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1. Introduction

The notion of essential codimension was introduced by Brown—Douglas—

Fillmore (BDF) in their groundbreaking paper [5] where they classified all es-

sentially normal operators using Fredholm indices. Since then, this notion has

had manifold applications (e.g., [, [7]). This includes, among other things, an

explanation for the mysterious integers appearing in Kadison’s Pythagorean

theorem ([16] 17, (18], 24]) as well as other Schur—Horn type results ([4} [14]).
Here is the BDF definition of essential codimension:

Definition 1.1. (BDF) Let P,Q € B(ly) be projections such that P — @Q € K.
The essential codimension of @ in P is given by
Tr(P)—Tr(Q) if Tr(P)+Tr(Q) < oo
P Q) =y  Ind(V'W) if Tr(P) = Tr@) = oo,
where V¥V = W*W = 1,
WW* =P VV*=Q.
In the above, “Ind” means Fredholm index.
It is not hard to show that, if Q < P, then essential codimension reduces
to the usual codimension. Basic properties of essential codimension and their

proofs can be found in [6]. We note that, given that P — @ € K, the essential
codimension essentially measures “local differences”.

We thank the referee for many detailed and helpful comments.
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A fundamental result on essential codimension which was stated in [5]
(a proof can be found in [6]) is the following:

Theorem 1.2. Let P,Q € B(l2) be projections such that P — @ € K.
Then there exists a unitary U € Cl 4+ K such that UPU* = @ if and

only if [P : Q] = 0.

The main goal of this paper is to find generalizations of this result. We
are following the path first travelled on by [6], [21], and [22] (see also, [23] and
[9]). Lee (J21]) observed that essential codimension is a basic example of K K,
and thus the BDF essential codimension result (Theorem is connected
to powerful uniqueness theorems, and our goal is to work out some of the
operator theoretic consequences.

In Section |2 we undertake a study of the Paschke dual algebra .AdB of A
relative to B in the context of when A is a unital separable nuclear C*-algebra
and B is a separable stable C*-algebra. In this setting we prove a number
of results. We first establish that the Paschke dual algebra is Kj-injective
(Theorem and Theorem under certain restrictions on the canonical
ideal, which is essential for proving our theorems in Section [3] We note that
the Paschke dual algebra is a unital properly infinite C*-algebra, and it is an
open problem whether every properly infinite unital C*-algebra is K7 injec-
tiveﬂ We then prove that the Paschke dual algebra is dual in the sense that
A and A% are each other’s relative commutants in the corona algebra C(B),
where A is identified with its image under the Busby map (Theorem .
This generalizes a remark of Valette ([28]). The key technique throughout
this section is the Elliott—Kucerovsky theory of absorbing extensions [10].

In Section [3| we prove a few theorems (Theorems and which can
be considered as generalizations of BDF’s Theorem to the realm of K K-
theory where the essential codimension is interpreted as an element of K K°,
and the unitary which is a compact perturbation of the identity is replaced
by the notion of proper asymptotic unitary equivalence due to Dadarlat and
Eilers [9]. In order to make this abstract notion of essential codimension more
concrete, we simply take A = C and, with a few modest hypotheses, arrive
at a generalization of Theorem that bears true resemblance to it (see
Theorem |3.7)).

In Section [d] we prove a technical lemma which is used in one of the
main results in a previous section.

In a separate paperﬂ we study the connection between essential codi-
mension and projection lifting.

2. The Paschke dual algebra

We briefly fix some notation and recall some preliminaries from extension
theory. The reader is advised to refer to [2] for more details.

1See, for example, [3]
2J. Loreaux and P. W. Ng, Remarks on essential codimension: Lifting projections. Preprint.
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For a nonunital C*-algebra B, M(B) and C(B) =4 M(B)/B denote
the multiplier and corona algebras of B respectively. Recall that, roughly
speaking, M(B) is the “largest” unital C*-algebra containing B as an essential
ideal. 7 : M(B) — C(B) denotes the natural quotient map.

Recall that to each extension of C*-algebras

0=-B—+&—-A—=0 (2.1)
we can associate a *-homomorphism
¢: A— C(B)

called the Busby invariant of the extension. Moreover, to each *-homomorphism
¢ : A— C(B), we can associate an extension as in whose Busby invari-
ant is ¢. Two extensions have the same Busby invariant if and only if the
extensions are strongly isomorphic in the terminology of Blackadar. (See [2]
15.1-15.4.) All properties of an extension that we are interested in are invari-
ant under strong isomorphism, and, following the convention of extension
theory, we identify an extension with its Busby invariant.

Given the considerations in the previous paragraph, henceforth, we freely
move back and forth between the terminologies *-homomorphism and ex-
tension to refer to a *-homomorphism A — C(B), and freely identify such a
*_homomorphism with an extension as in in the natural (Busby invari-
ant) way.

If A as above is unital, then the extension is called unital if the
corresponding Busby invariant ¢ is a unital *-homomorphism, i.e., ¢(14) =

We recall that the extension is essential if and only if the corre-
sponding Busby invariant ¢ is injective. Also, the extension splits if and
only if its Busby invariant ¢ is trivial, i.e., there exists a *-homomorphism
@0 : A — M(B) such that ¢ = 7o ¢g; in the case where A is unital and ¢ is
a unital *-homomorphism, ¢ is called a strongly unital trivial extension. (See
[2] 15.2 and 15.5.)

We note that we will also use the generalized homomorphism picture of
KK theory (see, for example, Theorem . In contrast to extension theory,
in the generalized homomorphism picture of KK, the local aspects of rele-
vant operators or *-homomorphisms are important. Hence, whenever we have
a *-homomorphism ¢ : A — M(B), we will not identify it with the corre-
sponding trivial extension mo¢g. Nonetheless, whenever we say that a map ¢g
as before is a trivial extension, we mean that it is a *~homomorphism A —
M(B). Whenever we call such ¢o an unital/absorbing/essential/etc.
trivial extension, we mean that it is a *-homomorphism such that the corre-
sponding trivial extension 7 o ¢q is unital/absorbing/essential/etc..

Let ¢,¢ : A — C(B) be *-homomorphisms. We say that ¢ and ¢ are
unitarily equivalent and write

o~ (2.2)
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if there exists a unitary u € M(B) such that

m(u)p(a)m(u)” = ¢(a)

for all a € A.
Suppose that B is a stable C*-algebra, and let ¢, : A — C(B) be two
extensions. The BDF sum of ¢ and 1 is defined to be

(@ ©P)() =ar 7(S)P()7 ()" + 7 (T)p ()7 (T)",

where S,T € M(B) are two isometries such that SS* + TT* = 1. The
BDF sum & is well-defined up to unitary equivalence. Sometimes, we will
also use “@®” to mean putting ¢ and 1 into the diagonals of a matrix, i.e.,
o DY = diag(p,v) : A — My ® C(B). The context will make clear which
convention that we are using. We note that here (and in some similar places)
there is essentially no difference between the two definitions, since stability
of B implies that My ® M(B) & M(B). Similar for the case where M(B)
is replaced with C(B) or any unital C*-algebra with a unital copy of Og
as a unital *-subalgebra (and the definition with isometries is the context
dependent natural variation and is well-defined up to the natural unitary
equivalence).

Similar remarks apply when the extensions ¢ and v in the previous
paragraph are replaced with operators z,y in M(B) or C(B) or some other
unital C*-algebra containing a unital copy of O3. The context will make clear
what type of convention we are using.

Definition 2.1. Let A be a unital separable C*-algebra, let B be a separable
stable C*-algebra, and let ¢ : A — M(B) be a unital absorbing trivial ez-
tension, which always exists by Thomsen [27]. The Paschke dual algebra of
A relative to B is defined to be AL =4 (70 ¢(A)) € C(B). Sometimes, to
emphasize the map ¢, we will use the notation Dy =4f A%.

We note that A% is, up to *-isomorphism, independent of ¢. However,
the map ¢ is quite important, and in many treatments of Paschke duality,
one has “¢” in the notation. Hence, we also use the alternate notation “Dy”.
There is also a definition for nonunital A, but we focus on the unital case
where the definition is simpler (essentially Paschke’s and Valette’s original
definition). We so name the Paschke dual algebra because of Paschke duality,
which asserts the existence of group isomorphisms K;(A%) = KKIt1(A, B)
for j = 0,1. (See [13], [26], [27], [28].) We will show below (Theorem
that the Paschke dual algebra is also dual in another sense, thus generalizing
a remark of Valette ([28]).

