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Abstract 
 
The new Path Length Control (PLC) algorithm establishes and maintains multicast trees which maximize the 
bandwidth to be shared by multiple receivers and which satisfy the maximum path length bounds for each receiver.  
The PLC algorithm can be implemented as a distributed algorithm, can tradeoff end-to-end delay and bandwidth 
consumption, and can be implemented for polynomial time execution.  Analysis and simulation show that (a) the 
PLC algorithm generates multicast trees which consume less bandwidth than those generated by the SPT algorithm 
while guaranteeing the same shortest path length and (b) consume less bandwidth than trees generated by the Greedy 
algorithm with only a moderate increase in path length.  The PLC algorithm is more flexible and has a lower cost 
than a combined SPT and Greedy algorithm. 
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1. Introduction 
 

Different from traditional single-cast applications, the paths for a multicasting application are generally 

established as a tree, called a multicast tree, which contains a single sending node (the sender) and multiple receiving 

nodes (the receivers).  Applications that utilize video and audio distribution with single senders and multiple 

receivers are good candidates for multicasting.  Many of these applications also require a high Quality of Service 

(QoS) measured in low delay and low loss.  Providing QoS support while simultaneously maximizing network 

utilization can increase the efficiency of use of scare networking resources.  A good multicast routing algorithm must 

be able to be implemented in a distributed fashion and be efficient in execution (i.e., be able to execute in polynomial 

time) given rapidly changing populations of receivers (see [1]).  In addition, a good multicast routing algorithm must 

be able to control end-to-end delay and bandwidth consumption in order to effectively support real-time video and 

audio applications (see, for example, [2], [3], and [4]). 

A centralized approach to multicast routing should be avoided from the viewpoint of scalability and reliability.  

Previous research in the area has focused on creating Steiner Trees using heuristic methods (see [5], [6], [7], [8] and 

[9]).  A Steiner tree, or Steiner Minimal Tree (SMT), is the multicast tree that minimizes total path cost.  An 

algorithm to find an exact SMT is NP-complete, hence heuristic algorithms have been studied.  Previous research in 

heuristic SMT algorithms have tried to achieve a tree with cost very close to the ideal SMT, and to do so with 

minimum storage and computational overhead.  For example, the KMB (Kou, Markowsky, and Berman) algorithm 

generates multicast trees with an average cost of 5% more than the ideal SMT (see [10]).  The KMB algorithm builds 

a heuristic SMT based on the minimum spanning tree algorithm, which requires a centralized approach.  This implies 

that in the KMB algorithm all the nodes in the network have to be reconsidered each time the Steiner tree is to be 

updated to reflect the latest receiver connectivity.  For large networks with dynamic receiver populations, the Steiner 

Tree approach becomes problematic.  This problem gives birth to a serious need for a distributed multicast routing 

algorithm, where the number of nodes to be involved in updating a multicast tree is some fraction of the total number 

of nodes in the network.  In this regard, the Shortest Path Tree (SPT) (see [11], [12], [13], and [14]) and the Greedy 

algorithm (see [15]) are the two major algorithms that use a distributed approach.  Crowcroft discusses three 

different types of multicast trees; Steiner trees, center-based trees, and source-based trees to represent multicast 

routing algorithms (see [16]).  However, center-based trees, and source-based trees mean a categorization by the 
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place where routing operation is initiated, and those trees are generally represented by a shortest path tree or a tree 

generated by the Greedy algorithm.  Therefore, we choose the SPT and Greedy algorithm as other currently available 

multicast routing algorithms. 

The SPT is a multicast tree that minimizes path length between each receiver and the sender, but at the expense 

of greater total bandwidth consumption than an SMT.  In this paper, it is assumed that the root of an SPT is always 

the sender of a multicast session.  Some routing protocols such as PIM (Protocol Independent Multicast) (see [17]) 

and CBT (Core Based Tee) (see [18] and [19]) do not have this assumption.  That is, the root of an SPT is not 

necessary the sender.  In Cho and Breem (see [20]) it is shown that this fixed root approach can be very inefficient 

and that there is no systematic way to assign the fixed root in such an SPT.  For these reasons, this research does not 

consider those approaches that assume a fixed (non-sender) root. 

