Scaling, wavelets, image compression, and
encoding

Palle E. T. Jorgensen and Myung-Sin Song

Abstract In this paper we develop a family of multi-scale algorithmitwthe use
of filter functions in higher dimension.

While our primary application is to images, i.e., processé®o dimensions, we
prove our theorems in a more general context, allowing dsioen3 and higher.

The key tool for our algorithms is the use of tensor produtt®presentations
of certain algebras, the Cuntz algeb@as, from the theory of algebras of operators
in Hilbert space. Our main result offers a matrix algorithen €omputing coeffi-
cients for images or signals in specific resolution subspatepecial feature with
our matrix operations is that they involve products anditien of slanted matrices.
Slanted matrices, while large, have many zeros, i.e., aesepWe prove that as the
operations increase the degree of sparseness of the redtrizease. As a result,
only a few terms in the expansions will be needed for achg@irgood approxi-
mation to the image which is being processed. Our expansi@eni®cal in a strong
sense.

An additional advantage with the use of representationsetgebra®y, and
tensor products is that we get easy formulas for generalitigeachoices of matri-
ces going into our algorithms.

1 Introduction

The paper is organized as follows: first motivation, hist@nyd discussion of our
applications. Since a number of our techniques use opehaory, we have a sepa-
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rate section with these results. We feel they are of indepetridterest, but we have
developed them here tailored to use for image processing.

A key tool in our algorithms is the use of slanted matrices] eamsor products
of representations. This material receives separateossctl he significance of the
slanted property is that matrix products of slanted madricecome increasingly
more sparse (i.e., the resulting matrices have wide patfraeros) which makes
computations fast.

Motivation and Applications. We consider interconnecsidretween three sub-
jects which are not customarily thought to have much to db wite another: (1) the
theory of stochastic processes, (2) wavelets, and (3) and-filters (in the sense of
signal processing).

While connections between (2) and (3) have gained recemhipence, see for
example [9], applications of these ideas to stochastigmtén is of more recent
vintage. Nonetheless, there is always an element of notbe jprocessing of signals
with systems of filters. But this has not yet been modeled stibchastic processes,
and it hasn't previously been clear which processes do thigjdie

Recall however that the notion of low-pass and high-passdilderives in part
from probability theory. Here high and low refers to freqagbands, but there may
well be more than two bands (not just high and low, but a firdtege of bands). The
idea behind this is that signals can be decomposed accalithgir frequencies,
with each term in the decomposition corresponding to a rafigehosen frequency
interval, for example high and low. Sub-band filtering amisun an assignment of
filter functions which accomplish this: each of the filterdlwhen block signals
in one band, and passes the others. This is known to allowdosmission of the
signal over a medium, for example wireless. It was discaleeeently (see [9]),
perhaps surprisingly, that the functions which give goddrd in this context serve
a different purpose as well: they offer the parameters whadtount for families of
wavelet bases, for example families of bases functionserHitbert spaceé.?(R).
Indeed the simplest quadrature-mirror filter is known toduwe the Haar wavelet
basis inL?(R).

It is further shown in [9] that both principles (2) and (3) ay@verned by fami-
lies of representations of one of the Cuntz algelags with the numbeiN in the
subscript equal to the number of sub-bands in the particodatel. So for the Haar
caseN = 2.

A main purpose in this paper is pointing out that fractionabBnian motion
(fBm) may be understood with the data in (2) and (3), and assaltr¢hat fBm
may be understood with the use of a family of representatibrg,; albeit a quite
different family of representations from those used in [9].

A second purpose we wish to accomplish is to show that theabmarand rep-
resentations we use in one dimension can be put togetherimsart product con-
struction and then account for those filters which allow fosgessing of digital
images. Here we think of both black and white, in which caseniliebe using a
single matrix of pixel numbers. In the case of color imaglkes,dame idea applies,
but then we will rather be using three matrices accountimgkposure of each of
the three primary colors. If one particular family F of regeatations of one of the
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Cuntz algebra®y is used in 1D, then for 2D (images) we show that the relevant
families of representations @fy are obtained fronf with the use of tensor product
of pairs of representations, each one chosen from

1.1 Interdisciplinary dimensions

While there is a variety of interdisciplinary dimensiongtim(harmonic, numerical,
functional, ... ), computer science, engineering, physicage science, we will offer
some pointers here some pointers to engineering, signah@agk processing.
Engineering departments teach courses in digital imagesjtaessed by such
standard texts as [11]. Since 1997, there was a separatefradvances involving
color images and wireless communication, the color appearaf surfaces in the
world as a property that allows us to identify objects, sge EL7, 29], and [8, 7, 30].
From statistical inference we mention [28]. Color imagimyides such as scan-
ners, cameras, and printers, see [26]. And on the more tieadrgide, CS, [10].

2 History and Motivation

Here we discuss such tools from engineering as sub-band fitted their manifold
variations. They are ubiquitous in the processing of madale data, such as arises
in wavelet expansions.

A powerful tool in the processing of signals or images, int fgaing back to
the earliest algorithms, is that of subdividing the data istib-bands of frequen-
cies. In the simplest case of speech signals, this may ievbub-division into the
low frequency range, and the high. An underlying assumpiorthis is that the
data admits such a selection of a tdiaite range for the set of all frequencies. If
such a finite frequency interval can be chosen we talk abodllmaited analog sig-
nals. Now depending of the choice of analysis and synthesikad to be used, the
suitability of bandlimited signals may vary. Shannon pibteat once a frequency
bandB has been chosen, then there is a Fourier representatiohdaignals, as
time-series, with frequencies Biwhich allow reconstruction from a discrete set of
samples in the time variable, sampled in an arithmetic @sgjon at a suitable rate,
the Nyquist rate. The theorem is commonly called the Shasaampling theorem,
and is also known as Nyquist—Shannon—Kotelnikov, Whittak8hannon, WKS,
etc., sampling theorem, as well as the Cardinal Theoremtefpgolation Theory.

While this motivates a variety of later analogues to digi¢dD) tools, the current
techniques have gone far beyond Fourier analysis.

Here we will focus on tools based on such multi-scale whiah @opular in
wavelet analysis. But the basic idea of dividing the totacgpof data into sub-
spaces corresponding to bands, typically frequency banmitisbe preserved. In
passing from speech to images, we will be aiming at the peesesnderlying the
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processing of digital images, i.e., images arising as aix@r checkerboard) of
pixel numbers, or in case of color-images a linked systenhi&fe checkerboards,
with the three representing the primary colors.

While finite or infinite families of nested subspaces are uibagys in mathemat-
ics, and have been popular in Hilbert space theory for g¢inesa(at least since the
1930s), this idea was revived in a different guise in 1986 t@pBane Mallat. It has
since found a variety of application to multiscale processeeh as analysis on frac-
tals. In its adaptation to wavelets, the idea is now refetoess the multiresolution
method.

What made the idea especially popular in the wavelet comipuvas that
it offered a skeleton on which various discrete algorithmapplied mathematics
could be attached and turned into wavelet constructionsaimbnic analysis. In
fact what we now call multiresolutions have come to signifyriacial link between
the world of discrete wavelet algorithms, which are popidaomputational math-
ematics and in engineering (signal/image processing,rdatig, etc.) on the one
side, and on the other side continuous wavelet bases indmsgaces, especially in
L2(RY). Further, the multiresolution idea closely mimics how feds are analyzed
with the use of finite function systems.