Paschke ([26]) focused on the case where B = K. However, many of his
assertions and arguments remain true in general. Sometimes the modifications
are straightforward and other times they are quite nontrivial.

The argument of the first result is very similar to that of [26] Lemma
1, but every occurrence of Voiculescu’s noncommutative Weyl-von Neumann
theorem ([29]) is replaced with the Elliott—Kucerovsky theory of absorbing
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extensions ([I0]). We go through the proof for the convenience of the reader,
expanding some details.

Lemma 2.2. Let A be a unital separable nuclear C*-algebra, and let B be a
separable stable C*-algebra.
Then we have the following:
(a) The unit of A% is properly infinite. In fact, 10 ~ 1@ 1 in My @ AgL.
(b) The equivalence classes of full properly infinite projections in AdB con-
stitute all of Ko(A%).

Proof. (a): Let ¢ : A — M(B) be a unital trivial absorbing extension. Hence,
we may identify A = mo¢(A) C C(B), and we may thus view A as a unital C*-
subalgebra of C(B). And by [10], the inclusion map ¢ : A — C(B) is a unital
trivial absorbing extension. (For triviality, note that the map ¢(A) — M(B) :
wo ¢(a) — ¢(a) is a *-homomorphism, and note that we are identifying
A=mog¢(A).)

We may also identify A% = (70 ¢(A))" C C(B).

Since ¢ is trivial and absorbing

LDtL~ L.

(In the above, we are using @ to denote BDF sum.)
Therefore, there exists an isometry ¥ € My ® M(B) such that

v @) =1@0
where v =4 7(v). (In the above, we use & to mean putting into the diagonals
of a 2 by 2 matrix. Of course, this use is spiritually the same as the previous
use.)
In particular, we have that
vedrv' =za0

for all z € A. Hence, since A is unital,

v'o=161and vv* =140. (2.3)
From the above, we have that for all x € A,
viedzx) = (B0

= (@ x)v (since vv* =13 0).

Hence, v € My ® A%. From this and (2.3)), the unit of A% is Murray-—von
Neumann equivalent to two copies of itself.
(b): This follows immediately from (a) and [8] Theorem 1.4. O

We note that it is an open problem whether every unital properly infinite
C*-algebra is K7 injective [3], and the Paschke dual algebra is an interesting
and important case of this. We now move towards proving K, injectivity
under additional hypotheses.

The next lemma ensures that under appropriate conditions, given any
unitary u in the commutant of A (relative to some larger unital algebra), and
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given a unital trivial absorbing extension, the image of u in the Paschke dual
of A lies in the connected component of the identity in the unitary group.

Lemma 2.3. Let C be a unital C*-algebra and A C C a separable nuclear unital
C*-subalgebra. Say thatuw € A" (C C) is a unitary. Let B be a separable stable
C*-algebra. Let ¢ : C*(A,u) — M(B) be a unital trivial absorbing extension.

Then there exists a norm-continuous path of unitaries {vs }1e(0,1] in (7o
#(A)) (CC(B)) such that vg = 7o ¢(u) and vy = 1.

Proof. Since B is stable, we may work with B ® K instead of B.

By the universal property of the maximal tensor product, C*(A, u) is a
quotient of A ®pax C(S?), which is nuclear since A and C(S!) are nuclear.
Hence, C*(A,u) is a nuclear C*-algebra.

Since C* (A, u) is separable, let {5,,}>2 ; be a dense sequence in Cﬂu)
(the space of irreducible *-representations of C*(A, u)) such that every term
in {0,} reoccurs infinitely many times. Let ¢’ : C*(A,u) — B(l2) be the
unital essential *-representation given by

00

/

o =P
n=1

Then by [19] Theorem 6 (see also [2] Theorem 15.12.4 and [10] Theorem
17), the map

0:C"(Au) > MBRK):z— 1yp Qo' (x)
is a unital trivial absorbing extension. Hence, since ¢ is also a unital trivial
absorbing extension, there exists a unitary w € M(B ® K) such that
¢(z) —wo(z)w* € BRK

for all x € C* (A, u).

Note that for all n, since o, is an irreducible *-representation of C*(A, u),
and since u commutes with every element of C*(A,u), o,(u) € S. So let
0, € [0,27) such that o, (u) = e 1.

Now for all ¢ € [0,1], let

vy =dr Wl @ @ et (100 1 )q%,

n=1
And let
vy =g (vy).

Then {v;}se[o,1) is a norm continuous path of unitaries in wo(A)w*
(E M(B®K)), and so {v;}+e[o,1) is @ norm continuous path of unitaries such
that

'UO:']TOQS(U)V vy =1

and v, € (mo ¢(A)) for all t € [0,1]. O
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Recall that for a unital C*-algebra D, U(D) denotes the unitary group
of D, and U(D)o denotes the elements of U(D) that are in the connected
component of the identity.

We first focus on the case where the canonical ideal is either K or simple
purely infinite. It is well-known that this is exactly the case with “nicest” ex-
tension theory, since, among other things, a BDF—-Voiculescu type absorption
result holds. In fact, in this context, under a nuclearity hypothesis, Kasparov’s
KK classifies all nonunital essential extensions.

The next result generalizes [26] Lemma 3(2).

Lemma 2.4. Let A be a unital separable nuclear C*-algebra, and B a separable
stable simple C*-algebra such that either B = KC or B is purely infinite.

Then the map

U(AR)/U(A)o — UMz ® A%)/U Mz © Af)o
given by
[u] = [u1]

18 1njective.
Proof. Let ¢ : A — M(B) be a unital trivial absorbing extension. We may
identify A% = (7o ¢(A))".

Let u € A% be a unitary such that

udl~y 11

in My ® .AdB. (In the above, @ means putting into the diagonals of a 2 by 2
matrix.)
Let 0 : C*(mo¢(A),u) — M(B) be a unital trivial absorbing extension.
Since o ro¢(4) is a unital trivial absorbing extension, conjugating o by
an appropriate unitary if necessary, we may assume that 7o o(z) = x for all
z € mog(A). (After all, by [10], the map 7o ¢(A) = M(B) : mop(a) — ¢(a)
is also a unital trivial absorbing extension.)

By Lemma we have that
moo(u)~p 1 (2.4)
in (moo(mog(A)) = (mo¢(A) = Ag.
Since either B = K or B is simple purely infinite, it follows, by [10]

Theorem 17, that the inclusion map ¢ : C*(7 o ¢(A),u) — C(B) is a unital
trivial absorbing extension. Hence,

L& (roa) ~u.
(In the above, @ means BDF sum.)
Hence, there exists an isometry W € My ® M(B) such that W*W =
191 = ly,ompB), WW*=1@0 and if w =4 7(W), then
w(t @ (moo))w* =1@0.
(In the above, @ means putting into the diagonal of a matrix.)
As a consequence, we have that

wu®d (roo(uw))w* =ud0, (2.5)
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and

wx@r)w* =z®0 (2.6)
for all x € mo o (A).
Note that by (2.6)), for all x € 7o g(A),

wxdz) = (x@0w

= (zPx)w (since ww* =160)

Hence,
w € My ® AL.
Now by ,
u® (moo(u)) ~pudl
in My ® A%. Also, by the hypothesis on u,

udl~pl1p1

in My ® A%. So
u®d (roo(u)) ~,1d1
in My ®.Ad3. Conjugating the continuous path of unitaries by w and applying
, we have that
u ~p 1
in A%. O

Theorem 2.5. Let A be a unital separable nuclear C*-algebra and B a sepa-
rable simple stable C*-algebra such that either B = KC or B is purely infinite.
Then A% is K1-injective. Moreover, for all n > 1, the map

UM, ® A%) /UM, ®@ Ag)o = UM, ® Ag)/U(Ma, @ Af)o
given by
[u] = [u 1]
18 1njective.
Proof. By Lemma we have that the unit of the Paschke algebra AdB

satisfies 1 &1 ~ 1. Hence, for all n, AdB =M, ® .AdB. Thus, the result follows
from Lemma 2.4 O

We now move towards understanding K; injectivity of the Paschke dual
algebra, when the canonical ideal is no longer elementary nor simple purely
infinite. Outside of these small number of cases, our knowledge of exten-
sion theory is highly incomplete and the questions that arise are much more
challenging.