An SPT can be created very quickly as a collection of shortest paths (e.g., using any single-cast routing 

algorithm such as Dijkstra’s shortest path algorithm implemented in OSPF (see [21])) from each receiver to the 

sender.  We refer to the SPT as the “naïve” multicast tree.  It is suggested that implementing a heuristic SMT 

algorithm in a dynamic environment is very difficult and that a “naïve” multicast tree is robust and can guarantee an 

upper bound on cost (see [10]).  Providing a multicast routing algorithm in a distributed fashion is the first goal in 

this research. 

An implementable multicast routing algorithm must not be NP-complete in complexity.  The Steiner tree 

algorithm has exponential time complexity.  Since finding an SMT is a known NP-complete problem, much effort 

has been put into finding algorithms for a heuristic Steiner tree rather than creating a pure Steiner tree (see [22] and 

[23]).  Most existing heuristic SMT algorithms have time complexity in the order of )( 3nO , where n is the number of 

nodes in a network.  Developing a multicast routing algorithm with less than )( 3nO complexity is the second goal of 

this research. 

Minimizing bandwidth consumption and minimizing path length have been studied separately in previous 

research.  For example, heuristic SMT algorithms and the Greedy algorithm can be categorized as those intended to 

minimize bandwidth consumption, while the SPT algorithm is an algorithm for minimizing path length.  However, as 

will be descried later in the paper, handling these two issues separately results in a tradeoff relationship.  The final 

and major goal of this research is to introduce a multicast routing algorithm that handles these two factors efficiently 
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and even allows each receiver to flexibly assign priority to one or the other of the two factors according to a 

preference from each receiver. 

In this paper, a new multicast routing algorithm, called the Path Length Control (PLC) algorithm, is developed.  

The PLC algorithm is efficient, distributed, and supports path length control.  The PLC algorithm supports multicast 

routing with bounded bandwidth consumption and path lengths that cannot be achieved by the SPT or Greedy 

algorithms or even by a combination of the two algorithms.  The remainder of this paper is organized as follows.  In 

Section 2 the SPT and the Greedy multicasting algorithms are reviewed and a tradeoff relationship between the two 

algorithms is discussed.  In Section 3 the PLC algorithm is described.  In Section 4, simulation experiments 

comparing the three algorithms (the SPT, Greedy and PLC algorithms) are presented.  The final section is a summary 

and is followed by references and one appendix. 

 

2. Existing Distributed Multicast Algorithms 

 

In this paper, only multicast applications with a single sender are considered.  Figure 1 is an example of such a 

multicast tree, where the number adjacent to each edge represents a hop count and each node, except the root of the 

tree, represents a receiver (labeled as v1, v2, … ,v13).  We define the total bandwidth ( TotalB ) as the total amount of 

bandwidth consumed by a multicast tree for a multicast session at a given time.  We also define the total path length 

( TotalP ) to be the sum of the hops from all the active receivers to the single sender in the multicast tree.  A joining 

node is defined to be a node that is being connected to the sender (i.e., to join a multicast session originating from 

the sender) while neighbor nodes are defined as multicast receiver nodes that have already been connected to the 

sender. 

The SPT algorithm always connects a joining node to the sender using one of the shortest paths measured in 

hop count.  Figure 2(a) shows an example of the resulting multicast tree after the SPT algorithm is applied to the 

graph of Figure 1.  The resulting multicast tree has 76=TotalB and 89=TotalP .  The Greedy algorithm always connects 

a joining node to the nearest neighbor node.  If such a neighbor node does not exist, or if the sender is the nearest 

neighbor node, then the joining node is connected to the sender using a shortest path.  Figure 2(b) shows an example 



 

 4 

of the resulting multicast tree after the Greedy algorithm is applied to the graph of Figure 1.  The resulting multicast 

tree has 62=TotalB and 94=TotalP . 