3 Operator Theory

Those key ideas multi-scale, wavelets, image processitdyitee operator theory
involved discussed about, and used inside our paper areazbvea number of ref-
erences. Especially relevant are the following [9, 3, 2,@l,19, 20, 21], but the
reader will find additional important reference lists in tiaoks [9] and [19]. A key
idea in the analysis we present here is to select a Hilbecesphich will represent
the total space of data; it may hé(RY) for a suitable chosed for dimension; or
it may be anyone of a carefully selected closed subspacespfesentation of a
function ind variables into an expansion relative to an orthogonal asia frame
basis) corresponds to a subdivision of the total space inesdimensional sub-
spaces. But to get started one must typically select a fixesixce which represent
a resolution of the data (or image) under consideratiom, the further subdivision
into closed subspaces can be accomplished with a scalirgreBult is a family of
closed subspaces, each representing a detail. There avillte a system of isome-
tries which account for these subspaces, and there will baleng operation which
makes (mathematically) precise the scale-similarity efdhata in different detail-
components of the total decomposition.

In wavelets, the scaling is by a number, for example 2, foddyaavelets. In
this case, there will be two frequency bands. If the scalessead by a positive
integerN > 2, then there will béN natural frequency bands.

Forimages, or higher dimensional date, it is then natunastoan invertible x d
matrix (over the integers), say, to model a choice of scaling. Scaling will then be
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modeled with powers oA, i.e., withAl asj ranges over the intege¥s In this case,
the number of frequency bands will be:= |det(A)|.

Here we review a harmonic analysis of isometries in Hilbpecg. Our results
are developed with view to applications to multi-scale pses. In the Hilbert
space framework, this takes the form of an exhaustion oédasibspaces, a mono-
tone family of closed subspaces where one arises from tlex bthan application
of a scaling operator.

But in mathematics, or more precisely in operator theory, ihderlying idea
dates back to work of John von Neumann, Norbert Wiener, anunbie Wold,
where nested and closed subspaces in Hilbert space wereextstsively in an
axiomatic approach to stationary processes, especialtjnfie series. Wold proved
that any (stationary) time series can be decomposed intaifferent parts: The
first (deterministic) part can be exactly described by adirmombination of its own
past, while the second part is the opposite extremeunhigry, in the language of
von Neumann.

von Neumann'’s version of the same theorem is a pillar in dpetheory. It
states that every isometry in a Hilbert spa¢eis the unique sum of a shiftisometry
and a unitary operator, i.e., the initial Hilbert spa@ splits canonically as an
orthogonal sum of two subspaceg& and 74, in 27, one which carries the shift
operator, and the othe#, the unitary part. The shift isometry is defined from a
nested scale of closed spad#s such that the intersection of these space#{s
Specifically,

---CV,1CVOCV1CV2C---CVnCVn+1C---

/\Vn - %, and\/Vn - %
n n

However, Stéphane Mallat was motivated by the notion desaaf resolutions
in the sense of optics. This in turn is based on a certainfi@ai-intelligence”
approach to vision and optics, developed earlier by David saMIT, an approach
which imitates the mechanism of vision in the human eye.

The connection from these developments in the 1980s bacsrtdNeumann
is this: Each of the closed subspa®ggorresponds to a level of resolution in such a
way that a larger subspace represents a finer resolutionllRiess are relative, not
absolute! In this view, the relative complement of the serglor coarser) subspace
in larger space then represents the visual detail whichdeddh passing from a
blurred image to a finer one, i.e., to a finer visual resolution

Subsequently, this view became popular in the wavelet conityas it of-
fered a repository for the fundamental father and the mdthestions, also called
the scaling functio, and the wavelet functiog (see details below). Via a system
of translation and scaling operators, these functionsgleeerate nested subspaces,
and we recover the scaling identities which initialize thppm@priate algorithms.
This is now called the family of pyramid algorithms in wavedmalysis. The ap-
proach itself is called the multiresolution approach (MRé&)vavelets. And in the
meantime various generalizations (GMRAS) have emerged.
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In all of this, there was a second “accident” at play: As intdt out, pyramid
algorithms in wavelet analysis now lend themselves via inesiblutions, or nested
scales of closed subspaces, to an analysis based on frgchamds. Here we refer
to bands of frequencies as they have already been used fagaitoe in signal
processing.

One reason for the success in varied disciplines of the saometric idea
is perhaps that it is closely modeled on how we historicadlyehrepresented num-
bers in the positional number system. Analogies to the Heah algorithm seem
especially compelling.

3.0.1 Multiresolutions
Haar's work in 1909-1910 holds implicitly the key idea whigbt wavelet math-
ematics started later with Yves Meyer, Ingrid Daubechi¢gp®ane Mallat, and

others (see [19] for a resent bibliograph)—namely the idearoultiresolution. See
Figures 1 and 2 for details.

Scaling Operator

o v

1] Iwe] ] 7]
S N N

-+ Va Vo Vi V2 V3

Fig. 1 Multiresolution.L?(R%)-version (continuous)p € Vo, i € Wp.

fu(X) = Skez Wk (- —K), representation by numbers= (vi) € 12(Z). The dyadic
scaling operator as a unitary operatot#{R), U = %f(’—z‘).
There are three different ways of representation, funciequence

L2(R) D12 ~L%(0,1): f «—Vve—V

~

T2 = V(2), 12 ~ L2(T), v = (w) € 12(Z)
Representation of Fourier series:

Vg = <£(7V>L2(T)’
1
vk:/ e 12y t)dt,
0

S w2 = [ o

keZ
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Generating functions (engineering term):

H(z) = S h& wherez=¢e”", andZ=e?™
keZ

An equivalent form of the dyadic scaling operatbin L?(R), U : V¢ — V¢, so
U restricts to an isometry in the subspatk

UEI = Z=b(5)

= V23 hip(x—j).
J

Set¢y = ¢ (- —k); then we have

1 X
72¢k(§)
1 X
=72¢(§—k)
1 x— 2k
=72¢( 5
= V23 hjg(x—2k— )
J

(Ui)(x) =

:\/Ezhj¢2k+j-
]

It follows that

u kaqﬁk = \/EZ ZthZk—l

= \/QZhZHd)(x—I) if we let] = 2k— j.
As aresult, we get:
(Muv) = V2 EZhZKJrIVk;
ke
and

(Mu&p) = V2 Ezhzkﬁ Opk = hopyi-
ke

Lemma 1. Setting W: fy — Sz W@ (- — k) € V?, and(Sfy)(2) := H(2) fy(Z), we
then get the intertwining identity W§S= UW on \?.

Proof.
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(WST)(X) = (W fs)(X)
= 3 (S (x—K)

keZ
= 753 w3
-7%M§—WWM®-

Note that the isometr§ = Sy andS; = S are 0, Cuntz algebra.

