertices, G1 represent edges, and c : G1 7→ R+.∑

(voltage signal) =
1
2

∑ ∑
x∼y

cxy|f(x)− f(y)|2 <∞. (10)

2.3 Problem

Find natural interpolation spaces B in our HE(G, c) (FIX: section 4) in such a
way that Shannon’s formula

G|B
(3) Z 7→ R (Shannon)

G 7→ “B”

so that our case Hilbert space of functions on B such that (9) holds. The object
is to get a dense subspace S ↪→ HE with a stronger Fréchet topology such that
the dual S′ := all continuous linear functionals which satisfy

s′ ∈ S′ ⇔
D
s′(s1 + λs2) = s′(s1) + λs′(s2) ∀s1, s2 ∈ S, ∀λ ∈ C

is Fréchet continuous. S ↪→ HE ↪→ S′ Schwartz’s tempered distributions.
From the inner-product in HE

(u, v)E =
1
2

∑
x∼y

∑
cxy(u(x)− u(y))(v(x)− v(y)).
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We get that v ∼ 〈·, v〉 ∈ S′, so there is a natural embedding of HE ∼ H′
E into

S′. The space S′ carries a white noise measure from the theory of stochastic
processes.

2.4 Remark

Gelfand triple
S ↪→ HE ↪→ S′ (S′ ⊂ B) (11)

offer candidates for interpolations.
We build kernels k : G × B 7→ C such that functions on B (some cleverly

defined subspace HB.

f(β) =
∑
x∈G

k(x, β)f(x) ∀β ∈ B. (12)

So we want HB ≈ HE and k on G×B such that (12) holds ∀β ∈ B, ∀f ∈ HB,
i.e., interpolation.

From the theory of energy Hilbert space from [13] we have two systems as
follows:

δx : G0 7→ R δ/Gx(y) =

{
1 y = x

0 else

vx : G0 7→ R ∆vx = δx − δ0. (13)

We select a base-point o ∈ G0. By Riesz ∃! vx ∈ HE such that

〈vx, f〉E = f(x)− f(o), ∀f ∈ HE ; (14)

and vx satisfies (13).
We have

〈δx, f〉E = (∆f)(x)

=
∑
y∼x

cxy(f(x)− f(y)).

Theorem 2.1.

〈f, ξ〉E =
∑

x∈G0\{o}

f(x)(∆ξ)(x), ∀f ∈ S,∀ξ ∈ S′. (15)

Proof. The topologies on the spaces S and S′ are as follows: Given a weighted
graph (G, c), then select a fixed vertex o, and let the system {vx}x∈G0\{o} (called
dipoles) be as in equation (14). Since the vertex set Go is countable, we may
apply Gram-Schmidt to the system of dipoles, obtaining thereby an ONB in
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the Hilbert space HE , say ε1, ε2, · · · , corresponding to vx1 , vx2 , · · · ∈ HE . Using
again (14), one checks that

vxn =
n∑

k=1

εxk
(xn)εxk

, (16)

and

εxn =
n∑

k=1

〈δxk
, εxn〉Evxk

(17)

=
n∑

k=1

(∆εxn(xk)) vxk
. (18)

In these computations, we used that ∆vx = δx − δ0, for all x ∈ G0 \ {o}. We
now introduce the following Gelfand-triple:

S
Fréchet space

↪→ HE
Hilbert space

↪→ S′
dual to S

(19)

where:

(i)

u ∈ HE ⇐⇒
Parseval

∃(cj) ∈ l2 such that u =
∞∑

j=1

cjεxj , and ‖u‖2
E =

∞∑
j=1

‖cj‖2;

(ii) u ∈ S ⇐⇒
Def

the expansion (cj) in (i) satisfies:

∀p ∈ N ∃K <∞ such that |cj | ≤ Kj−p,∀j ∈ N;

(iii) ξ ∈ S′ ⇐⇒
Def

the expansion (cj) in (i) satisfies:

∃q ∈ N ∃K <∞ such that |cj | ≤ Kjq,∀j ∈ N;

The conditions in (ii) and (iii) then define dual topologies on the pair S, S′

turning S into a Fréchet space.
As a result, we conclude that elements ξ ∈ S′ are also functions on G0 (=

the vertex set of G). Therefore the c−Laplace operator ∆ (defined from the
conductance function c : G1 → R+) is also acting on S′, i.e., via

(∆ξ) (x) =
∑
y∼x

cxy (ξ(x)− ξ(y)) .
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Note that the representations (16) and (17) depend on the ordering x1, x2, · · ·
of points in G0 \ {o}, while the conclusion in (15) is independent of this choice.