Intuitively, we can see a tradeoff relationship between TotalB and TotalP from Figure 2(a) and 2(b).  The multicast 

trees generated by the SPT algorithm generally have larger TotalB than those created by the Greedy algorithm.  This is 

because the SPT algorithm does not find paths that necessarily share bandwidth by multiple receivers.  The Greedy 

algorithm solves the most serious disadvantage of the SPT algorithm; the amount of bandwidth to be consumed.  One 

problem with the Greedy algorithm is that we may have cases where the path length for a receiver could become 

unreasonably long (e.g., as shown in Figure 3), since it performs routing based only on the distance to the nearest 

neighbor.  With the Greedy algorithm when a receiver is connected through several intermediate receivers, 

bandwidth will be wasted if the intermediate receivers leave the multicast tree.  This problem was identified first by 

Waxman (see [15]).  Figure 4 shows an example of this problem.  Starting at step 1 in Figure 4, receiver nodes are 

connected in the order of v2, v3, v4, and v5 as shown in steps 1 through 4.  At step 5, if v2 and v3 leave the session, 

v4 remains connected using the path through v2 and v3 even if v4 could be connected directly to v5.  If we assume 

each link has a distance of one, the resulting multicast tree in Figure 4 wastes bandwidth.  Waxman’s weighted 

greedy algorithm (see [16]) has been proposed as a solution to this bandwidth waste problem.  The weighted greedy 

algorithm requires the existence of special fixed nodes called “owner nodes”.  The efficiency of the routing depends 

on how these owner nodes are assigned.  There is no systematic method to assign these nodes.  This presents 

problems for dynamic multicast trees and thus the weighted greedy algorithm is currently not feasible for actual use. 

 

3. The Path Length Control (PLC) Algorithm for Dynamic Multicast Trees 

 

In the previous section, we saw that there exists a relationship between path length and bandwidth consumption 

and that existing algorithms do not allow tradeoffs between path length and bandwidth consumption.  A mechanism 

to control path length is introduced in a new algorithm, called the Path Length Control (PLC) algorithm.  In the PLC 

algorithm, the capability to control path length is mainly achieved by introducing two “regions”, the trunk region and 

connection region which are formally defined below.  The variables used in the PLC algorithm are: 
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• ),( ijL is the total path length from a joining node, j, to the sender through a neighbor node i (i is the node ID 

of the neighbor node). 

• jM is the distance of the shortest path from a joining node, j, to the sender. 

• ),( ijD is the deviation between a joining node and a neighbor node i defined as jijij MLD −= ),(),( for a 

neighbor node i). 

• )( jMAXT is the maximum deviation for a neighbor node, i, to be within the trunk region of the joining node, j.  

A trunk region is the range of the relative location of a neighbor node i from the joining node j, such 

that )(),( jMAXij TD ≤ . 

• )( jMAXC is the maximum deviation for a neighbor node, i, to be within the connection region of the joining 

node, j and )()( jMAXjMAX CT ≤ .  A connection region is defined to be the range of the relative location of a 

neighbor node i from the joining node j, such that )(),()( jMAXijjMAX CDT ≤≤ . 

• )( jMAXL is the maximum allowed path length as specified by each receiver node (i.e., each receiver node can 

set this parameter). 

A joining node will be connected to the sender as a trunk node if (a) the joining node cannot find any neighbor 

node within either its trunk region or its connection region or (b) the joining node finds another trunk node within its 

trunk region.  A trunk is the shortest path (or a path with only minor deviation from the shortest path) to the sender 

that consists only of the trunk nodes with the same trunk ID.  If a joining node is connected as a trunk node when 

condition (a) above applies, a new trunk is established for the joining node with all the intermediate nodes on the 

trunk becoming trunk nodes.  In this case, only the joining node is active, meaning that the multicast data stream is 

consumed by an application at the node.  If case (b) applies, it becomes a part of the existing trunk (therefor the same 

trunk ID will be assigned to the joining node).  When there is no active node connected to a trunk, the trunk will be 

deleted.  If a joining node finds a trunk node within its connection region, but not within its trunk region, the joining 

node will be connected to the sender as a non-trunk node through the trunk node found in the connection region.  

Note that the way a joining node is connected to the sender (i.e., as a trunk or a non-trunk node) is determined by 

referencing only to trunk nodes.  This is to make sure that an unreasonably long path (e.g., as shown in Figure 3) will 

not be created.  )( jMAXT and )( jMAXC for any joining node, j, are determined based on jM .    jjMAX MkT ⋅= 1)(  hops 
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and  jjMAX MkC ⋅= 2)(  hops where k1 and k2 are constants such that 0 ≤ k1 ≤ k2.  For example, if the shortest distance 

between a joining node, j, and the sender is 10 (i.e., jM = 10), and k1 = 0.2 and k2 = 0.4, then )( jMAXT = 2 and )( jMAXC = 

4.  The constants, k1 and k2, determine the strictness of a path from the shortest path.  The first constant, k1, 

determines the probability of a trunk to survive for long period, while k2 determines the probability for each joining 

node to be able to connect to an existing trunk.  The values of k1 and k2 scale as the diameter of the network 

measured in hops (i.e., k1 and k2 are relative parameters and cannot be described in terms of absolute values).  In the 

extreme case when k1 = k2 = 0 the resulting multicast tree will be a shortest path tree.  When k1 = k2 = the diameter of 

the network, the multicast tree will be the same as that generated by the Greedy algorithm. 