Val hap1 hop 42
o hop 1 hopgpg oo

Sésl are isometries fof = 0,1,2, - -- that generat@.,,

_ j ¥ _ ol j _ jot]l  altlari+l
e S I Rl

Pi+1

n n
%Qj = zo(Pj —Pi1)=1-Pua N |
= = o

since
Pra= 5™ — 0 by pure isometry lemmain [19].

Recall an isometrin a Hilbert space? is a shift if and only if limy ., SYS™N =
0. L2 is same as resolution spaceV?. The operators are as follow&y = SiS;,

Q1 = 9SIS|S = SHS1(SS1)"- Note thatQo = | — Ry, andQ;j = Pj — Py ;1.
‘.I.’j,k(x) = 27J/2LIJ(27]X+ k)' J = O’ 11 21 e

3 S cik=3 Y MQVKk=Y T (S8 VWi«
If we now take the adjoint of these matrices, these corredpmthe isometries.
S ~ Mj ~ Fo,

S ~ Mg ~ Fi.

Theorem 1. The wavelet representation is given by slanted matriceslbsifs:
5 3 (PRt = fu

Cik= (Yjk f)= /lllj,k(x) f(x)dx

e CV_1CVoCVIC -+, Vo+Wo = V.
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-] S6S1] SoSi] Sq
— —
So  So

Fig. 2 Multiresolution.|?(Z)-version (discrete)p € Vo, @ € Wp.

The word “multiresolution” suggests a connection to opfiiosn physics. So that
should have been a hint to mathematicians to take a closkralowends in signal
and image processing! Moreover, even staying within magies it turns out that
as a general notion this same idea of a “multiresolution”lbag roots in mathe-
matics, even in such modern and pure areas as operator #rabHjilbert-space ge-
ometry. Looking even closer at these interconnections,amenow recognize scales
of subspaces (so-called multiresolutions) in classiga@hmic construction of or-
thogonal bases in inner-product spaces, now taught in fatsathematics courses
under the name of the Gram—-Schmidt algorithm. Indeed, &closk at good old
Gram-Schmidt reveals that it is a matrix algorithm, Henog nethematical tools
involving non-commutativity!

If the signal to be analyzed is an image, then why not selectied fhut suitable
resolution(or a subspace of signals corresponding to a selected tiesgluand
then do the computations there? The selection of a fixed ltresn” is dictated by
practical concerns. That idea was key in turning computaifavavelet coefficients
into iterated matrix algorithms. As the matrix operatioeslgrge, the computation
is carried out in a variety of paths arising from big matringucts. The dichotomy,
continuous vs. discrete, is quite familiar to engineer® ifdustrial engineers typi-
cally work with huge volumes of numbers.

Numbers! — Why wavelets? What matters to engineers is nthy tha wavelets,
but the fact that special wavelet functions serve as an eficiay to encode large
data sets— encode for computations. And the wavelet algosiaire computational.
Encoding numbers into pictures, images, or graphs of fanstcomes later, perhaps
at the very end of the computation. But without the graphiesvould not under-
stand any of this as well as we do now. The same can be saicefardhy issues that
relate to the mathematical concept of self-similarity, @kwow it from fractals, and
more generally from recursive algorithms.

4 The discrete vs continuous wavelet Algorithms

4.1 The Discrete Wavelet Transform

If one stays with function spaces, it is then popular to pick d-dimensional
Lebesgue measure @&f, d = 1,2,---, and pass to the Hilbert spaté(RY) of all
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square integrable functions @', referring to d-dimensional Lebesgue measure. A
wavelet basis refers to a family of basis functionslf&fR?) generated from a finite
set of normalized functiong;, the index chosen from a fixed and finite index $et
and from two operations, one called scaling, and the othastation. The scaling is
typically specified by a by d matrix over the integerg such that all the eigenval-
ues in modulus are bigger than one, lie outside the closeadligki in the complex
plane. Thed-lattice is denoted , and the translations will be by vectors selected
from Z9. We say that we have a wavelet basis if the triple indexedlfami

Wi jk(X) = [detAl 2y (AIx+ k)

forms an orthonormal basis (ONB) fo?(RY) asi varies inl, j € Z, andk € RY.
The word “orthonormal” for a family= of vectors in a Hilbert space?’ refers to
the norm and the inner product i#”’: The vectors in an orthonormal family F are
assumed to have norm one, and to be mutually orthogonae Fathily is also total
(i.e., the vectors ifF span a subspace which is densesi#f), we say thaf is an
orthonormal basis (ONB.)

While there are other popular wavelet bases, for exampiedraases, and dual
bases (see e.g., [6, 15] and the papers cited there), the @iéBlse most agreeable
at least from the mathematical point of view.

That there are bases of this kind is not at all clear, and thgestiof wavelets in
this continuous context has gained much from its connestiorthe discrete world
of signal- and image processing.

Here we shall outline some of these connections with an egipba the math-
ematical context. So we will be stressing the theory of Hillspace, and bounded
linear operators acting in Hilbert spag€, both individual operators, and families
of operators which form algebras.

As was noticed recently the operators which specify pdeicsubband algo-
rithms from the discrete world of signal- processing turhtoisatisfy relations that
were found (or rediscovered independently) in the theoryperator algebras, and
which go under the name of Cuntz algebras, dendted nis the number of bands.
For additional details, see e.g., [19].

In symbols theC*—algebra has generato(rS){“:Bl, and the relations are

N-1
Z} SS' =1 (seeFig.3) 1)

(wherel is the identity element i@y) and

N—-1
_ZSﬁZLaM§%=dﬂ- )

In a representation on a Hilbert space, s&y the symbols§ turn into bounded
operators, also denot&] and the identity elemenrtturns into the identity operator
I 'in 27, i.e., the operatdr: h— h, forh € 7. In operator language, the two formu-
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las 1 and 2 state that eaShis an isometry ins#’, and that te respective ranggs?’
are mutually orthogonal, i.e§.57 L Sjs¢ for i # j. Introducing the projections
R =SS, we getRP; = § jR, and

N-1
57"

Example 1Fix N € Z... Then the easiest representatiordaf is the following: Let
H :=1%(Zp), wherel :=Z-o={0}UN={0,1,2,---}.

SetZn ={0,1,--- ,N—1} = Z/NZ = the cyclic group of ordeN.

We shall denote canonical ONB i’ = I2(I") by |x) = & with Dirac’s formal-
ism. Fori € Zy setS = p(s), given by

SIX) = |Nx+i), xel (3)

then

X7y ifx—i=0 modN
X)) =
Sk {O otherwise.

The reader may easily verify the two relations in (2) by hand.
For the use of Rgi®Dn,.#7) in signal/image processing, more complicated for-
mulas than (3) are needed for the operafes p(s).

In the engineering literature this takes the form of prograng diagrams:

O—O—)
e s 1
@

down-sampling up-sampling

Input Output

Fig. 3 Perfect reconstruction in a subband filtering as used iresigmd image processing.

If the process of Figure 3 is repeated, we arrive at the disevavelet transform

or stated in the form of images & 5)

But to get successful subband filters, we must employ a mdyttestamily of
representations than those of (3) in Example 1. We now tutheastudy of those
representations.