Let D be a C*-algebra and C C D a C*-subalgebra. We say that C
is strongly full in D if every nonzero element of C is full in D. For every
nonzero x € D, we say that x is strongly full in D if C*(z) is a strongly full
C*-subalgebra of D.
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Lemma 2.6. Let D be a unital C*-algebra and A C D a unital simple C*-
subalgebra. Suppose that u € A’ is a strongly full unitary element of D.
Then C*(u,.A) is strongly full in D.

Proof. 1t suffices to prove that every nonzero positive element of C*(u,.A) is
full in D.

Let ¢ € C*(u,.A) be a nonzero positive element. Hence, there exists
a continuous function g : S — [0,1], and an element a € A, such that
g(u)a # 0 and 0 < g(u)a < c.

Since A is unital and simple, let z1, zo, ..., 2, € A be such that

n
ijax;f =1.
j=1
Hence,
n n
S wsgtwar; = - glu)ajar; = gu).
n=1 n=1

Since g(u) is a full element of D, it follows that g(u)a is a full element
of D. Hence, ¢ is a full element of D. Since ¢ was arbitrary, C*(u,.A) is a
strongly full C*-subalgebra of D. (I

Recall that a separable stable C*-algebra B is said to have the corona
factorization property (CFP) if every norm-full projection in M (B) is Murray—
von Neumann equivalent to 1) ([20]).

Many C*-algebras have the CFP. For example, all separable simple C*-
algebras that are either purely infinite or have strict comparison of positive
elements, including all simple C*-algebras classified in the Elliott program,
have the CFP. In fact, it is quite difficult to construct a simple separable
C*-algebra without CFP.

Recall also, that a map ¢ : A — C between C*-algebras is said to be
norm full or full if for every a € A — {0}, ¢(a) is a full element of C, i.e.,
Ideal(¢(a)) =C.

We say that a *-homomorphism ¢ : A — M(B) absorbs 0 if Top @0 ~
7o ¢. (Here, ® means BDF sum.)

In [20], the unital case of following result was proven. The nonunital
version, where the extension ¢ absorbs zero, was not contained in [20] because
of an error in [I0]. The version where ¢ absorbs zero was first considered in
[11].

Theorem 2.7. Let B be a separable stable C*-algebra with the CFP, A a
separable C*-algebra, and ¢ : A — M(B)/B an essential extension such that
either ¢ is unital or ¢ absorbs 0.

Then ¢ is nuclearly absorbing if and only if ¢ is norm-full.

As a consequence, if, in addition, A is nuclear, then ¢ is absorbing if
and only if ¢ is norm-full.

In the above, when ¢(1) = 1 and we say that ¢ is absorbing, we mean
that ¢ is absorbing in the unital sense.
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Let B be a separable stable simple C*-algebra with a nonzero projection
e € B. We let T.(B) denote the set of all tracial states on eBe. It is well known
that T.(B), with the weak™ topology, is a Choquet simplex. Moreover, it is
also well known that B = eBe ® K and that every 7 € T.(B) gives rise to
a densely defined, norm lower semicontinuous trace 7 ® tr (which can take
the value 00) on By = (eBe ® K)4. This, in turn, extends uniquely to a
strictly lower semicontinuous trace 7 on M(B)4. If ¢’ € B is another nonzero
projection, then T, (B) and T,/ (B) are homeomorphic, and T.(B) has finitely
many extreme points if and only if T,/ (B) has finitely many extreme points.
Our results will be independent of the choice of nonzero projection in B3,
and hence, we will write T'(B) to mean T, (B) for some e € Proj(B) — {0}.
Moreover, for a positive element a € M(B); we let 7(a) =g 7(a).

Recall that for all @ € By and for all 7 € T(B),

_ . 1/n
d-(a) =g nl;ngo T(a™ ™).

Recall that B is said to have strict comparison for positive elements if
for all a,b € By,

d-(a) < d(b) whenever d,(b) < co V7 € T(B) only if a < b.

In the above, a < b means that there exists {1} in B such that zbzr} —
a.

In the next proof, we use a key technical lemma, Lemma [4.7] whose
proof we provide in the later Section [4

Lemma 2.8. Let A be a unital separable simple nuclear C*-algebra, and B
a separable stable simple C*-algebra with a nonzero projection, strict com-
parison of positive elements and for which T(B) has finitely many extreme
points.

Suppose that there exists a *-embedding A — B.

Then the map

U(AB)/U(Af)o — UMz ® Af)/U(Ma © Ag)o
given by
[u] = [u®1]
18 1njective.
Proof. By the hypotheses, there exist a sequence {p, }22; of pairwise orthog-
onal projections in B, a sequence {¢,}52; of *-embeddings from A to B,

and a sequence {v, 1}52; of partial isometries in B such that the following
statements are true:

L. pm ~ pp for all m,n. In fact, v}, yv,1 = p1 and vy, 105, 1 = py, for all n.
2.3 e = 1By, where the sum converges strictly.

3. ¢n(1) = p, for all n.

4. vp101(2)v), 1 = dn(7), for all z € A and for all n.
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Let ¢ : A — M(B) be the unital *-homomorphism given by

n=1

Then by [23] (see also [I0] Theorem 17), wo¢ is a unital trivial absorbing
extension. (In the literature, ¢ is often called the “Lin extension”.)

We may identify A% = (70 ¢(A))".

Let u € A% be a unitary such that

uPl~pldl

in M2 ® .AdB
By Lemma there exists a unitary v € A% such that

u~pv

in A%, and v is strongly full in C(B). Hence, we may assume that u is a
strongly full element of C(B). Hence, by Lemma C*(u,mo ¢(A)) is a
strongly full unital C*-subalgebra of C(B).

Hence, by Theorem [2.7] the inclusion map

t:C*(u,mo ¢p(A)) — C(B)

is a unital absorbing extension.
The rest of the proof is exactly the same as that of Lemma [2.4] 4

Theorem 2.9. Let A be a unital separable simple nuclear C*-algebra, and B
a separable stable simple C*-algebra with a nonzero projection, strict com-
parison of positive elements, and for which T(B) has finitely many extreme
points.

Suppose also that there exists a *-embedding A — B.

Then AdB is Kj-injective. Moreover, for all m > 1, the map

UM, ® A%)/UM, @ A%)o — U(Man @ A%) /UM, ® AL
given by
[u] = [ue 1]
18 injective.

Proof. The proof is exactly the same as that of Theorem [2.5] except that
Lemma [2.4] is replaced with Lemma |2.8 O

We fix a terminology that will only be used in the next theorem. Let
A be a unital separable nuclear C*-algebra, and let B be a separable stable
C*-algebra. Let ¢ : A — M (B) be a unital trivial absorbing extension. Recall
that we can identify A% = (7o ¢(A))’ (C C(B)). Since 7 o ¢ is injective, we
may identify A with 7 o ¢(A). When A and A% sit in C(B) in the above
manner, we say that A and A% are in standard position in C(B).
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Theorem 2.10. Let A be a separable simple unital nuclear C*-algebra, and
let B be a separable stable simple C*-algebra. Suppose that A and AdB are in
standard position in C(B).
Then
A= AL and (AL) = A.

Proof. The first equality follows trivially from the definition of A%.

The proof of the second equality is exactly the same as that of [25]
Theorem 1. We note that, in our context, the inclusion map ¢ : A — C(B)
is a unital trivial absorbing extension. Hence, the hypothesis, that [¢] € T
(notation as in [25] Theorem 1) in [25] Theorem 1 is satisfied. Also, since ¢
is absorbing, the hypothesis that B satisfies the CFP in [25] Theorem 1 is
unnecessary. O

Thus, the Paschke dual algebra is “dual” in still another sense.

3. Essential codimension

In what follows, we will let K K denote the generalized homomorphism pic-
ture of KK theory (see, for example, [I5] Chapter 4).

In [21], Lee observed that the BDF notion of essential codimension (Def-
inition is a special case of an element of K K°. He thus gave the following
definition:

Definition 3.1. Let B be a separable stable C*-algebra, and let P,Q € M(B)
be projections such that P — Q € B.

Let ¢, : C — M(B) be *-homomorphisms for which ¢(1) = P and
P(1) = Q.
he essential codimension of @ in P is given by

[P: Q] =ar [¢,¥] € KK(C,B) = Ko(B).

Here, [¢,] is the class of the generalized homomorphism (¢,1) in KK (C, B).

It is not hard to see (e.g., [22] Remark 2.2) that in the case where
B = K, Definition coincides with the original BDF essential codimension
(Deﬁnition. Thus, KK concerns the local aspects of operator theory, as
opposed to K K! which deals with the asymptotic aspects (e.g., classifying
essentially normal operators up to unitary equivalence modulo the compacts).