 

3.1 Description of the PLC algorithm 

 

The PLC algorithm establishes a multicast tree with a single sender in a directed graph.  It is assumed that the 

shortest path to the sender is determined for each receiver node.  The algorithm requires four parameters: 

1. The node ID of a joining node, j 

2. The node ID of the sender, d 

3. The maximum distance within which a joining node’s connecting point is to be chosen.  This value is 

currently to be set to jM , even though it can be some value less than jM .  Note that jM specifies the area 

within which a connecting point will be chosen, while )( jMAXL specifies the acceptable upper bound in terms 

of path length for resulting path. 

4. A weighted directed graph, G = (V, E), where V is a set of all the nodes that represent potential multicast 

receivers for a multicast session, and E is a set of all logical links between two potential multicast 

receivers. 

Figure 5 shows the PLC algorithm.  The algorithm uses four queues, Q, TQ , NTQ , and TempQ .  The queues hold 

all the neighbor nodes found within M hops from the joining node, j, all trunk nodes within M hops from j, all non-

trunk nodes within M hops from j, and the set of non-trunk neighbor nodes which belong to the same trunk for a 

particular neighbor trunk node, respectively.  Similar to )( jMAXT and )( jMAXC , )( jMAXL is determined based on the shortest 
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path, jM .  jjMAX MkL ⋅+= )1( 3)(  hops where k3 is a variable and 0 ≤ k3 ≤ k2 (k2 is defined in the previous section and 

serves as the threshold for )( jMAXL ).  For example, when jM = 10, k2 = 0.4, and k3 = 0.3, then )( jMAXL = 13 hops.  The 

major motivation behind having )( jMAXL is to provide the flexibility to set the upper bound on path length at each 

joining node.  This is since both )( jMAXT and )( jMAXC are assumed to be the same among all the joining nodes for routing 

a particular multicast session.  Each joining node can set its own k3, and the upper bound of the resulting path length 

is determined by )),(( )()( jMAXjjMAX LMCMIN + .  Thus, )( jMAXL is used to achieve stricter path length in case the path 

determined by )( jMAXT and )( jMAXC pair does not satisfy a specified end-to-end delay requirement.  In such a case, k3 

could be adjusted dynamically taking the delay requirement as a feedback from the paths generated by 

the )( jMAXT and )( jMAXC pairs. 

 

3.2 Implementation of the neighbor-finding procedure 

 

The first step in the algorithm (line 1 in Figure 5) is responsible for finding potential neighbor nodes for 

connection.  To achieve this step, the joining node can broadcast a polling message while neighbor nodes send reply 

messages back to the joining node to let their existence and their distance from the sender be known to the joining 

node.  Table 1 shows the fields that can be included in the polling and reply messages.  Before the polling message is 

broadcast, the TTL field is set to jM at the joining node and is decreased by one at each hop during the broadcast.  

Similarly, the HPC field is set to zero and is incremented by one at each hop.  The polling message will not be 

broadcast farther when TTL = 0.  Each time a joining node tries to join the same multicast session, the PID field will 

be assigned a different number.  The JID and SID fields are self-explanatory.  At a neighbor node, the HPC field in 

the polling message is copied into the DJN field in the reply message when a neighbor node receives the reply 

message.  The DJN field is used to tell the joining node the neighbor node’s distance from the joining node. 

Using the reply messages returned by neighbors, the PLC algorithm is initiated by a joining node, and it 

consists of procedures at both a joining node and its neighbor nodes.  When a joining node wants to join a multicast 

session, it broadcasts a polling message and then waits for reply messages from its neighbor nodes.  The waiting time 

is defined as, )()( )(2
jMohjMprwait TTT +⋅= where )( jMprT is the expected propagation delay for a polling message to travel 
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the distance of jM .  The variable )( jMohT is the total overhead delay to handle the polling message at each hop during 

the broadcast.  After the joining node waits for reply messages for the duration of waitT , it starts finding a neighbor 

node for connection.  If no reply message is received during waitT , the joining node will be connected to the sender 

using the shortest path, which then becomes another trunk.  An implementation description of the PLC algorithm is 

given in the appendix. 