Selecting a resolution subspaée= closure spafi¢ (- — k) |k € Z}, we arrive at
a wavelet subdivisiofiy; x|j > 0,k € Z}, wherey; «(x) = 21/2¢(2)x— k), and the
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first detail level

second detail level

third detail level

SoSH

Sk

SoSv | SoSo

Sy So

Fig. 4 The subdivided squares represent the use of the pyramidviibd algorithm to image
processing, as it is used on pixel squares. At each sulmlivitep the top left-hand square repre-
sents averages of nearby pixel numbers, averages takemesfifict to the chosen low-pass filter;
while the three directions, horizontal, vertical, and diagl represent detail differences, with the
three represented by separate bands and filters. So in thislnibere are four bands, and they
may be realized by a tensor product construction applied/aalid filters in the separate x- and
the y-directions in the plane. For the discrete WT used ingerarocessing, we use iteration of
four isometriesSy, S+, Sy, and$ with mutually orthogonal ranges, and satisfying the follogv
szum-ruleSoS*) +S1S, +SS) + S =1, with | denoting the identity operator in an appropriate
|“-space.

continuous expansiof = ¥ ; . (Y; k| ) Yj k or the discrete analogue derived from
the isometries,=1,2,--- ,N—1, %S fork=0,1,2,---; called the discrete wavelet
transform.
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Fig. 5 An example of Fig. 4n = 2 Jorgensen. Jorgensen’s picture after level 2 waveletnadeco
position. Notice that The average, horizontal, diagondi\artical details are captured clockwise.
Also, the average detail is decomposed one more time sineeZelecomposition was done.

4.1.1 Notational convention.

In algorithms, the letteN is popular, and often used for counting more than one
thing.

In the present contest of the Discete Wavelet Algorithm (DV@A DWT, we
count two things, “the number of times a picture is decom@asa subdivision”.
We have used for this. The other related but different numid¢is the number of
subbandsN = 2 for the dyadic DWT, and\ = 4 for the image DWT. The image-
processing WT in our present context is the tensor produtttefi.-D dyadic WT,
S0 2x 2 = 4. Caution: Not all DWAs arise as tensor productd\bf= 2 models.
The wavelets coming from tensor products are called sefgardfhen a particu-
lar image-processing scheme is used for generating cantsywavelets it is not
transparent if we are looking at a separable or inseparadlelet!
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To clarify the distinction, it is helpful to look at the resentations of the Cuntz
relations by operators in Hilbert space. We are dealing véfiresentations of the
two distinct algebra®’,, and &,; two frequency subbands vs 4 subbands. Note
that the CuntzZ,, and 04 are given axiomatic, or purely symbolically. It is only
when subband filters are chosen that we get representalibissalso means that
the choice ofN is made initially; and the sami is used in different runs of the
programs. In contrast, the number of times a picture is dgosed varies from one
experiment to the next!

Summary: N = 2 for the dyadic DWT: The operators in the representatiorggre
, S1. One average operator, and one detail operator. The de&idtorS, “counts”
local detail variations.

Image-processing. Thed = 4 is fixed as we run different images in the DWT:
The operators are no%, S+, Sy, - One average operator, and three detail oper-
ator for local detail variations in the three directionshe plane.

4.1.2 Increasing the dimension

In wavelet theory, [13] there is a tradition for reservifdor the father function and
Y for the mother function. A 1-level wavelet transform of ldrx M image can be

represented as
at | nt
fa | —— —— 4)
vio|dt

where the subimagéd®,d*,al andv! each have the dimension Nf/2 by M /2.

al=Via Vi oAxy) =o(X)d(y) =33 hihj¢(2x—i)p(2y— )
ht=VioWy g (xy) = gX)e(y) =33 jghip(2x—i)p(2y—j) (5)
VE=WEao Vi @Y (xy) =o()P(y) =33 higj¢ (2x—i)¢(2y— j)

dt =WR WY gP(xy) = g()W(y) = 3i ¥ Gigj¢ (2x— )9 (2y— j)

where¢ is the father function an@ is the mother function in sense of wavelet,
V space denotes the average space anttispaces are the difference space from
multiresolution analysis (MRA) [13].

We now introduce operatofis; andTg in 12 such that the expression on the RHS
in (5) becomedy ® Ty, Te ® T, TH ® Tg andTs ® Tg, respectively.

We use the following representation of the two wavelet fiomg¢ (father func-
tion), andy (mother function). A choice of filter coefficienth;) and(g;) is made.

In the formulas, we have the following two indexed numbertaysa := (h;)
andd := (gi), a is for averages, and is for local differences. They are really the
input for the DWT. But they also are the key link between the tvansforms, the
discrete and continuous. The link is made up of the follovgogling identities:
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¢(x):2§2hi¢(2x—i);

Y =2 ap(2x—i);
i€Z

and (low-pass normalizatiory)7 hi = 1. The scalargh;) may be real or complex;
they may be finite or infinite in number. If there are four ofithet is called the “four
tap”, etc. The finite case is best for computations sinceritesponds to compactly
supported functions. This means that the two functipra&d s will vanish outside
some finite interval on a real line.

The two number systems are further subjected to orthggneldtions, of which

EZ hihiy o = %&),k (6)
IS

is the best known.

The systemd andg are both low-pass and high-pass filter coefficients. In 5,
al denotes the first averaged image, which consists of avenagesity values of
the original image. Note that only function,V space andh coefficients are used
here. Similarly,h! denotes the first detail image of horizontal componentsglwhi
consists of intensity difference along the vertical axigh# original image. Note
that¢ function is used oy andy function onx, W space foix values and/ space
for y values; and both andg coefficients are used accordingly. The dataenotes
the first detail image of vertical components, which cossidtintensity difference
along the horizontal axis of the original image. Note thafunction is used onx
and ¢ function ony, W space fory values and/ space forx values; and botn
andg coefficients are used accordingly. Finatli}, denotes the first detail image of
diagonal components, which consists of intensity diffeeealong the diagonal axis
of the original image. The original image is reconstructexhf the decomposed
image by taking the sum of the averaged image and the detgiémand scaling by
a scaling factor. It could be noted that onlyfunction,W space andj coefficients
are used here. See [37, 34].

This decomposition not only limits to one step but it can bealagain and again
on the averaged detail depending on the size of the images ©stops at certain
level, quantization (see [33, 36]) is done on the image. Ghentization step may
be lossy or lossless. Then the lossless entropy encodirmgis eh the decomposed
and quantized image.

The relevance of the system of identities (6) may be summadi@s follows. Set

mo(2) := % Ezhkzk forallze T;
ke

O = (—1)*hy_y for all k € Z;

1
m(2) =5 %gkzk; and
ke
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(Sif)(2) = V2m;(2)f(Z), for j = 0,1, f € LX(T), ze T.
Then the following conditions are equivalent:

(a) The system of equations (6) is satisfied.
(b)The operator§y andS; satisfy the Cuntz relations.
(c)We have perfect reconstruction in the subband systengofé& 3.