Also note that since the sum in (16) is finite for each xn, it follows that the
functions {vx}x∈G0\{o} are in S.

We may therefore, for all f ∈ S, take f̃(ξ) = 〈f, ξ〉E as a function on S′. As a
result, f̃ is an extension from G0 to S′ via this identification, i.e., G0 \{o} ↪→ S′.
The choice of base-point o in G0 enters as follows: If x ∈ G0, then

f̃(x) = 〈f, v〉E = f(x)− f(o). (20)

Since o is fixed, we may restrict attention to f ∈ S satisfying f(o) = 0.
As a result, the conclusion in (15) takes the form

f̃(ξ) =
∑

x∈G0\{o}

(∆ξ) (x)f̃(x). (21)

For the proof of (21), or equivalently (15), we need:

Lemma 2.2. The Dirac functions {δx} are in S. Indeed, for every x ∈ G0\{o},
we have:

δx = c(x)vx −
∑
y∼x

cxyvy (22)

when the summation on the RHS in (22) is finite.

Proof. For u ∈ HE , we compare as follows

〈c(x)vx −
∑
y∼x

cxyvy, u〉E = c(x)〈vx, u〉E −
∑
y∼x

cxy〈vy, u〉E

= c(x) (u(x)− u(o))−
∑
y∼x

cxy (u(y)− u(o))

=
∑
y∼x

cxy (u(x)− u(y))

= (∆u) (x)
= 〈δx, u〉E .

Since this holds for all u ∈ HE , the desired formula (22) follows.

Proof of Theorem 2.1 continued: In view of the Gelfand-triple (19), and
the duality relations (i)-(iii), we conclude that it is enough to verify (15) for
functions f on G0 \ {o} having the following finite sum representation

f =
∑

x

f(x)δx. (23)
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Hence, for all ξ ∈ S′, we have

f̃(ξ) =
∑

x

f(x)〈δx, ξ〉E

=
∑

x

f(x)(∆ξ)(x)

which is the desired conclusion.
Indeed to extend from finite sums, as in (23), to the general case on f ∈ S,

we may use (ii) and (iii), and approximation f ∈ S with finite representations
(23).

Example 2.3. (Z+, 1) G0 = Z+ ∪ {o}, c(x, x + 1) = 1, ∀x ∈ Z+ ‖f‖2
E =

1
2

∑
x |f(x)− f(x− 1)|2.

Example 2.4. (Z, 1) G0 = Z, c(x, x+ 1) = 1, ∀x ‖f‖E same as in Example 2.3
but with sum

∑
x∈Z

.

Example 2.5. (Z, c) As in Examples 2.3 and 2.4, but with cx,x+1 = cx with
c > 1 is some fixed number.

Remark 2.6. We have other properties in mind in our study of (11) but in a
way (details below!) (11) is better satisfied for interpolation than for Poisson
kernels.

2.5 Several Reasons

We get a non-trivial solution to (11) even in such cases as (Z+,1 = G) when G
does not have only bdG in our sense. But S′, (Z+,1) = G is still∞−dimensional;
and it satisfies (12).