 

3.3 Examples of PLC routing 

 

In order to see how the PLC algorithm works, let us see some examples using Figure 1 as the base network.  

First, let us assume that there is not yet a node connected to the sender in Figure 1, and that v6 wants to connect to 

the sender.  Since v6 is the first node in the multicast session, it will be connected to the sender using the shortest 

path, creating a trunk between v6 and the sender.  Node v6 and any nodes on the new trunk (in this example, v5) will 

become a trunk node for the trunk.   Now, suppose that v8 wants to join the multicast session after v6.  Assuming that 

v8 receives reply messages from v5 and v6 then v8 knows that v6 is closer than v5 and that the length of the path 

through v6 is 12 = 3 + 7 + 2, and 39128)6,8()6,8( =−=−= MLD .  Suppose that )8(MAXT and )8(MAXC are 2 and 4, 

respectively then since a trunk node v6 is not within the trunk region of v8 ( )8()6,8( MAXTD > ), v8 can not be connected 

to v6 as a trunk node on the same trunk.  However, the joining node v8 can be connected to v6 as a non-trunk node 

( )8()6,8( MAXCD < ), assuming )8()6,8( MAXLL ≤ .  Note that v6 should be considered before v5, since v6 is closer to the 

joining node than v5 (Figure 6(a) shows this). 

For another example, let us assume that v11 wants to join the multicast session after v6 and v8 are connected 

(i.e., after Figure 6(a)), and that node v6 and v8 send a reply message to v11.  Assuming that )11(MAXT and )11(MAXC are 2 

and 4, respectively, v11 knows that v6 is not within its connection region ( )11(11)6,11()6,11( 1116 MAXCMLD >−=−= ).  

Thus, v11 cannot be connected to v6 even as a non-trunk node.  As for v8, it is not within the connection region of 

v11 ( )11(11)8,11()8,11( 1116 MAXCMLD >−=−= ).  Even if v8 were within the connection region of v11, v11 cannot be 

connected to v8 since v8 is not a trunk node.  As a result, v11 does not see any trunk node within its trunk or 

connection region.  Node v11 will be connected to the sender by its shortest path, creating a new trunk.  Figure 6(b) 
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shows the resulting PLC multicast tree for this situation.  In case of link of node failure, only the nodes located 

downstream of the point of the topology change are affected with the PLC algorithm.  This is not the case for the 

distributed Bellman-Ford and Dijkstra algorithms which require changes in the routing table of all the nodes in a 

network for any topological change.  There are four failure cases to be considered: (1) a path becomes unavailable 

due to node or link failures, (2) the current path length increases due to insertion of node(s), (3) the current path 

length decreases due to removal of node(s), and (4) the shortest path length has been changed.  For the first three 

cases, the first downstream node after the point of failure or path length change can send notification messages to its 

all downstream nodes.  For link failure, the notification message is sent after the first downstream node finds a new 

point of connection.  Each of the downstream nodes makes a decision regarding whether it should stay on the path 

notified by the first downstream node.  In the case it determines that the new path is not acceptable, it initiates its 

own PLC algorithm seeking a new path.  Case (4) is where another path is created which is shorter than the previous 

shortest path (but, the new path is not the one currently being used).  In this case, there will not be any immediate 

changes for the currently connected receivers.  The new shortest path will take effect for subsequent joining nodes, 

and a transition takes place as new receivers join the multicast tree. 