Note that the two operatol$) and S; have equivalent matrix representations.
Recall that by Parseval's formula we hav&T) ~ 1(Z). So representing instead
as areo X co matrix acting on column vectoss= (Xj)jcz we get

(SX)i = V2 S hi_pjx;
2
and for the adjoint operatép := S), we get the matrix representation

1 —
(FoX)i = ﬁ IEZhJ,Zin
IE

with the overbar signifying complex conjugation. This isrqautational significance
to the two matrix representations, both the matrixSgrand forFy := S, is slanted.
However, the slanting of one is the mirror-image of the gther,

N

4.1.3 Significance of slanting

The slanted matrix representations refers to the correipgroperators ir.2. In
general operators in Hilbert function spaces have manyixrapresentations, one
for each orthonormal basis (ONB), but here we are concerritdtihie ONB con-
sisting of the Fourier frequencigk, j € Z. So in our matrix representations for the
S operators and their adjoints we will be acting on column eegsteach infinite
column representing a vector in the sequence siadevector inl? is said to be of
finite size if it has only a finite set of non-zero entries.

Itis the matrixi that is effective for iterated matrix computation. Readdiien
a column vectok of a fixed size, say 2 s is multiplied, or acted onHyy the result
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is a vectoly of half the size, i.e., of size Soy = Fox. If we useFy andF; together

on x, then we get two vectors, each of sizgethe other one = F1x, and we can
form the combined column vector gfandz, stackingy on top ofz In our applica-
tion, y represents averages, whileepresents local differences: Hence the wavelet
algorithm.

y-1 -
Yo
"
Fo | [X-1
— | =|— Xo |,
: Fi X1
Z 1 X2
) L
VAl

y = Fox,

z=Fx

4.2 Entropy Encoding

In this section we discuss the encoding aspect of our algost While the theory
here dates back to the start of information theory , see [2522, 31,7] and the
references cited there, its adaptation to advances in tdatpphave been amazingly
successful , see e.g., [25, 24].

An important part of digital imaging is the choice of encaglifor example the
encoding of the letters in the alphabet, a, b, c, etc. As alrquigiciple, one selects
the shortest code for the most frequently occurring leBet. to do this, both of
these notions must be quantified.

Itis clearly of relevance for efficiency, speed, and errdedgon. As it turns out,
probabilities and entropy are helpful. Indeed the way Sbargquantified informa-
tion a reduction in entropy by an amount A costs A units of infation. We have
discussed this part of the theory in more detail in [35], artehwe offer just an
example for illustration of the main points.

There are various entropy encoding schemes being usednarekample of itis
Shannon-Fano entropy encoding. In Shannon-Fano entramgdery, for each data
on an image, i.e., pixel, a set of probabilitipsis computed, wherg ! ; pi = 1.
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The entropy of this set gives the measure of how much choige/@dved, in the
selection of the pixel value of average.

Definition 1. Shannon’s entropk (p1, pz, - - -, pn) Which satisfy the following:

e E is a continuous function qgf;.

e E should be steadily increasing functionrof

e If the choice is made ik successive stages, thEn= sum of the entropies of
choices at each stage, with weights corresponding to thieapilities of the
stages.

E = —k3{., pilogpi. k controls the units of the entropy, which is "bits.” logs are
taken base 2. [5, 32]

Shannon-Fano entropy encoding is done according to theapildkes of data
and the method is as follows:

e Thedatais listed with their probabilities in decreasinggwiof their probabilities.

e The listis divided into two parts that has roughly equal @tuibity.

e Start the code for those data in the first part with a O bit andHose in the
second part with a 1.

e Continue recursively until each subdivision contains st data. [5, 32]

An example on a text: letters-to-codes: may be better toctiéyiw the mech-
anism works. Suppose we have a text with letters a, e, f, qtir thie following
probability distribution:

LettenProbability
a 0.3
e 0.2
f 0.2
q 0.2
r 0.1

Then applying the Shannon-Fano entropy encoding schemleeoabtove table
gives us the following assignment.

LettenProbabilitycodd
a 0.3 00

e 02 |o1

f 0.2 |100
q 02 |101
r 0.1 |110

Note that instead of using 8-bits to represent a letter, 2-bits3are being used to
represent the letters in this case.
The following is an elementary example of Shannon-Fan@egitencoding
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LettenProbabilitycodd
a 0.3 00

e 02 |o1
f 0.2 |100
q 02 |101
r 0.1 |110

While this is an oversimplification, it is nonetheless a ldsa used in more realistic
algorithms:

e Inagiven text, list all letters in decreasing order of thinbabilities.

e Divide the list into two parts with approximately equal padiility (i.e., by the
median, the total probability of each part is approxima€eh).

e For the letters in the first part, start the code with a 0 bit] for those in the
second part with a 1.

e Recursively continue until each subdivision is left witlsjone letter [5].

Note that the divisions of the list are following a binaryareule. The initial im-
portant uses of encoding were to texts and to signals. Muale mnezent uses are to
a host of big data sets such as data on the color images. Thesaure: quantiza-
tion, entropy encoding. As a result, the mathematics of éimgphas seen a recent
revival.

While entropy encoding is popular in engineering, [33],][3&4], the choices
made in signal processing are often more by trial and ereor by theory. Review-
ing the literature, we found that the mathematical fouratatf the current use of
entropy in encoding deserves closer attention.

5 Slanted Matrix Representations, Frame Estimates, and
Computations

We will be using finite and infinite slanted matrices, and wavprtwo results about
their tensor products, and their significance in represiemtaheory. The signifi-
cance of the slanted property is that matrix products oftsthmatrices become
increasingly more sparse (i.e., the resulting matrice hade patterns of zeros)
which makes computations fast. In the application this re¢hat an image, or a
more general problem from applied mathematics may be sgizébfaster with the
use of scale similar orthogonal bases, such as wavelet mas&RY).

In this section we prove mathematical theorems supportiagpplications out-
lined above: The operators in Fig 1 have slanted matrix sgmations determined
by the masking sequencés,) and(gn), and with the slanting changing from one
operator S to the corresponding adjoint oper&oMWe then show how frame esti-
mates are preserved under filtering with 8systems, i.e., with the slanted matrices
that realize the Cuntz relations in (a) and (b) above, Thatasthmatrix representa-
tion is what make computations fast. The slanting is suchré@eated matrix op-
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erations in the processing make for more sparse matricdshamce for a smaller
number of computational steps in digital program operationimage processing.

We begin by introducing the Cuntz operat&s The two operators come from
the two masking sequencfs,) and(gn) , also called filter-coefficients, also called
low-pass and high-pass filters.

Definition 2. If (hn)nez is a double infinite sequence of complex numbers,hies
C, forallne Z; set
(SoX)(m) = V2 > fin-an(n) (7)
ne

and adjoint

(SX)(m) = V2 ;ﬁn,me(n); forallme Z. (8)

Then

(a) Theowo x o matrix representations (7) and (8) have the following gdribrms

So: ’ So*:

Fig. 6 S ands;.