Towards generalizing the BDF essential codimension result (Theorem
, we recall the notion of proper asymptotic unitary equivalence (see [9]).

Definition 3.2. Let A, B be C*-algebras, with B nonunital. Let ¢, : A —
M(B) be two *-homomorphisms.
1. ¢ and 1 are said to be asymptotically unitarily equivalent (¢ ~qsymp )

if there exists a (norm-) continuous path {u;}ico,00) 0f unitaries in
M(B) such that for all a € A,
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i. ¢(a) —wp(a)uf € B, for all t, and
ii. [|¢(a) — up(a)us] — 0 as t — oo.
2. ¢ and Y are said to be properly asymptotically unitarily equivalent
(o=1) if ¢ and b are asymptotically unitarily equivalent where the path
of unitaries satisfy that uy € C1+ B for all t.

We note that proper asymptotic unitary equivalence is a local notion in
the sense that if ¢ & 4, then ¢(a) — 1p(a) € B for all a € A, or equivalently,
mo ¢ =7 o1; and the path of unitaries is in C1 + B. This is in fitting with
the BDF essential codimension theorem.

In [9], the following generalization of Theorem was given: Let A, B
be separable C*-algebras with B stable, and let ¢,v : A — M(B) be *-
homomorphisms such that ¢(a) — ¢(a) € B, for all a € A. Then [¢,9)] =0
in KK (A, B) if and only if there exists a *-homomorphism ¢ : A — M(B)
such that ¢ @ o= ®o. This is a generalization of Theorem [I.2] because when
A =Cand B = K, then P =4 ¢(1),Q =g ¥(1) are projections in B(l)
whose difference is compact, and [P : Q] = [¢,v] = 0 (it makes sense to call
these things equal because K K (C, K) ~ Ky(K) ~ Z). Moreover, in this case,
the proper asymptotic unitary equivalence ¢ = ¢/ can be replaced by actual
unitary equivalence and the unitary can be chosen of the form U € 1 4+ K.

We note that [9] was inspired by and extensively used ideas from the
earlier stable uniqueness paper [23]. We also note that results of the above
type can be used to produce (unbounded) stable uniqueness theorems. This
idea is essentially due to Lin ([23]).

Before we introduce and prove our generalization of Theorem [1.2] we
need a small lemma concerning asymptotic unitary equivalence.

Recall that a trivial extension ¢ is said to absorb the zero extension if
Topd0~mo .

Lemma 3.3. Let A, B be separable C*-algebras with A unital and nuclear, and
B stable. Let ¢,vp : A — M(B) be unital absorbing trivial extensions such
that ¢(a) — Y (a) € B for all a € A. Then ¢ ~qsymp V.

Proof. Note that ¢ ® 0,9 ®0 : A — My ® M(B) are nonunital absorbing
trivial extensions for which (¢ ® 0)(a) — (¢ @ 0)(a) € My ® B for all a € A.
By [21] Theorem 2.5, ¢ ® 0 ~qsymp ¥ @0, so that there is a norm continuous
path of unitaries {u}se0,00) in Mo ® M(B) such that for all ¢ € [0,00) and
all a € A,
ui(p(a) ® 0)ug — (¥(a) ®0) € My ® B,
and as t — oo,
[[ut(¢(a) ® 0)ui — (¢(a) & 0)[| — 0.

In particular, for P =4 180 = ¢(1)®0 = ¢(1)&0, we find that v, P—Pu; — 0
as t — oo, and also ;P — Pu; € My ® B. Therefore Pru,P, Pu;P+ — 0
as t — oo and Ptu;P, PuyP+ € My ® B as well. Consequently 7(u;) =
7(Pu, P ® Ptuy P1) is a block diagonal unitary in My ® C(B).

Since u; is unitary, P = Pu}Pu;P + Pu}Ptu;P — Pu}Pu;P, and
similarly, P = Pu;Puj P + Pu;Ptu}P — Pu;Pu}P. So for all large enough
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t, defining v; ® 0 := Pu,P, we find v; is invertible in M(B) and 7(v;) is
unitary in C(B). Moreover, we see that

(v ® 0)(¢(a) ® 0)(v; @ 0) — ur(p(a) ® O)u; = Pu P(d(a) ® 0)uy
+ Pu;P(¢(a) @ 0) Puj P+

lies in My ® B and this converges in norm to zero as t — co. Combining this
with the asymptotic unitary equivalence between ¢ @ 0 and ¢ @ 0, we obtain
that vip(a)vy — ¢ (a) € B and converges in norm to zero as t — co.

Define u} =45 v¢|ve| ™" € M(B) to be the unitary in the polar decom-
position of v;. Then 7(u}) = 7(ve|ve|~1) = 7(vy), so u} — v, € B, and since
|ve|> — 1, we also have u} —v; — 0 as t — oo. Therefore, by omitting an
initial segment to ensure v; is invertible, the path of unitaries {u;}+c(0,00) in
M(B) implements the asymptotic unitary equivalence between ¢, ). O

We now introduce and prove our generalization of Theorem The
proof essentially follows that of [2I] Theorem 2.11 which follows that of [J]
Theorem 3.12. As noted above, [9] used extensively the ideas of [23]. In fact,
the argument is essentially that of [23]: A proper asymptotic unitary equiv-
alence induces a continuous path of automorphisms on ¢(.A) 4+ B. Then, fol-
lowing [23], we prove innerness of the automorphisms. We sketch the proof
for the convenience of the reader.

Recall that K K denotes the generalized homomorphism picture of KK
theory (e.g., see [I5] Chapter 4). In the next proof, we will let KKgigson
denote Higson’s definition of KK theory (e.g., see [12] Section 2).

Theorem 3.4. Let A, B be separable C*-algebras with A nuclear and B stable
and simple purely infinite. Let ¢, : A — M(B) be essential trivial extensions
such that ¢(a) —p(a) € B for all a € A.

Suppose also that either both ¢ and i are unital, or both ¢ and v absorb
the zero extension.

Then [p,v] = 0 in KK (A, B) if and only if ¢p=1).

Proof. The “if” direction follows directly from Lemma 3.3 of [9].

We now prove the “only if” direction. Note that both ¢ and v are
absorbing trivial extensionﬂ by [10] Theorem 17 for the unital case, and [11]
for the nonunital case.

Let A denote the unitization of A if A is nonunital, and A& C if A
is unital. By [10], if ¢ : A — M(B) is an absorbing trivial extension, then
the map 5 c Ao M(B) given by $|A = ¢ and 5(1) = 1 is a unital ab-
sorbing trivial extension. Moreover, ((E, 15) is a generalized homomorphism.
Additionally, [5, {/;] = 0 because a homotopy of generalized homomorphisms
(¢s, 1) between (¢,1) and (0,0) lifts to a homotopy (55,1;5), and hence
[5, {/;} = [0,0] = 0. Thus, we may assume that A is unital and ¢ and 1) are
unital absorbing trivial extensions.

30f course, when both are unital, we mean that they are unitally absorbing.
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As in the previous section, we may identify the Paschke dual algebra
Ab = (mod(A)) € C(B).

By & ~asymp V- Le., there exists a norm continuous path {u; }+¢(o,00)
of unitaries in M(B) such that

up(a)ui —P(a) € B
for all ¢ and for all a € A, and
lusp(a)uy —(a)] =0

as t — oo, for all a € A.
It is trivial to see that this implies that

[d)? UO¢’LL8] = [¢»¢] = 07

and that m(u;) € (70 ¢(A))" = A% for all ¢.
It is well-known that we have a group isomorphism

KK(-Av B) — KKHigson(-Aa B) : [¢a W — [¢,¢, 1]

Hence, [¢,uo¢uy,1] = 0 in KKpigson(A, B). Hence, by [12] Lemma 2.3,
[(b, d), US] = O in KKHigson(-Aa B)

By Thomsen’s Paschke duality theorem ([27] Theorem 3.2), there is
a group isomorphism Ki(A%) — KKpigson(A,B) which sends [m(ug)] to
(¢, 6, uf]. Hence, [w(ug)] = 0 in K;(AE). Hence, by Theorem m(ug) ~p 1
in A% = (m o ¢(A))". Hence, there exists a unitary v € C1 + B such that
v*ug ~p 1 in 771 (AE).

Hence, modifying an initial segment of {v*us}ic(o,00) if necessary, we
may assume that {v*u;}sc[0,00) IS @ norm continuous path of unitaries in
7~ 1(A5) such that v ug = 1.