 

3.4 Analysis of the PLC algorithm 

 

The motivation for introducing the trunk and connection regions in the PLC algorithm is to introduce flexibility 

in the routing of multicast connections and to avoid increase in path lengths.  Figure 7 illustrates the routing 

characteristics of the PLC algorithm.  Two parameters control path length and bandwidth consumption, whose 

coverage is shown by the shaded area, which occupy two dimensions in the figure.  Figure 7 also illustrates the 

characteristics of the SPT and Greedy algorithms.  Note that both the SPT and Greedy algorithm are represented by a 

single dot in the figure at the upper left and the lower right corner of the square-shaped graph, respectively.  The SPT 

and Greedy algorithms could be combined with a certain threshold to switch between the two algorithms.  Each 

multicast application (or each joining node) can set a threshold for its longest tolerable path length using the Greedy 

algorithm so that when the resulting path by the Greedy algorithm exceeds the threshold, the SPT algorithm will be 

used instead.  The routing characteristics of this combined approach is represented by the dashed diagonal line in 

Figure 7 connecting the SPT and Greedy algorithms.  This line occupies a single dimension in the figure and the SPT 
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and Greedy algorithm cover only single points in the figure.  This is less flexible when compared to the two 

dimensions covered by the PLC algorithm. 

The PLC algorithm avoids increases in the path length by using two shortest paths; one between the sender and 

a trunk node (i.e., paths in a trunk region), and the other between the trunk node and the joining node (i.e., the paths 

in a connection region).  By creating a path using the two shortest paths, some of the bandwidth that would be wasted 

by the Greedy algorithm can be eliminated, while any increase in path length will also be minimized.  Priority 

between bandwidth consumption and path length can be controlled by the two parameters; the upper bound for the 

trunk region and for the connection region.  This achieves less bandwidth consumption (or the same in its worst case) 

than the SPT algorithm when the PLC algorithm is configured as “most strict” (or, PLC-MS) to have zero tolerance 

for the deviation from both trunk and connection regions while it achieves the same shortest paths as the SPT 

algorithm.  We prove that the PLC-MS algorithm avoids some of the bandwidth consumption of the SPT algorithm, 

while it achieves the same path length as the SPT algorithm. 

Theorem: When a joining node has to choose a path to the sender, assume that on average α (α ≥ 1) paths that are 

all shortest paths to the sender exist.  Let β  (0 ≤ β ≤ α ) be the number of the α shortest paths that already have an 

active receiver connected to the sender.  Then, the PLC-MS algorithm has an average bandwidth consumption less 

than that of the SPT algorithm by θ
α
β ⋅





 −1 , where θ (θ > 0) is the average amount of bandwidth to be saved by 

choosing any one of the β shortest paths. 

Proof: The PLC-MS algorithm allows only zero deviation for both trunk and connection regions.  Thus, a chosen 

path will be accepted if and only if it is one of the shortest paths from a joining node to the sender and thus the PLC-

MS algorithm is guaranteed to have an average path length as short as that of SPT algorithm (which is the theoretical 

lower bound for possible shortest path length).  For bandwidth consumption, suppose that a joining node has α 

different shortest paths to the sender on average, and that β of the α different shortest paths are available as a whole 

or a part for the joining node.  The SPT algorithm always connects a joining node to the sender using a fixed shortest 

path to the sender and it is possible that the fixed shortest path is one of the β shortest paths.  Therefore, the 

probability for the SPT algorithm not to choose one of the β different shortest paths is 




 −

α
β

1 .  Assuming that θ  is 

the average amount of bandwidth that could be otherwise saved by choosing one of the β different shortest paths, the 
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average amount of bandwidth to be saved is θ
α
β

⋅




 −1 .  The PLC algorithm always chooses one of the β shortest 

paths.  Thus, θ
α
β

⋅




 −1  is the amount of bandwidth to be saved by the PLC algorithm.  QED. 

 

3.5 Complexity of the PLC algorithm 

 

In this subsection, the complexity of the PLC algorithm is analyzed and compared with that of the SPT and 

Greedy algorithms.  The total cost to implement each routing algorithm can be subdivided into the following three 

categories: 

1. Initialization operations - the cost required in a whole network only once when a network is first 

configured to set-up information needed for a routing algorithm to subsequently perform its routing task. 

2. External operations - the cost required at a joining node each time it tries to find a neighbor node as its 

connecting point in order to collect information from outside of the joining node. 

3. Internal operations - the same definition above applies, with the only exception that the cost is for the 

operations inside of the joining node. 

In the following analysis, )( INITIALSPTC , )( INITIALGreedyC , and )( INITIALPLCC are the cost for initialization, respectively, while 

)( INITIALNONSPTC − , )( INITIALNONGreedyC − , and )( INITIALNONPLCC − are the sum of the external and the internal costs.  The last two costs 

take place each time a joining node joins and are hence combined.  Table 2 summarizes the costs for the three 

algorithms. 