(b)The set of non-zero numbers(ihy)nez is finite if and only if the two matrices
in Fig arebanded
(c)Relative to the inner product

Xly)z:=S Xayninl?
| n; nyn

(i.e., conjugate-linear in the first variable), the oper&gas isometricif and only
if

Z hahins 2p = %50@, forall pe Z. (9)
(d)If (9) holds, and
(Sx)(m) = V2 Ezgmfznx(n)v (10)
then
S +SS =12 (11)

S:S = &2 forallk,I € {0,1} (12)
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(the Cuntz relations) holds for
On:=(-1)"g1.n, NE Z.
Proof. By Parseval’s identity and Fourier transforms, we havagbmetricisomor-

phisml?(Z) ~ L2(T) whereT = {z€ C : |z = 1} is equipped with Haar measure.
Hence the assertions (a)-(d) may be checked instead in Hogviiog function

representation:
f(z) = n;x(n)f, (13)
mo(2) = n; hnZ", (14)
m(2) = n; onZ"; (15)
setting

(Sif)(2) =m(2)(Z), forallze T, forall f € L%(T), j =0,1.  (16)

In this form, the reader may check that conditions (a)-(d)exquivalent to the fol-
lowing unitary principle: For almost everge T (relative to Haar measure), we have

that the 2x 2 matrix @ mo(=2)
mo(2) mo(—z
v@ = (m1<z> m1<—z>> an

is unitary; i.e., that) (2)* = U(2)~%, almost every € T, where(U*)y| := Uj x de-
notes the adjoint matrix.

5.0.1 WARNING:

Note that the tensor product of two matrix-functions (17g¢slmot have the same
form. Nonetheless, there is a more indirect way of creatieqy multiresolution-
wavelet filters from old ones with the use of tensor-prodseg details below.

Supposé\ is an index set anfly )qea C 12(Z) is a system of vectors subject to
the frame boundB < )

> 1(valX)z|* < BJ|X||5>, for all x € 1%, (18)
acA

Set _
Wik =SVa, j €No={0,1,2,...},a €A (19)

If the unitarity condition (17) in the lemma is satisfied,titbe induced system (19)
satisfies the same frame bound (18).

Proof. Introducing Dirac’s notation for rank-one operators:

) (VI[x) = {(v[x)u), (20)
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we see that (18) is equivalent to the following operatomeste

z Vo) (Va| < Blj2 (21)

acA

where we use the standard ordering of the Hermitian opex,adbas matrices.
For the systentiw;j o) j.a)engxa iN (19), we therefore get

S W Wil =Y Y $Silva) (valSS)

(j,a)ENgxA Ja

< BY 915§/ <B,
J

by(21)

Since

ZSéSlSIS*oj =1-gHgMt <1 foralln.
]

But the RHS in the last expression is the limit of the finitetigdsums

N . N .
_Z)Séslsl*%‘ = Z)Sé(l - 99’ (22)
= =
=1 — g (23)
<2 since (24)

Pvi1:= SN is a projection for alN € No. In fact

<R <A S <P =SS

andP; denotes the projection on&l?.

5.0.2 Digital Image Compression

In [23], we showed that use of Karhunen-Loéve's theorenblersaus to pick the
best basis for encoding, thus to minimize the entropy anareiw better represent
an image for optimal storage or transmission. Here, optimans it uses least
memory space to represent the data; i.e., instead of usirgtg,6use 11 bits. So
the best basis found would allow us to better represent thigatimage with less
storage memory.

The particular orthonomal bases (ONBs) and frames which seecome from
the operator theoretic context of the Karhunen-Loeverigmdl]. In approximation
problems involving a stochastic component (for examples@aemoval in time-
series or data resulting from image processing) one tylgiealds up with correla-
tion kernels; in some cases as frame kernels.

Summary of the mathematics used in the various steps of thgdrmompression
flow chart in Figure 3 (on next page):
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Source Forward N - R Entropy !‘ Compressed
Image Transform > Quantization 7”1 Encoding Image 1
Store or
Transmit
Reconstructed
Image < Backward Inverse < Entropy | | Compressed
Transform [ Quantization Decoding Image

Fig. 7 Outline of the wavelet image compression process. [33]

e At the beginning of the diagram (source image) we will tyflicanput a digital
image. Of the possible forward transforms that apply to iesaghis proposal
uses the discrete wavelet transforms.

e The quantization step refers to the following: the outpairirthe transform will
be quantized in the sense of economy of processing; forostavith the thresh-
olding method. After the wavelet forward transform, the gmas decomposed
into different details at different levels; the threshalglimethod will eliminate
some of these details selectively resulting in lossy cosgioa. In our recent
paper [23], we initiated the use of thresholding for exatilg purpose.

e In our approach to image compression the encoding step tiee®ilowing:
with the quantization, the process was lossy where the stepeiversible. With
the entropy encoding, if we started off with an 16 bit image finel a better
representation meaning we use fewer bits to present thévaikees. This step is
lossless. Entropy encoding has been used for long timeanrirdtion theory, and
it has found a recent revival in data compression schemesidEa is to assign
codes to symbols in order to match code lengths with the &edies of occur-
rence of the symbols. By entropy we refer to a priori probghbdistributions
of symbols. Entropy encoders compress data by replacingl égugth codes
with codes where the length of each code would be determipepibntitative
measures of entropy. Therefore, the most frequent symbithlbevassigned the
shortest code. Hence the economy.

There are number of other entropy encoding schemes, Shdraramencoding,

Huffman coding, arithmetic coding, etc. [5], [39], [38],4]L These alternative
encoding schemes have been successful in signal compressibin simplest

static codes, but in the most recent uses of discrete digoriin images the
entropy encoding proved to have practical advantages. ddsdelss data com-
pression has in common with the discrete wavelet synthkatseixact data can
be reconstructed from the compressed versions. Hence,rtloegsing is re-

versible. Lossless compression is used for example in gifdilvard and gzip in

Unix/Linux. For images, the formats png and gif also useléssscompression.
Examples are executable programs and source codes.
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In carrying out compression, one generates the statistig@iut from the input
data, and the next step maps the input data into bit-stre@chg&ving economy
by mapping data into shorter output codes.

e Theresult of the three steps is the compressed informatichxeould be stored
in the memory or transmitted through internet. The techgwio both ECW (En-
hanced Compressed Wavelet technology) and JPEG2000 allofast loading
and display of large image files. JPEG2000 is wavelet-basade compression
[19], [18]. There is a different brand new compressing sahealled Enhanced
Compressed Wavelet technology (ECW). Both JPEG2000 and B@\Wsed in
reconstruction as well.

5.1 Reconstruction

The methods described above apply to reconstruction quesstrom signal pro-
cessing. Below we describe three important instances sf thi

(i) In entropy decoding, the fewer bits assigned to repregendigital image are
mapped back to the original number of bits without losing exfigrmation.

(iIn inverse quantization, there is not much of recoverpé obtained if threshold-
ing was used for that was a lossy compression. For other igaéinh methods,
this may yield some recovery.

(iirhe backward transform is the wavelet inverse transfavhere the decomposed
image is reconstructed back into an image that is of the saaeas the original
image in dimension but maybe of smaller size in memory.

LetT=R/Z~{ze C;|7=1}. LetAbe ad x d matrix overZ such that|A || > 1
forall A € spe¢A). Then the order of the groul 174 /Z% is |detA := N. Consider
A-179 /79 as a subgroup ifi = RY/Z9.

We shall need the following bijection correspondence:

Definition 3. Forze TY, zj = €2, 1 < j < d, set
2= (&7, (25)

where
A6 =n, (26)

e, Y9 AB; = Nk, 1< k< d. Then forze T9, the set{w € T%wA = 7} is in
bijection correspondence with the finite grotp'z®/Z9.