Now for all ¢ € [0,00), let o € Aut(¢p(A) + B) be given by ay(x) =4
v*uzuiv for all © € ¢(A)+ B. Thus, {a;}icjo,0 is a norm continuous path of
automorphisms of ¢(A)+ B such that oy = id. Hence, by [9] Proposition 2.15
(see also [23] Theorem 3.2 and 3.4), there exist a continuous path {v; }se[0,00)
of unitaries in ¢(A) + B such that vg = 1 and [Jv,zv}] — v uzuiv]| — 0 as
t — oo for all z € ¢(A) + B. Thus, ||jvvzvyv* —uwzuy| — 0 as t — oo for all
z e ¢(A) + B.

We now proceed as in the last part of the proof of [9] Proposition 3.6
Step 1 (see also the proof of [23] Theorem 3.4). For all t € [0, 00), let a; € A
and b; € B such that vu, = ¢(ay) + bs. Since 7 o ¢ is injective, we have that
for all ¢, a; is a unitary in A, and hence, ¢(a;) is a unitary in ¢(.A) + B. Note
also that since m o ¢ = 7o and both maps are injective, ||a;aa; —al — 0 as
t — oo for all a € A. For all t, let wy =qr vv;¢(a;)* € 1+ B. Then {w;}iepo1)
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is a norm continuous path of unitaries in 1 + B, and for all a € A,

[wep(a)w; —¥(a)|| < lwegp(a)wi —vurg(a)oiv”|
+ [loveg(a)vyv™ — ued(a)uy|
+ [lwrp(a)uy — ¥ (a)l
= [lvord(aaa; — a)viv"||
+ lvvep(a)viv® — ued(a)uy]]
+ [lurp(a)uy — ¥ (a)l
— 0. (I

We have another generalization of the BDF essential codimension the-
orem:

Theorem 3.5. Let A be a unital separable simple nuclear C*-algebra, and B
a separable simple stable C*-algebra with a nonzero projection, strict com-
parison of positive elements and for which T'(B) has finitely many extreme
points.

Suppose that there exists a *-embedding A — B.

Let ¢, : A — M(B) be unital trivial extensions such that ¢(a)—1)(a) €
B for all a € A.

Then [¢,¢] = 0 in KK (A, B) if and only if ¢p=1).

Proof. Note that since A is simple, ¢ and @ are both norm full trivial exten-
sions. Hence, since B has the CFP, it follows, by Theorem that ¢ and ¥
are both unitally absorbing trivial extensions.

The rest of the proof is exactly the same as that of Theorem [3.4] except
that Theorem [2.5 is replaced with Theorem [2.9] O

We note once more, that, as in Theorem Theorems [3.4] and are
essentially about local phenomena.
Towards more concrete generalizations, we first need a technical result.

Lemma 3.6. If B is a nonunital C*-algebra and P,Q € M(B) are projections
with P—Q € B and |P — Q|| < 1, then there exists a unitary U € 1+ B such
that P = UQU*.

Moreover, we can choose U as above so that |[U — 1| < 4||P — Q]|.

Proof. Brief sketch of standard argument: Z = PQ + (1 — P)(1 — Q) satisfies
Z—1=(1-2P)(P—Q), and thus ||Z —1|| < 1. Hence, Z is invertible and if
U = Z|Z|~! is the unitary in the polar decomposition of Z, then UQU* = P.
Moreover, since P — Q € B, Z € 1 + B and hence, U € 1 + B.

Also,

1Z2°z =1 <Zz°Z = 2| + 1|2 - 1]
<|lz= =12zl + 11z =1
<3z -1l =3[P - Q.
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So [l|Z] =1l < [l12]* = 1] < 3| P = Q||. So

U= <U=UlZ|[| +]1Z =1 =1 = |Z]| + [P - Q| < 4[| P = Q. O

We now move towards a more concrete generalization of the BDF essen-
tial codimension theorem. We will be using the notion of generalized essential
codimension in Definition B.11

Theorem 3.7. Let B be a separable stable simple purely infinite C*-algebra,
and P,Q € M(B) projections such that P,Q,1—P,1—Q ¢ B, and P—Q € B.

Then [P : Q] = 0 in Ko(B) if and only if there exists a unitary U € 1+ 8B
such that UPU* = Q.

Proof. Since B is simple purely infinite, it follows, from the hypotheses, that
P~1-P~Q~1-Q ~1.Let ¢,¢ : C = M(B) be *-homomorphisms such
that ¢(1) = P and ¥(1) = Q. Then ¢ and 1) are absorbing trivial extensions.
(And both absorb the zero extension.)

The “if” direction then follows immediately from Theorem (See also
[22] Lemma 2.4.)

We now prove the “only if” direction. We have that [¢,¢] = [P : Q] = 0.
Hence, by Theorem there exists a norm continuous path {u;}sejo,1) of
unitaries in C1 + B such that ||usPu; — Q|| — 0 as t — oo.

Choose s € [0,00) such that |usPu’ — Q] < 1. We may assume that
us € 1+ B. Then, by Lemma [3.6] there exists a unitary V' € 1+ B such that
Vus PusV* = Q. Take U =g Vu,. O

We note that there is a mistake in [21] Theorem 2.14. It is not true that
if B is a separable simple stable purely infinite C*-algebra for which M (B)
has real rank zero, and if P,Q € M(B) are projections with P — Q € B,
P ¢ B, for which [P,Q] = 0 in Ky(B) then there exists a unitary U € 1+ B
such that UPU* = (. Here is a counterexample: Take B = Oy ® K and
let r € O3 ® K be a nonzero projection. Note that [r] = 0 in Ky(O2). Let
P =y 1M(O2®K) and Q=P—r.Then P-Q =r€ 0K, P ¢ 0>, ®K, and
[P:Q]=0in K¢(O2 ® K). But it is not true that P is unitarily equivalent
to Q.

The mistake in the argument of [21] Theorem 2.14 is essentially a mis-
take about absorbing extensions. If ¢ : A — M(B) is an absorbing trivial
extension then ¢ & 0 ~ ¢, i.e., » must absorb the 0 extension, and thus
ran(¢)* must be big. (Of course, this must be separated from the unital case
where ¢(1) = 1 and ¢ is unitally absorbing — meaning absorbing all strongly
unital trivial extensions.)

Finally, we note that in a separate paper, where we also investigate the
relationship between essential codimension and projection lifting, we will look
more extensively at concrete generalizations of the BDF' essential codimension
result, as in the above.
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4. Technical lemma
For 6 > 0, let f5: [0,00) — [0, 1] be the unique continuous function for which
1 t € [4,00)

fs(t) =140 t=0
linear on [0, 4].

If C is a unital C*-algebra and p € C is a projection, we follow standard
convention by letting p* =qr 1 —p.

In what follows, for elements a,b in a C*-algebra, we use a =, b to
denote |la —b|| < e.

Lemma 4.1. Let B be a separable stable C*-algebra with an approzimate unit
{en} consisting of increasing projections. (We define ey =45 0.)

Suppose that A, A’, A" € C(B)+ are contractive elements and 6 > 0 such
that

AA = A
and
A" € her((A"—98)4).

Let Ay € M(B) be any contractive lift of A, and let € > 0 be given.

Then for every M > 0, there exists an A} € ex;M(B)ex; which is a
contractive positive lift of A" such that for all 1 > 1,

Ao A~ (4G ~ (A5)H Ao,

Proof. Choose 47 > 0 such that for any contractive operators B,C, with
C >0, if
BC 5, C s, CB

then

Bf(;(C) e fg(C) e fg(C)B
(Sketch of argument for choosing d1: By the Weierstrass approximation the-
orem, find a polynomial p(t), with p(0) = 0, such that |f5(t) — p(t)| < €/2 for
all t € [0,1]. Now use the concrete structure of p(¢) to determine 4;.)