For the SPT algorithm, the shortest paths from the sender to each joining node must be determined before 

routing operations take place.  Determining the shortest paths for each joining node should be performed only once 

when the network is first configured.  Assuming that path length is meant to be the hop count from a joining node to 

the sender, it takes )( 2nO time applying Dijkstra’s SPF algorithm (or at least )( 2nO using Bellman-Ford’s algorithm).  

However, once the shortest path has been determined for each joining node, there is no routing operation required as 

an external operation and only a constant time to retrieve the fixed connecting point is required as its internal 

operation, since each joining node can be connected to the sender based on the shortest path determined during the 
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network initialization.  As a result, )( INITIALSPTC and )( INITIALNONSPTC − for SPT algorithm can be expressed by the following 

formulas, assuming that the terms in formula (2) represent the external cost, and internal cost, respectively. 

)( 2
)( nOC INITIALSPT =     (1) 

)1()1(required)cost  no()( OOC INITIALNONSPT =+=−     (2) 

which shows that the cost for initialization and non-initialization of SPT algorithm are in )( 2nO and O(1), 

respectively. 

In the case of the Greedy algorithm, a joining node needs to find its nearest neighbor as its connecting point.  

To determine the nearest neighbor node, a shortest path tree algorithm will be performed, and it again takes time 

)( 2nO using Dijkstra’s SPF algorithm.  However, the Greedy algorithm does not require any information to be set-up 

when a network is first configured, since all the only task it requires is to find the nearest neighbor node when a 

joining node wants to join a multicast session.  After all the neighbor nodes located within the joining node’s 

distance to the sender are found, it has to find the neighbor node with the shortest distance from the joining node, 

which can be done by linear search in )(nO .  Similar to the previous cost analysis for the SPT algorithm, the two 

costs for the Greedy algorithm are: 

required)cost  no()( =INITIALGreedyC     (3) 

)()()( 22
)( nOnOnOC INITIALNONGreedy =+=−     (4) 

which shows that the cost for initialization and non-initialization of the Greedy algorithm are zero (no cost) 

and )( 2nO , respectively. 

The PLC algorithm requires the same cost as the SPT algorithm for initialization (the cost is in )( 2nO ), since 

the PLC algorithm requires that the shortest path for each joining node to be determined before PLC can start 

routing.  The external cost of the PLC algorithm is the same as that of the Greedy algorithm (i.e., in )( 2nO ) assuming 

Dijkstra’s SPF algorithm, since the PLC algorithm needs to know all the neighbor nodes located within a joining 

node’s distance to the sender.  The first step in the PLC algorithm (line 1 in Figure 5) is responsible for this cost.  

Each of lines 2 and 4 costs )(nO where n is the number of nodes found at line 1, since it requires a linear search on 

queue Q.  Line 3 and 5 performs sorting on queue TQ and NTQ , each of which takes )log( nnO time.  The while loop 
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from lines 6 to 20 repeats as many times as the number of trunk nodes found at line 2.  Inside of the while loop is 

another while loop (lines 11 to 18) that repeats as many times as the number of non-trunk nodes for a trunk node.  

Each statement in the second loop (lines 12 to 17) takes constant time.  As a result, the total worst case cost for the 

first loop is in the order of )( 2nO .  The time complexity is a constant for the neighbor nodes of the PLC algorithm, 

since a neighbor node retrieves SID and PID fields from the received polling message, and simply compares them to 

the ones held at the neighbor node.  Processing JID, HPC, and TTL costs some constant time.  Similarly, calculating 

and setting each parameter of NID, DJN, DIS, TNB, and TID costs some constant.  As a result, the two costs of the 

PLC algorithm are: 

)( 2
)( nOC INITIALPLC =     (5) 

)()()( 222
)( nOnOnC INITIALNONPLC =+=−     (6) 

Table 2 summarizes the costs, from the above analysis, for the SPT, Greedy, combined SPT/Greedy, and PLC 

algorithms.  Comparing the PLC and SPT algorithms, the initial cost complexities are the same, but the non-initial 

cost is lower for the SPT algorithm.  Comparing the PLC and Greedy algorithms, the initial cost complexity is lower 

for the Greedy algorithm, but the non-initial costs are the same.  For a combined SPT/Greedy algorithm, all costs are 

clearly the same as the PLC algorithm. 