Example 2.7. Let S ⊂ HE ⊂ S′ and {εx} ONB in HE then

(vx) dipole vx(o) = 0, ∆vx = δx − δo. (24)

(εx) ONB in HE , εx = vx − vx−1

Definition 2.8.
‖f‖2

E =
1
2

∑
x∈Z+

|f(x)− f(x− 1)|2 . (25)

Lemma 2.9.

f ∈ S ⇐⇒
D

∑
x∈Z+

xp |f(x)− f(x− 1)|2 <∞ ∀p ∈ Z+. (26)

ξ ∈ S′ ⇐⇒ ∃A <∞∃p1 ∈ Z+ (27)

such that |ξ(x)− ξ(x− 1)| < Axp1 for all x ∈ Z+ ⇐⇒ polynomial growth.
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Proof. Set

‖f‖p :=

1
2

∑
x∈Z+

xp |f(x)− f(x− 1)|2
1/2

. (28)

Claim: If ξ is a function on Z such that (27) holds, then (p = pξ), then there
exists C <∞ such that

|〈ξ, f〉HE
| ≤ C ‖f‖2p1+2 , ∀f ∈ S. (29)

This special case (Z+, 1) works in general.

〈ξ, f〉HE
≤ 1

2

∑
x∈Z+

|(ξ(x)− ξ(x− 1))| |(f(x)− f(x− 1))| (30)

=
1
2

∑
x∈Z+

1
xp1+1

|(ξ(x)− ξ(x− 1))|xp1+1 |(f(x)− f(x− 1))| (31)

≤
by27

A

2

∑
x∈Z+

1
x
xp1+1 |(f(x)− f(x− 1))| (32)

≤
by Schwarz

A

2

 ∑
x∈Z+

1
x2

1/2  ∑
x∈Z+

x2p1+2 |f(x)− f(x− 1)|2
1/2

(33)

=
A

2

(
π2

6

)1/2

‖f‖2p1+2 (34)

proves (29) where C = A
2

π2
√

6
, ζ(2) = π2

6 and (28).

This proves that (27) makes f  〈ξ, f〉HE
into a distribution, i.e., ξ ∈ S′.

The converse are from standard functional analysis.
As in the given case, given S is Fréchet topology from the seminorms (28),

we have

{vx} ⊂ S ↪→ HE ⊂ S′. (35)

Note that (35) implies that S is dense in HE .
Comments:
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p1 = 0 : |ξ(x)− ξ(x− 1)| ≤ A⇒ linear growth

|ξ(x)| ≤
x∑

y=1

|ξ(y)− ξ(y − 1)| ≤ xA

p1 = 1 ⇒ |ξ(x)| ≤ A

x∑
y=1

y = A
x(x+ 1)

2
= O(x2)

p1 = q ⇒ |ξ(x)| ≤ A

x∑
y=1

yq = O(xq+1)

If p1 = 0, then for all f ∈ S, we have:

〈ξ, f〉HE
≤ A

∑
x∈Z+

1
x
x |f(x)− f(x− 1)|

≤
Schwarz

A

2

(
π2

6

)1/2
 ∑

x∈Z+

x2 |f(x)− f(x− 1)|2
1/2

=
Aπ

2
√

6
‖f‖2 the 2-seminorms on S, see (28).

Corollary 2.10. Both S and S′ are infinite dimensional.

Proof. We also noted in (35) that {vx} ⊂ S so S is infinite dimensional, But
now use (30) to conclude that

{εx} ⊂ S′ (36)

Indeed, ξ = εx0 satisfies

〈ξ, f〉 =
by(14)

ξ(x)− ξ(x− 1) (37)

= εx0(x)− εx0(x− 1) (38)
= 0 if x > x0 (39)

Hence (27) is satisfied and (36) holds.

But note that S′ is still much bigger than HE .

2.6 Topologies

Fréchet: stronger than the norm in HE nuclear embedding a la Gelfand. Dual
of stronger is weaker than the norm topology. Even if ∆ is bounded in this
exampling, then S ( HE , i.e., is strictly smaller.

Recall. Computations in the example, (Z+,1) Comment on (27). In the case
(Z+,1), we have (27) ⇐⇒ polynomial growth, but not in general (G, c), etc.
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Proof. Clearly, (27) implies polynomial growth, and the converse is trivial.
If (27) holds, then ∃A, p, s.t.

|ξ(x)− ξ(x− 1)| ≤ Axp, ∀x ∈ Z+ (ξ(0) = 0)

so

|ξ(x)| = |(ξ(1)− ξ(0)) + (ξ(2)− ξ(1)) + · · ·+ (ξ(x)− ξ(x− 1))| (40)
≤ A1p1 + 2p1 + · · ·+ xp1 (41)

= A

x∑
y=1

yp1 ' O(xp1+1), (42)

which is polynomial growth by p1 + 1.