Let A) € ex;M(B)es; be any contractive positive lift of A’. Note that
we can restrict to the corner ej; because the image of m(eq;) = 1 since ey €
M(B). Because AA’ = A’ (and since they are positive, we also have A’ =
A’A) it follows that AA/2 = A’V/2 and so also A"V/2A = A’Y/2. Therefore,
there exist ¢, ¢’ € B for which

AgAp' P = AP 4 ¢,
and
AP Ay =A% 4l
Since {e,} is an approximate identity for B, we can choose N > 1 so that

1~ ~ 1y
cey ~5, 0~5, enc.
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Then, combining the above displays yields

AOA/ 1/26N N[sl A/ 1/2 l

N>

and

1 4r1/2 11/2
en Ay T Ag =5, en Al

Hence, if we define
D =g A61/26]J\_]A101/2
then
AOD s, D 51 DAO
Hence, by the definition of 41,

Aofs(D) mc f5(D) =c f5(D)Ao. (4.1)
Note that m(D) = A’, which follows since m(ex) = 1. Because the
algebra w((D — 0)+ M(B)(D —6)4) = her((A’ — 6)4), we can find a con-
tractive positive lift Aj € (D — §) M(B)(D — )4 of A”. Note that A €
exyM(B)ei; since Aj, and consequently, D and (D — §) are.
We remark that f5(D)(D — 8)4 = (D — )4, and for all 1 > 1, A"/ is
a contraction. Combining these facts with (4.1]) we obtain

AO(AIOI)l/l — Aof&( )(A//)l/l ~, f6( )(A//)l/l (A//)l/l

Similarly,
(Af) Y1 g e (49" 0

We now fix some notation which will be used for the rest of this section.

Let B be a separable simple stable C*-algebra with a nonzero projection.
Let {px}32, be a sequence of pairwise orthogonal projections of B such that

> k=)
k=1

where the series converges strictly.

For all m <mn, let
n
Pm.n =df Z Pn
k=m
and let
n
€n =df an
k=1

(Hence, {e,} is an approximate unit for B.)
Let U € C(B) be a unitary and let V' € M(B) be a partial isometry
such that
(V) ="U.
In fact, in the computations that follow, that V is a partial isometry is not
really needed. All that is needed, for the rest of this paper, is that V is a
contractive operator which lifts U.



20 Jireh Loreaux and P. W. Ng

Also, we let B(0,1) denote the closed unit ball of the complex plane,
ie., B(0,1) =g {a € C:|a] <1}

Recall next that for a C*-algebra C, for a 7 € T(C) and for any a € C4,

_ : 1/n
d-(a) =4 nh_}rr;o T(a™'™).

Recall also that a Laurent polynomial on the punctured closed disk
B(0,1) — {0} is a continuous function h : B(0,1) — {0} — C which has the
form

N M _
hA) = BaA"+ ) AmA
n=0 m=1

for all A € B(0,1) — {0}. Here, M, N > 1 are integers and 8, vm € C.

In what follows, we will use that the algebra of Laurent polynomials,
when restricted to the circle S*, is uniformly dense in C(S?).

Next, if C is a unital C*-algebra and h is a Laurent polynomial as above,
then for all contractive x € C, we define

N M
h(z) =4 Z Bpx" + Z Y (¥).
n=0 m=1

This is well-defined by the uniqueness of Laurent series expansion. Note that
when x is a unitary, this is consistent with the continuous functional calculus.

Finally, for a real-valued function f, we let osupp(f) := f~1(R\ {0})
denote the open support of f. Of course, osupp(f) = supp(f)-

Lemma 4.2. Let h be a Laurent polynomial and let X € M(B) be contractive.

(a) Foreverye >0 and L > 1, there exists an L1 > 1 where for all sequences
{a;} and {} in B(0,1) for which

for all j > L, we have that
o0 o0
h Zajij er, ~c h Za;ij er,-
j=1 j=1

(b) For everye > 0 andy € B, there exists an M > 1 where for all sequences

{a;} and {} in B(0,1) for which
o = o

for all j < M, we have that

o0 o]
h Zajij Yy~ h Za;ij y.
j=1 j=1
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Proof. Let us suppose that h(\) has the form
h(X\) = A"

where
n>1.

The proofs for the cases Xn, constants and linear combinations are sim-
ilar or easier. In fact, for our arguments, the distinctions between X and X*,
and left and right, are not important. The required small changes are easy
to see.

Let us first prove (a).

We prove that for every € > 0, for all 1 < k < n, there exists My > 1 so
that for every sequence {c;} in B(0,1),

k k
oo oo

1 . 1
E a;p; X | enr, e E a;p; X | e,
=1 j=L+1

The proof is by induction on k.
Basis step k = 1. Since

erX € B,
for every € > 0, we can find M; > 1 so that

eLXeﬁ1 ~. 0.

It follows that for every sequence {a;} in B(0,1),
oo oo
Zajijeﬁl . Z ajije]ﬁl.
j=1 j=L+1

Induction step.

Let € > 0 be given.

Say that k+1 < n and we have found M}, > 1 so that for every sequence
{a;} in B(0,1),

k k
(o] o0
1 o €L

Zajij 6Mk ~e Z Oéjij 6Mk'

j=1 j=L+1
Let

]\4]/C =df maX{Mk, L}.

Since

€M]/£X e B,
we can find M1 > 1 so that

4 ~
BM)’CXBJ\/[]C+1 N% 0.
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It follows that for every sequence {a;} in B(0,1),
k+1 k+1
o0 oo
i
Z a;p;X EMpyq e Z a;pjX eJJ\_4k+1
j=1 j=L+1
as required.
This completes the induction and the proof of (a).

Let us now prove (b).
For simplicity, let us also assume that y is a contraction.
Let

N =4 2" + 1.

We construct a finite sequence of positive integers mq, mo, ..., m, such

that for all 1 < k <n,
ckX...CQXchy %ﬁ 0
if for all j, ¢; is a contractive operator where
cj € em; Bepy,; U eﬁljlge#@j
and if there exists an [ for which
€ ef;”Befnl.

The construction is by induction on k.

Basis step k = 1. Since
Xy e B,

we can find mq > 1 so that

er Xy~ 0.

mi 2N
Therefore, for every contractive ¢1 € e, Bey. |
aXy~_< 0.
Induction step. Say that mq, ..., my have been chosen, and k+1 < n. We now
choose my41.
Since
Xenm, € B,
we can find my1 > 1 so that

et Xem, ~ e 0.

ME41 N
Hence, if ¢; € e, Bep, is contractive for all 1 < j < k, and if cxq1 €
el Bel s contractive, then

MEk41 MEk41
Ck_;,_lXCkX...CQXCle ~ 55 0.

Now by the induction hypothesis,
dpXdi—1X...de Xd1 Xy ~ < 0,
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whenever for all j,
1 1
dj € ey, Bem; Uer, Be,
is contractive and if there exists an { for which

dl€e Be

. . L L .
Hence, with d; as above, if ¢x1 € €y, Bem,, Uen,  Ben,  Is con-
tractive, then

1 XdpXdp1X..do Xdh Xy = < 0.
This completes the inductive construction.
Now let
M =g max{mq,ma,...,m,} + 2.
Say that {a;}, {a}} are two sequences in B(0,1) such that
a; =«

for all j < M.
Now recall that we are assuming that A(\) has the form h(\) = A™.
Therefore,

S H a;p; X | y (by the definition of the m; )

= H o;p; X | y (by the definition of M)

-1
(o)
PN Z aipj X | y (by the definition of the m; )

(oo}
= b aipX
j=1

Since N =4 2" 4 1, we are done. O

Lemma 4.3. Let h be a Laurent polynomial and X € M(B) be contractive.
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Then for every e > 0 and K > 1, there exists an L > 1 such that for
every sequence {a;} in B(0,1),

oo o0
exh Zajij eJL‘ , eJL‘h Zajij ex|| <e.
j=1 j=1

Proof. The proof is a variation on that of Lemma (b). We sketch the
argument here, referring to parts of the proof of Lemma (b).

For simplicity, we will prove that for every K > 1, there exists an L > 1
such that for every sequence {¢;} in B(0,1),

o0
eih Zajij ex|| <€
j=1

leaving the other statement to the reader.
As in the proof of Lemma (b), let us assume, for simplicity, that
h(A) has the form

h(A) = A"
where
n>1.

As before, the arguments for the other cases are similar or easier.

In the proof of Lemma [4.2] (b), replace y with ex.

Let m1, mo, ..., m, be the positive integers obtained from the inductive
construction in the proof of Lemma (b), and let

N =df 2" + 1.
Hence, from the proof of Lemma (b), we have that
cpnX..co X1 Xeg ~_ 0

3N
if for all j, c¢; is a contractive operator where
¢j € em; Bey,; U ef‘njl’)’ef;bj
and if there exists an [ for which
¢ € ef;“Be,J;%.
Now let
L =g my,.
Hence, if {a;} is a sequence in B(0, 1), then we have that
. - - n—1
eih Zajij ex = Z ap; X Zajij ex ~ane 0.
j=1 j=L+1 J=1

Since N = 2" + 1, we are done. O
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Lemma 4.4. Let hy,ho, hs : St — [0,1] be continuous functions and let §; > 0
be such that

hihg = hg
and
osupp(hz) C osupp((hy — 01)4).
Let 65 > 0 and T be a Laurent polynomial such that

~ 5o
RO) = )] < 22

for all X € S*.