Definition 4. Let 7 (C) be the group of all unitaril x N matrices, and le#;{\(T%)
be the group of all measurable function

T9 5 z— U(2) € Uy (C). (27)

Let.#{(T") be the multiresolution functions,
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T¢52z—M(2) = (mj(2)} €CY; (28)

i.e., satisfying
2 ; m; (W) m(W) = & k. (29)
weTd wA=z

Example 2Let {k; }5-\‘:1 be a selection of representatives for the gréafpAZ; then

Mo(2) = (29)}Ly (30)
is in .24(TY).
Forz e T9 andk € Z9 we write
X = (2922...2%) multinomial (31)

Lemma 2. There is a bijection betweetqf\(T%) and.#4(T9) given as follows:

(i) If u € 24{\(T9) set
My (2) = U (Z)Mo(2) (32)

where M is the function in (30).
(ifM € .2{(T9), set
Unm(2) = (Uij (@)1 (33)

with

1 -
Uij(@=5 M; (W) Mi (w). (34)
N we?l‘;w“fz
Proof. Case (i). Giverd € %4\(T9), we compute

N5 I, = 5 TR0
1 e K
:NWZ:ZWk'Wkl

L

= anj
where we have used the usual Fourier duality for the two fopiteips
A~1z8/78 ~ 79 AZS, (35)

i.e., afinite Fourier transform.
Case (ii). GiverM € .#{(T"), we computeJ; j(z) according to (34). The claim
is thatU (z) = (U; j(2)) isinUn(C), i.e.,
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N
U2V j(2 =6, forallzeTd. (36)
|=

Proof. Proof of (36):

z

This completes the proof of (36) and therefore the Lemmahénsummations we
consider independent painsw’ e T¢ satisfyingw® = w” = z So each ranges over
a set of cardinalitiN = |detA.

In the simplest case ™ = 2,d = 1, we have just two frequency bands, are two

filter functions
M= ( 0)
my

see (28), (29). In that case we select the two pairitsin bt. In additive notation,

these represents the two eIement%Zf}/Z viewed as a subgroup @f~ R/Z. The

band-conditions are thevip(1) = 1 andM;(—1) = 1, in addition notation:
Multi-band: high-pass/low-pass.i > 2, there will be more than two frequency

bands. They can be written with the use of duality for the digjtoupA 1z /74

in (36). Recall|detAl = N, and the group is cyclic of orded. The matrix for its

Fourier transform matrix is denotédly with H Hadamard.

1 - 2mik
Hy = — éT) . (37)
N VN < i keZn

Lemma 3.1f U € NTY) and My = U(Z*)Mo(2) is the multiresolution for the
lemma then
T9 5 z— HyMy (2) (38)

satisfying the multi-band frequency pass condition.
Proof. Immediate.

Lemma 4.Let M be a multi-band frequency pass function, see (38), asdrae
continuity at the zero-multi frequency, i.e., at the unéreént inT9 (with multi-
plicative notation).
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Fig. 8 The two filters of probability distributions.

(a)Then there are functiong;)"-" in L(RY) such thatiyp = ¢ satisfies

00

#0)=T1 mo(A16) (39)
=1
Ui(6)=mj(Ae)p(A1e), j=1,---,N-1, foral@cRY  (40)

where we have used addition notation, is RY is written as a column vector,
and A 16 is a matrix action.
(b)With the tripple index set5 1,2, --- \N—1, ke Z, and | € Z¢, we get the system
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Wik (x) = [detAK 2@ (Ax—1). (41)

(c)While the system in (41) in general does not form an omharal basis (ONB) in
L2(RY), it satisfies the following Parseval-fram condition: Foeey f € L2(RY),
we have

()| dx= Wik, Frzgea (42)
L. DIpPRUTRIE
with the expressiof, '>|_2(]Rd) on the RHS in (42) representing the usua(RY)
inner product

W D) = [, OIT 000 (43)

Proof. The essential idea is contained in [9], and the remainingildedre left to
the reader.

Remark 1 The condition in (42) (Parseval-frame) is weaker than ONenring to
function(y; k) in (41). Rather thant asking for an ONBIA(RY), we seek instead
a Parseval-frame. But there is a variety of explicit additicconditions on the given
wavelet filter from (39) and (40) which imply thé; | ) is in fact an ONB.

In the language of frequency bands, the low pass filter shoolgass “false”
frequencies. The simplest example of a non ONB Parsevalletagehe stretched

Haar wavelet

03f

nar

nlg

0.5 10 1.5 2.0 2.5 in

Fig. 9 Streched Haar Wavelet.

: ifo<x<3
_J) -1 3
Y(x) = -5 if35<x<3
0 ifxeR\I[0,3.

For additional details, see [9].
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Lemma 5. Let

M@) = 5 ha, with z=¢€?® gcRY (44)
kezd
. d
M(B) = Y he?™®8 k.= S ki6j, (45)
kezd =1

be the Fourier expansion of a filter functionl note (45) is 8@me as (44), but
written in the additional form of Fourier analysis f@9. Then the functiorp in
(39) satisfies

B(x) = detA T heg(Ax—K) (46)

kezd

where A denotes the transpose matrix to A.

Proof. The result follows from am.?(RY)-Fourier transform applied to both sides
in formular (46).

Lemma 6. Let M be a low-pass filter function, and l¢tbe a scaling function, see
(46), or equivalently (39). Then the operator

Ty :17(2%) — LA(RY)

given by
To () = (&b (x—k)

kezd
is isometric, i.e., we have

5 1&2= [ |

kezd

S & (x—K)Pdx

keZ

Proof. See [9].

6 Consistency of Tensor Product for Filters and for Functiors on
]Rd

There are two operations we shall need to perform on infiteteted matrices, ma-
trix product and tensor product. The first is for the compatabf the coefficients
in expansions with scale similar orthogonal bases, suchaaslet bases. We prove
that when these operations are performed, the resultingstewed matrices be-
come increasingly more sparse (i.e., the resulting matriae wide patterns of
zeros) which makes computations fast.

Since, by Lemma 5, the filter functions coming from the gr@}@(’ﬂ‘d), it fol-
lows that the corresponding filter functiong}j(T¢) are also closed under tensor
product.
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6.1 Creating Multiresolutions and Wavel ets

Using the lemmas, we may create new filters and new multwésols from old. In
outline, the process is as follows:

e projections.

|

e unitary matrices.
!

e unitary matrix-functions.
!

e filter functions.
|

e tensor-product.
!

e scaling functions.
|

e multi-resolutions.
|

e wavelet functions (higher dimensions with tensor-projluct

Definition 5. Let 77, i = 1,2 be Hilbert spaces, and I&t i = 1,2, be linear oper-
ators in the respective spaces. By the tensor-profiuetT, we mean the operator
TL® Ty in 74 ® 75 given by

(ML) (uueuy) =(Tiu) @ (Tup), forallu g, i=12. 47)

An operatorP in a Hilbert spaces” is called aprojectionif P = P* = P2, An
operatolJ is calledunitaryif and only ifU* =U "1, i.e.,UU* =U*U = | wherel
denotes the identity operator.