2.7 Conclusions:

S′ = all polynomial growth functions on Z+. Clearly very infinite dimensional.
But the white noise measure ω is supported only on a “small” subset of S′. So
in the example (Z+,1), we get S′ = all polynomially bounded sequences on Z+;
at least a concrete answer.

3 Sampling and Kernels

Our introduction of a suitable reproducing kernel allows us, in a general frame-
work, to offer a representation of irregular sampling; and this approach includes
both traditional periodic Shannon-sampling, as well as sampling on infinite
graph, i.e., sampling on vertex-points for functions defined on an ambient bound-
ary set for a fixed infinite graph.

Below we study sampling in the context of reproducing kernel Hilbert space
(RKHS.) The framwork includes the case of boundary sets derived from infinite
graphs, see (21).

By a positive definite kernel, we mean a function K on a set X ×X where
X is fixed, and such that ∑

x

∑
y

cxcyK(x, y) ≥ 0 (43)

for all finitely supported functions c : X 7→ R on the set X. While the theory
works for complex valued functions, the real case suffices in ons present analysis.
A discrete subset Γ ⊂ X is said to be a sampling set if the following conditions
hold. To state these, we introduce a reproducing kernel Hilbert space, RKHS
H := H(K) correspond to the fixed kernel K, and we set

Kx := K(x, ·) ∈ H. (44)
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It is known that Kx ∈ H, ∀x ∈ X; and that

f(x) = 〈f,Kx〉H, ∀f ∈ H, ∀x ∈ X. (45)

(The last property (45) is called the reproducing property.) Here 〈·, ·〉H denotes
the Hilbert inner-product in H.

For Γ ⊂ X to be a sampling set, we require the following two condition to
hold: There exists an orthonormal basis (ONB) {en}n∈N and a function

A : N× Γ 7→ R (46)

such that
en =

∑
γ∈Γ

A(n, γ)Kγ , ∀n ∈ N (47)

with the summation in (47) convergent in the norm of H.

Theorem 3.1. Let K, X, and Γ be as above. Then there is a sampling kernel

S : Γ×X 7→ R (48)

such that, for all f ∈ H, and all x ∈ X, the following representation holds:

f(x) =
∑
γ∈Γ

f(γ)S(γ, x). (49)

So the interpolation is valid for all function f ∈ H, and all points x ∈ X.

Proof. Since Γ is a sampling set for the R=KHS H = H(K), there is an ONB
{en}n∈N satisfying (47).

Let f ∈ H; then we have the following representation:

f(x) =
∑
n∈N

〈f, en〉Hen (50)

with convergence in the norm of H. This is by assuming the ONB property of
{en}n∈N, and the kernel property of H, i.e., f(x) = 〈f,Kx〉H.

These facts also allow us to justify the following exchange of summations:
We substitute (47) inside the inner-product 〈f, ·〉H on the RHS in (50). As a
result we get:

f =
∑
n∈N

〈f,
∑
γ∈Γ

A(n, γ)Kγ〉Hen

=
∑
n∈N

∑
γ∈Γ

A(n, γ)〈f,Kγ〉Hen

=
∑
γ∈Γ

f(γ)
∑
n∈N

A(n, γ)en.

Hence, setting S(γ, x) :=
∑

n∈NA(n, γ)en(x), the desired interpolation formular
(49) follows.
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4 Sampling and Stochastic Process

In this section we offer certain frame estimates for our interpolation formulas.
Recall that a “frame” is a generalization of expansion formulas which are better
known for the case of orthonormal bases (ONBs) in Hilbert space. In short, a
frame is an over-complete basis, see below. In Theorem 3.1 we offer a procedure
for building frames with the use of certain Gelfand-triples. The idea here is
that, if a signal is given as a function in a specific Hilbert space H of signals on
the fixed infinite graph G, then there is an associated Gelfand triple offering an
extension S′ of H and an associated Gaussian system built on S′. This in terms
allows us to make precise frame estimates for functions in H.