Then for every L,L' > 1, there exist L1 > L', there exist contractive
A € ef M(B)yer, which is a lift of h3(U) such that for every contractive
a € (ABA), there exist M > L, My > Ly and x € DPLy+1,0: BPLy 41,0, for
which

oo
xh g a;p;V | 2" =5, a

for every sequence {a;} in B(0,1) (closed unit ball of the complex plane) such
that oy = 1 for all L < j < M.

Proof. Let Ay € M(B)4 be a contractive lift of hy(U).

Since U is unitary and because of the conditions on h, we know h( ) A5y
10
hy(U). Moreover, since h is a Laurent polynomial, h(U) = h(7r(V) m(h(V))
and also hy(U) = m(Ap). Using these facts and by Lemma [4.2] (a), we can

choose L > L' so that

et h(V)et, ~s, et, Aert, (4.2)
10
and
Zajij efl ~is h Za.'jij efl (4.3)
=1 =1

for all sequences {a;} and {a’} in B(0, 1) such that a; = o for all j > L.

By Lemmal4.1| (instantiated with A, A’, A" §, e, M chosen to be hi(U), ha(U),
hs(U), 61, %,Ll), there exists A € ei‘lM(B)eil which is a contractive posi-
tive lift of hg(U) for which

1 1 A1/l 1/1
eLleeLlA / N% A /

for all I > 1.
Hence, if we let a € ABA be an arbitrary contractive positive element,
then because the previous display holds for all [ > 1,

1 1 1/2 o
eLleeLla/ Rs, G

10
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Chaining this with yields
eiﬁ(V)eflal/2 A5
Therefore, if we let y =g a'/? then
yer, h(V)er,y" ~z, a.
Since y € er, Beg,
eflyeiﬁ(V)efly*eil ~i2y 0.
Since y € B, we can choose My > L; such that if we define

T =df PL1+1,M1YPL1+1,M;
then

Hence, by ([3),
R o
xh ZoszjV x* N3y a

for every sequence {a;} in B(0,1) for which a; = 1 for all L < j.
Hence, by Lemma 4 b), we can choose M > L such that

oo
zh a;p; V| 2" =5, a
Jj=1

for every sequence {o;} in B(0,1) for which a; =1forall L<j <M. O

Lemma 4.5. Suppose that, in addition, B has strict comparison of positive
elements and T(B) has finitely many extreme points.

Let p € B be a nonzero projection and let € > 0 be given.

Let hq, ha, hs : St — [0,1] be continuous functions, 61 > 0 and A1, ..., Ay, €
St such that

hiha = hy

osupp(hz) C osupp((h — d1)+)

and the function
m

A > ha(AA)

j=1
is a full element in C(S').
There exists 6o > 0 such that if h is a Laurent polynomial for which
~ 5o
h(X) —
) — ()] < 15

for all X € S then the following holds:
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For every L,L' > 1, there exist L < L1 < Ly < ...< L,,, L' <M < M’,
and contractive © € pBpyry1,m+ Such that

zh Zajij ¥ = p
j=1
where {a;} is any sequence in B(0,1) such that a; = A\, for all L_1 < j <
Ly and all1 <k <m. (Here, Lo =g L.)

Proof. Let F be the finitely many extreme points of T'(B).

Let L, L’ > 1 be arbitrary.

Let € > 0 and let 2 > 0 be any constant for which dz < -5.

We construct a elements Lj, Aj, b;, €;, M, Mj, M, M and z; for
1 < 57 <m. The construction is by induction on j.

Basis step: j = 1.
Let hi be the Laurent polynomial given by

hi(A) =4 h(MA)

for all A € S*.

Note that N

hl()\> %% hl()\l)\>

for all A € S'. Also, it is clear that the remaining hypotheses of Lemma
are satisfied for hy(A1-), ha(A1:), hg(A1-) and iAzl() (We have merely shifted
everything by a factor A;.)

By Lemmal4.4] choose M > L’ and contractive positive A € e3; M(B)ey,
such that

7T(A1) = h3()\1U)
We let
M =4 M.
Let Fy =4 {17 € F : 7(A1) = o0}.
Let a; € A1BA; be a strictly positive element. Then
T(a1) =d,(a1) = o0

for all T € Fi.
Since d. is norm lower semicontinuous on By, choose €; > 0 so that

dr((a1 —2€1)4) > 7(p)

for all T € Fy.
By Lemma choose L1 > L, M{ > M{ = M and a contractive
element x1 € pasi1,amyBpart1,my so that

o0
x1hy ZoszjV vy ~s, fe,(a1)
i=1

for every sequence {c;} in B(0,1) for which a; =1 for all L < j < L;.
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Hence,

oo
wih [ Y apV | af =, fo (1)

j=1

for every sequence {a;} in B(0,1) for which a; = A; for all L < j < L.
Foralll > M + 1, let
b1, =df PM+1,101PM +1,1-
Then
(bl,l — 261)+ — (a1 — 261)+

in norm, as [ — oco. Hence, since d, is norm lower semicontinuous,

lilIninde((bLl — 261)+) Z dT((al — 261)+),
—00

for all 7 € T'(B).
Hence, let M{” > M; be a number that is big enough so that if we
define

b1 =ag b1 my
then
dr((b1 — 2e1)4) > 7(p)
for all 7 € F; and

oih (Y apV | 2% &, fo (b)
j=1

for every sequence {c;} in B(0,1) for which a; = A for all L < j < L;.

Induction step. Suppose that Ly, Ay, by, €x, My, M; M]", €, and x) have
been chosen. We now construct the constants with k replaced with k 4 1.
By Lemma choose N > M, big enough so that

eM/cnﬁ(Zajij)eﬁ , eﬁﬁ(Zajij)eMLu < dg, (4.4)
j=1 j=1

for every sequence {a;} in B(0,1).
Let hg41 be the Laurent polynomial given by

hi1(A) =ar B(Akt12)
for all A € S*.

Once more, it is not hard to see that the hypotheses of Lemma [£.4] are
satisfied by h1(Akt1), ha(Akt17), ha(Akt1-), and hi41(+), with error estimate
%. (Again, we have merely shifted everything by a factor Agy1.)

By Lemma choose M, > N and a contractive positive element
Agy1 € BMQHM(B)SJM{CH such that

T(AkJrl) = hg()\k+1U).



Essential codimension 29

Let ]:k+1 =df {’7’ e F: T(A}c+1) = OO} Let ar4+1 € Ak+1BAk+1 be
a strictly positive element. Since d,. is norm lower semicontinuous, choose
€k+1 > 0 so that
dr((ak+1 — 2€p41)4) > 7(p)
for all T € Fi41.
By Lemma choose Lpy1 > Lg, M}/, > M, and contractive
Thtt € Pagg 410y, BMG 1y, 80 that

oo
~ .
Trt1Prg1 E OszjV Tpy1 =62 fek+1(ak+1)
j=1

for every sequence {a;} in B(0,1) for which a; =1 for all Ly < j < Lj41.
Hence,

o0
- .
Terh | >V | @iy R, ey (@rin)
i=1

for every sequence {«;} in B(0,1) for which a; = A4 for all Ly < j < Lj41.
Find M;"; > M;/_, big enough so that if we define

b1 =daf P!, M Gkt 1DM!

kE+1"" k41 k+1’M

1"
k41

then, as in the basis step, since d, is norm lower semicontinuous

dr ((br+1 = 2€k41)+) > 7(p) (4.5)
for all 7 € Fi41 and
Terh | DoV | @iy Rey fepy (bes) (4.6)
j=1

for every sequence {«;} in B(0,1) for which a; = A4 for all Ly < j < Ly41.

Finally, note that for all [ < k,
M <M <M]" <N <M, <M, <M.
Hence, since for all I < k + 1,
Ty € pay1,my B+, 07
it follows, from , that for all [ < k, for every sequence {;} in B(0, 1),
xh Zajpjv Trals Thith Zajpjv x| < d2. (4.7
j=1 j=1

This completes the inductive construction.