Easy Facts:

(i) The tenstor product of two projections is a projection.
(i) The tensor product of two unitary operators is a unitapgrator.
(iii)f Pis a projection in a Hilbert spac#”, then the function

U(z):=zP+ (I —P)=zP+P, (zeT) (48)
mapsT into the group of all unitary operators.

Proof. of (iii). The conclusion follows from representing (48) inet following
operator-block matrix form

U(z) = [é ‘ﬂ :l (49)

Note that the RHS in (49) is unitary if and only|d = 1.
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Definition 6. (1)LetA be ad x d matrix onbzsuch that spg@\) C {A € C;|A| > 1}.
LetZd ™ 79 /A79 =: Qa be the natural quotient mapping df : Z4/Azd — bA
satisfyingm o pa = id, we saw that

9520 (sz<q>>
geQa

is a multiresolution filter ofTd.

(2)If Bis aex ematric overZ such that spg®)  {A € C;|A| > 1}, we introduce
Qs = Z%/BZF andpg as in (1) by analogy. We then geta+ e multiresolution
filter

T x T® 3 (Zw) — (sz<Q)\A/pB(r)) .
a€Qa,reQs

(3)If Na := |detA, andNg := |detB, then the filter in (2) takes values VA +Ne,

Corollary 1. The families of multiresolution filtet%,@A(’]I‘d) is closed under tensor

product, i.e.,
R (T) & MR (T°) C AR (T049).

Proof. By the lemma, we only need to observed that the unitary métrictions
T9 > z+— Ua(2) € Un, (C) are closed under tensor-product, i.e.,

T9® T3 (z,w) — Ua(2) @ Ug(W) € Un,ng (C).

6.2 Tensor-products. Applications and Examples

Lexicographical of basis vectors, for exam(lé ® C? — (11), (12), (21), (22).
Scaling matrices:

BO
I®B—><OB>.
Fourier Hadamard transform matrices:
11 1 1
i 11 ®i 11 _}} 1-11 -1
v2\1-1 v2\1-1 2111 -1-1
1-1-11

Ho @ Hp # Ha.

Compare with the matrif, for the Fourier transform ohz;:

11 1 1
110 =1 i
Hais 1111 1

1—-i -1
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6.3 Unitary Matrix-functionsi Up(2):

. (zP O
T>z— zP+P _<0|—P>' (50)
Here the functioip(z) is constructed from a fixed projectidhin a Hilbert space
¢, and we seP+- =1, — P the projection onto the orthogonal complemer®Pg#’
in 7.

Then for(z,w) € T? = T x T we have:

zZwP® P 0
Up(Z) XUp(W) = ( 0 |%®%—P®P) .
Giving (50) the matrix representation
z0
01
we get
zw0 00
0z00
Up(2) @ Up(w) = 0 Owo (51)
0001

For the slanted matrices

>0

o h

fiacy

hoh3 0 0 0 0 O--
hohihohs 0 0 O -
0 Ohghyhphg O --.
0 00 Ohghyhy---
0000 O Ohg---

TI
I

cooo

cooo

we see that sparsity increases when both matrix multijdicand tensor product
is applied. If for example the two matricEsandF’ have slanting degree 2, then the
matrix producFF’ has slanting degree 4. An-fold product of slanted matrices of
slant 2 is again slanted but of slanting degrée 2

The situation for tensor product is more subtle.

Example 3Set
abo
F=100a],
000
and
a0
FF=(00a].
000
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ThenF ® F’ has the matrix representation

acdaB 0 bybB 0 00 O
Oaacd 0 0ObaOO O
00O
00O
0 Caa
00O
00O
00O
00O
00O

[cNeoNeoNoNololNoNeNe]
cNeoNoNoNoloNeNe]
cNeoNoNoNoNoNeNe]
cNeoNoNoNoNoNeoNe]
cNeoNoNoNolNoNeNe]
cNeoNoNoNeolNoNeNe]

6.3.1 Slanted Matrices

Definition 7. An (infinite) matrixF = (a; ), j,k € Z, is said to be slanted of degree
d if there is a functionf onZ (depending only of¥) such that

ajx = fr(k—dj) (52)

holds for allj,k € Z. We writedeg(F ) = d.

Lemma 7.Let F and F be slanted matrices, with F of slanting degree d ardf
degree e. Then the matrix product=GFF’ is again a slanted matrix, and for the
degree we have

deg(FF’) > deg(F)-deg(F"). (53)

Proof. (i) By matrix-multiplicative. For the entries i = FF’,
G=(cj), i,jez,
- I . :
Cij= kgza’kak’j = kgz fr(k—di)fe/ (] —ek).
Hence the matrix entries ;4. are represented by a functignn j, i.e.,
Cij+dei =9(), foralli,jeZ.
(i) By generating functions. Because of the assumptiontherentries in the matri-

cesF = (a,j) andF’ = (a{,j) the generating functions (alias, frequency response
functions) are in fact Fourier series.

As a result, a slanted matrix represents a bounded operafgrin L?(T) ~
12(Z). An easy computation shows ttats slanted of degree if and only if

TeM,a = M,T, (54)

where
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(Mz&)(2) =2&(z), forallzeT;

and

(MdE)(2) =2&(2), & €LX(T);
i.e,Mg= (M), deZ,.

As a result, we have

T|: Mzd = MZTFa and (55)
Te'Me = MTe.  Since (56)
Te =TTz we get (57)

MzTG = MzTFTF/
by(57)
= TeMyTg
by(55) FYaTF

= TeTe/M d\e
byse) ()

== TGMZd-e,

proving the assertion in the lemma.
The proof of the following result is analogous to that in Lemihabove.

Lemma 8.Let F and F be slanted matrices witlt as index set for rows and
columns, or possibly subset @f If deg;(F) = d, and deg(F') = e, then Fo F/
is slanted relative to the index s&t by vector degreéd, e). Setting

(FOF )i,k = FkF) (58)
there is a function g o such that

(FOF ).k =09k—di,l—ej) forall(i,j)€z® andall(kl)eZ?

7 Rep(On, )

Here we show that the algorithms developed in the previoasegtions may found
from certain representations of an algebra in a family irdexy a positive integer
N, called the Cuntz algebrasg.

It will be important to make a distribution between, as aC*-algebra, and its
representation by operators in some Hilbert space. As we digiinct representa-
tion of Oy yield distinct algorithms, distinct wavelets, and distineatrix computa-
tions.

It is known thatoy is the unique (up to isomorphisr@)-algebra on generated
(s)i € Zn, and relations
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Ssi=4a,1, ss =1 (59)

ieZn

Heres in (59) is a symbolic expression and 1 denotes the unit-ai¢meheC*-
algebra generated ;i € Zn }. Hence a representatigrof Oy acting on a Hilbert
spaces”, p € RepOn,#), is a system of operatofs = §<p) = p(s) satisfying
the same relations (59), but with 1 replaced hy= p(1) = the identity operator in
I,

From (59) it follows thatvy ® Oy = Onw. Hence it follows from an analysis of
tensor-product of representation that not all

p € RegOn, )

is a tensor product of a pair of representations, ongypénd the second afy,.
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