H := L2
R(R, dx), dx = Lesbegue measure on R. (51)

K ⊂ H a closed subspace. (52)

ST = {tk}∞k=0 ⊂ R some discrete set of sample points. (53)

Assume (S,K) : ∃A,B ∈ R+ 0 < A < B <∞ such that

A‖ϕ‖2 ≤
∞∑

k=0

|ϕ(tk)|2 ≤ B‖ϕ‖2, ∀ϕ ∈ K with ‖ϕ‖2 = ‖ϕ‖2
H =

∫
R
|ϕ(x)|2dx.

(54)

Theorem 4.1. Let (K,ST ) be a pair as specified in equations (52), (53) and
(54) above, and let

S ↪→ H ↪→ S′

In the norm Gelfand-space H = L2(R, dx). Let PK be the projection onto K ⊂
H. Then

EW (X(ϕ)2) = ‖PKϕ‖2,∀ϕ ∈ S. (55)

More generally, EW (X(ϕ)X(ψ)) = 〈PKϕ,ψ〉 ∀ ϕ, ψ ∈ S. Indeed, if EW (·) :=∫
S′(· · · )dPW is the norm expectation with respect to the Wiener measure PW on
S′, then

EW (ei〈ϕ,·〉) =
∫

S′
ei〈ϕ,w〉dPW (w) = e−

1
2
‖PKϕ‖2 (56)

Note that (56) as a special case, K = band-limited functions = ˜L2(−1
2 ,

1
2 , du)

∨
=

{ϕ ∈ L2(R, dx)|ϕ(x) =
∫ 1

2

− 1
2

ei2πxuϕ̂(u)du}. Moreover, the product X = X(K,ST )

is given by the formula

X(ϕ) =
∑

j

(PKϕ)(tj)Zj(·) (57)
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where Zj ∼ N(0, ‖vj‖2) on vj is a system of vector vj ∈ K such that PKϕ =∑
j(PKϕ)(tj)vj holds in H := L2(R, dx).

Example 4.2.

K =
˜

L2([−1
2
,
1
2

], du) = the usual band-limited L2− function on R; S = Z.
(58)

Fact: In case (58), we have equal signs in both estimates in (54),∑
k∈Z

|ϕ(k)|2 = ‖ϕ‖2 (59)

Proof. If ϕ ∈ K, then by L2− theory we get

ϕ̂(u) =
∑
k∈Z

ϕ̂(k)e−i2πku (60)

where

ϕ̂(k) =
∫ 1

2

− 1
2

ϕ̂(u)ei2πkudu =
∫

R
ϕ(y)

sinπ(k − y)
π(k − y)

dy = 〈ϕ,wk〉H = ϕ(k), k ∈ Z

(61)
where {wk} is the Shannon band, and so if ϕ ∈ K (see (58)), then

‖ϕ‖2 =
∑
k∈Z

|〈ϕ,wk〉|2 =
∑
k∈Z

|ϕ(k)|2 (62)

which is the described two equal signs in equation (54).

5 Frame-estimates Project

In this and the next section we show how, via the Gelfand-triples from sect 3,
functions in H take the form of Gaussian random variables. In this guise the
frame decompositions take the form of Karhunen-Loeve expansions, i.e., expan-
sions in a fundamental system if independent (identically distributed) standard
Gaussians. Below we fixed system (Zk) of i.i.d N(0, 1) random variables, and
associated random variables,

∑
k ckZk where (ck) are constants, or systems of

functions. The system (Zk) will refer to a fixed probability space (c′, cylin-
der σ−algebra, P). (K,S) in (54) is similar to, or different from Example 4.2:
dσ(u) = Ξ[− 1

2
, 1
2
](u)du. In Example 4.2,

Xσ(ϕ) =
∑
k∈Z

ϕb(k)Zk(·) ∀ϕ ∈ S, (63)
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and
X(ψ) =

∑
k∈Z

ψ(k)Zk(·) (64)

for all ψ ∈ ̂L2(−1
2 ,

1
2) =: K1 = the standard band-limited function. Note, in

both (63) and (64), (Zk)k∈Z is a system of i.i.d. N(0, 1) Gaussian r.v.s.