Define
MI :df M///
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Now let xo € part1,m Bpar+1,m be the contractive element defined by

m
To =df E Zj.
Jj=1

Let {o;} be any sequence in B(0,1) such that o; = A for all Ly <
J < Ly and for all 1 <k < m. (Here Ly =4 L.)
Then

xoﬁ(z a;p;V)xg
j=1

N (m2—m)ss Zxkﬁ(z a;p;V)xy, (by 1'
k=1 j=1

Xmds Zfek (bk) (by )
k=1

Note that by hypothesis, the map

A > " hg(AA)
j=1
is full in C(S"). Hence, 37, h3(A;U) is full in C(B). Hence, since 7(4;) =
hs(A;U) for all j,

m
T E Aj = 0
j=1

for all 7 € T'(B). Hence, by definition of the F;s (in the inductive construc-
tion), we must have that

U 7 = e T(B).
j=1

Hence, from (4.5)), it follows that for all 7 € T'(B),

dr <Z(bk - 2€k)+> > 7(p)

k=1
Hence, since B has strict comparison for positive elements, there exists a
projection g € (37, (b — 2e)+)B(>_ 1w, (b — 2¢€x)+) such that

q~Dp.

Hence,

o0
gzoh | > a;piV | 25q Rz,
j=1

for every sequence {«;} in B(0, 1) for which a; = A for every L1 < j < Ly
and all 1 <k <m.
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Let v € B be a partial isometry such that
v*v = ¢ and vv* = p.
Let
T =qf VqTo.
Then

oo
zh Zajij z* Xm2sy P
j=1
for every sequence {«;} in B(0,1) for which a; = A, for every Ly_1 < j < Ly
and all 1 < k < m. Since §3 < -5 we are done. O

m2

Let D be a unital C*-algebra. Recall that a nonzero element x € D is
said to be strongly full in D if every nonzero element of C*(z) is a full element
of D.

Lemma 4.6. Say that, in addition, B has strict comparison for positive el-
ements and T(B) has finitely many extreme points. Then there exists a se-
quence {a;} in S' such that the unitary W(Z?il a;p;)U is a strongly full
element of C(B).

Proof. Yor every k > 1, let hy1,j,hr2j,his,; : ST — [0,1] be continuous
functions, A ; € St (for 1 < j < k), and 6 > 0 be such that

k
Z hi3,5
j=1
is a full element of C(S?!),

osupp(h,3.7) C osupp((f,2,; — Ok)+),

hia,ihe2,; = hi2,;,

hi3.5(A) = hi31( Ak jA)
for all 1 < j <k, and

max diam(osupp(hy,1,;)) — 0

1<5<
as k — oo.

Let {h;}72, be a sequence of continuous functions from S* to [0, 1] such
that for all [, there exists k,j such that hy = hy1; and for all k,7, hy 1 ;
occurs infinitely many times as a term in the sequence {h;}2;.

Let {r,} be a sequence of pairwise orthogonal projections in B such

Tm ~ 1y for all m,n, and
o0
Z rn = Lms)
n=1

where the sum converges strictly.
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Let {e;} be a decreasing sequence in (0,1) and {e,;} a (decreasing in
k + 1) biinfinite sequence in (0,1) such that

o0
Zek < 0
k=1

and

Z €k, < OQ.

1<k,l<oc0

Note that for every v > 0, Y € M(B) and y € B, there exists N > 1
such that

lyYexll <.

Also, by Lemma for every ~ > 0, Laurent polynomial hand L > 1,
there exists N > 1 so that

h Zﬂjan en ~q h Zﬁ}an en
j=1 =1

for all sequences {3;} and {3;} in B(0,1) for which 8; = j; for all j > L.
By using the above two principles and by repeatedly applying Lemma

(first to hy; then to ho; then to hs; and so forth), we can find a sequence
{zx} of pairwise orthogonal contractive elements of B, a sequence {aj} in
S1, and a sequence {Ek} of Laurent polynomials such that the following
statements hold:

1. >po, x converges strictly in M(B).

2. For all k£ > 1,

hi(A) — T (A .
max 7 (A) = hi (V)] < e

3. For all k£ > 1, there exists a subsequence {z;,} of {z;} such that
(a) ij,ﬁk (e anpaV) @5 || < €6 for all 1 # s, and
(b) leﬁk O anpnV) 3, =, rj forall l.

”

We denote the above statements by “(*)

(Sketch of argument on how to choose the subsequence in (*) (3) above:
Firstly, from the construction of the sequence, we already have part (3)(b).
Next, note that, from Lemma [£.5] there is a sequence of pairwise orthogonal
projections {s;} in B such that 77 s; converges strictly in M(B) and
x; = rjx;s; for all 5. Now fix a k. The subsequence is constructed in two
steps (a subsequence of a subsequence). Step 1: Let {j;} be a subsequence
of the positive integers for which h;, = hj for all i. Step 2: Extract the
subsequence of {j;} by observing that for all 4, for all Y € M(B), for all i1,
there exists i3 such that for all i > g, |z;, Y7 || <4.)

Let m > 1 be given. We will now show that A, (7(>°07 | anpn)U) is
full in C(B). Let € > 0. Since each term of the sequence {h;}{°, is repeated
infinitely many times there is some k for which €, < § and hy, = hyy,.
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Choose a subsequence {z;,} of {z;} as in of (*), corresponding to
hi. Let A € M(B)4 be a contractive element so that

7T(A) = hk(ﬂ—(z anpn)U)'

We can choose L > 1 great enough so that if we define

o0
X =g Y wj
I=L
then
. (oo}
Xhy, (Z anan> X* ~, XAX™.
n=1
Increasing L if necessary, we may assume that
€
Zel + Z Emn < 5
I>L m,n>L

Consider the projection R =g Y ,~; 7 € M(B) and note that R ~
1) since Zzo:l rn ~ 1, and because all the projections r,, are equivalent.

From of (*),
Xﬁk <Z oznan> X" =~5 R
n=1
where
1) =df Zejl + Z €l,s-
I=L L<l,s<00
Therefore,
[XAX* — R|| < d+€; <e.

Since R ~ 1, (s), there is some partial isometry W implementing the equiv-
alence so that WW* = 1,5y and W*W = R. Then

[WXAX W™ — 1)l < | XAX™ - R|| <e
Applying 7, we obtain
[ (W X)m(A)m(X*W*) = 1es) || <€
Therefore, 7(A) = hi(7(> o) npn)U) = hp(7(X 0o anpyn)U) is full in
C(B).

Since m > 1 was arbitrary, and by the definition of the sequence {hy},
we claim that 7(3°,7 | a,p,)U is a strongly full element of C(B).

To see this, note that every nonnegative continuous function f € C(S?!)
has some h; which is in the ideal generated by f. Indeed, there is some arc
of positive width 1 centered at s € S on which f is greater than some
¢ > 0. Since max; < ;<) diam(osupp(hg,1,5)) — 0, there is some k such that
the maximum of these diameters is less than 7. Moreover, since 2521 hi,3,; is

full in C(S1), there is some 1 < j < k such that hy 1 j(s) # 0. Then, because
diam(osupp(he,1,5)) < %, the support of hy 1 ; is entirely contained within



34 Jireh Loreaux and P. W. Ng

the arc on which f > ¢ > 0. Therefore hy 1 ; is in the ideal generated by f.
Finally, by the definition of {h;}7°,, there is some [ for which h; = hs 1 ; (in
fact, there are infinitely many such ). O

Recall that if D is a unital C*-algebra and x € C, then x is strongly full
in D if every nonzero element of C*(x) is full in D.
Our technical lemma follows immediately from Lemma

Lemma 4.7. Say, in addition, that B has strict comparison for positive ele-
ments and T'(B) has finitely many extreme points.
Suppose also that A is a unital C*-algebra and for all n,

¢7L A= DPnBpn

18 a unital *-homomorphism.

Let
¢: A— M(B)
be the unital *-homomorphism given by
¢ =dq Y bn
n=1

where the sum converges in the pointwise-strict topology.
Then for every unitary W € (w o ¢(A)) C C(B), there exists a unitary
W' e (mo¢(A)) which is strongly full in C(B) such that

W o~ W/
in mo ¢(A).
Proof. This follows immediately from Lemma[4.6] Note that, by the definition

of ¢, any diagonal unitary of the form = E;il ajp; ) is a unitary in (7 o

@(A)) which is connected, via a norm continuous path of similar diagonal
unitaries, to 1 in (w0 ¢(A))". O
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