6 Projection

Last for analogue of (63), expansion with respect to a fixed system (Zk) of i.i.d.
N(0, 1) random variables. If PK := the projection of H = L2(R, dx) write the
subspace K, then a natural extension of (26) to (K, ST ) as in (52)-(53) can be
written in

X(ϕ) =
∑

j

(PKϕ)Zj(·), ∀ϕ ∈ S (65)

where (Zj) is as before, be an independent N(0, 1) system.

7 Closer Look at Systems

(K, S) as in (52) and (53) for which (54) is assumed. Note: (54) ⇒ ∃w1, w2, · · · ∈
K (by Riesz) such that

ϕ(tk) = 〈ϕ,wk〉 (66)

where 〈·, ·〉 is the H = L2(R, dx) inner-product. In Example 4.2, (wk) is the
Shannon system, but in general {wk} in (66) is only determined abstractly.
Now substitute (66) → (54), to get a frame estimate

A‖ϕ‖2 ≤
∞∑

k=0

|〈ϕ,wk〉|2 ≤ B‖ϕ‖2, ∀ϕ ∈ K. (67)

Lemma 7.1. Let A : K → l2(N0) be the operator Aϕ = (ϕ(tk))k = (〈ϕ,wk〉)k ∈
l2(N0) then A∗A is invertible of on

A∗Aϕ =
∞∑

k=0

〈ϕ,wk〉wk (68)

Proof. Starting in the theory of frames. A system as in (67) is called a frame.
Set

vk = (A∗A)−1wk, (69)

then

ϕ =
∞∑

k=0

〈ϕ, vk〉wk =
∞∑

k=0

〈ϕ,wk〉vk (70)
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and (70) is called a dual frame system for the closure subspace K ⊂ H =
L2(R, dx).

Setting Zk(·) = ṽk(·) ∈ L2(S′, PW ) via on usual pair S ↔ S′ are its extension
to H ↔ S′ h̃(w) = 〈h,w〉, ∀w ∈ S′. Then it can be proven

XK(ϕ) =
∞∑

j=0

(PKϕ)(tj)Zj(·). (71)

Consider formulas (66), (69), (70). We use the second expansion on RHS (69).

EW (·) =
∫

S′
dPW

We get
EW (ZjZk) = 〈vj , vk〉H ∀j, k ∈ N0. (72)

To prove lemma, we only need to show that

EW (X(ϕ)2) = ‖PKϕ‖2, ∀ϕ ∈ S(the usual Schwartz space). (73)

Proof. of (73) on theory of Lemma 7.1

EW (X(ϕ)2) =
∫

S′
X(ϕ)2dPW

=
by (40)

∑
j

∑
k

PKϕ(tj)PKϕ(tk)EW (ZjZk)

=
∑

j

∑
k

PKϕ(tj)PKϕ(tk)EW (〈vj〉〈vk〉)

=
∑

j

∑
k

PKϕ(tj)PKϕ(tk)EW (ṽj ṽk)

=
∑

j

∑
k

PKϕ(tj)PKϕ(tk)EW (〈vj , vk〉)

= 〈
∑

j

PKϕ(tj)vj ,
∑

k

PKϕ(tk)vk〉

=

∥∥∥∥∥∥
∑

j

PKϕ(tj)vj

∥∥∥∥∥∥
2

=
by (30)

∥∥∥∥∥∥
∑

j

〈PKϕ,wj〉vj

∥∥∥∥∥∥
2

=
since wj∈K

∥∥∥∥∥∥
∑

j

〈ϕ,wj〉vj

∥∥∥∥∥∥
2

=
by (37)

‖PKϕ‖2
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which is the desired form (51). Then obtain formula (52) followed by the stated
in Minlos property.

In order to apply Minlos’ theorem, we then get S 3 ϕ −→ ‖PKϕ‖2 is con-
tained in the Fréchet tolopology of S. But the following from the formular

PKϕ =
∑

j

(PKϕ)(tj)vj

which we determined in (70) proof above.

‖PKϕ‖2 ≤
see(54)

1
A

∑
j

|PKϕ(tj)|2 ≤ Const.

So continuous in the Fréchet topology on S′
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