 

4. Evaluation of the PLC Algorithm 

 

To compare the performance of the SPT, Greedy, and PLC algorithms, a simulation model was developed.  

The simulation model was implemented as a time-based simulation where at each discrete clock tick statistics are 

collected.  All continuously distributed random time values are truncated to their corresponding integer values.  The 

major variables in the simulation model are network size and multicast receiver behavior.  Two configurations of the 

PLC algorithm were tested, PLC-MS (PLC-Most Strict) and PLC-S (PLC-Strict).  PLC-MS has zero tolerance for 

the deviation from both trunk and connection region (i.e., 0)( =iMAXT and 0)( =iMAXC for any i), while PLC-S has zero 

tolerance only for the trunk region.  The random network model introduced by Batsell was used (see [22]).  This 

network model assumes a grid-patterned square network, where a node representing a multicast receiver site is 

located only at each intersection of the grid in a network.  Thus, the network model is a non-hierarchical, flat 
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structure.  It is predicted that the future Internet will tend towards a non-hierarchical, flat network as the number of 

domains increases (see [24] for more details).  That is, the Internet will grow in “width”, but not “height” and thus a 

good multicast algorithm should be one that can efficiently route in flat networks.  A more detailed study on 

topological structures in internetworking environment such as node degree, and the number of biconnected 

components can be found in [25]. 

The number of nodes in a network represents the network size for a random square network.  The number of 

nodes in a network is assumed to be 2N , where N is the number of nodes in each edge of a square network.  To 

assign links between nodes in the random networks, the link assignment model proposed by Waxman (see [15]) is 

applied, in which the probability of there being an edge between nodes u and v is given by: 

)(),( LdevuP ⋅−⋅= βα     (7) 

where d and L are the Euclidean distance and maximum possible link distance between the nodes u and v.  The 

parameters, α, α > 0, and β, β ≤ 1, control the average link distance between nodes u and v. 

 

4.1 Modeling receiver behavior 

 

A receiver’s activities are assumed to be either a) joining a multicast tree, or b) disconnecting itself from the 

multicast tree.  The period between the beginning of a connection and the subsequent disconnection is defined to be 

the session holding time.  Poisson arrivals are assumed for session join requests and both exponential and Bounded-

Pareto (see [26]) distributed session holding times are assumed.  For data sets 1 through 5, exponential distributed 

session holding times are modeled and for data sets 6 through 10, Bounded-Pareto distributed session holding times 

are modeled.  We choose Bounded-Pareto distribution to simulate heavy-tail effect in session holding time (see 

[27]). The probability mass function for the Bounded-Pareto, ( )α,,kpB , is defined as, 

( ) 1

1

−−⋅







−

⋅= α
α

αα x

p
k
kxf     (8) 

where k is the minimum duration of a session, p the maximum duration, and α a shape parameter.  Bounded-Pareto 

random variables, X, can be generated using the inverse transform method as, 
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( ) a

kp
pkUpUX

1
−







⋅

−⋅−⋅−= αα

ααα

    (9) 

where, U is uniformly distributed random variable from 0 to 1. 

The simulation model measures the average bandwidth consumption per minute ( BWCA ), and the average path 

length per connection ( PLA ) for a simulation of T minutes.
 

∑=
=

T

s
sBWC b

T
A

0

1
  (10) 

and 

∑ 





∑=

= =

T

s

n

i
i

s
PL l

nT
A

0 0

11   (11) 

where sb is the amount of bandwidth consumed in the network at s clock tick and il is the path length of the receiver 

node i at clock tick s (0 if it is not connected), while sn is the number of receiver nodes joined at the s clock tick and n 

is the number of nodes in the network. 

 

4.2 Experimental Design 

 

To evaluate the three routing algorithms (SPT, Greedy, and PLC) a range of network sizes, network 

connectivities, session holding times, and session initiation arrival rates were modeled.  Table 3 summarizes the key 

parameters, in terms of data sets, for the experiments.  Average node utilization is defined to be the ratio of session 

holding time to total elapsed time for a receiver node.  Data sets 1 and 6 simulate long-lived receiver sessions.  The 

parameters for these data sets are taken from statistics collected for the NASA STS-63 space shuttle audio sessions 

from February 3 to February 11, 1995 on the Mbone (Multicast Backbone), while those for the short-lived session 

(data set 2 and 7) are based on the statistics collected for Free BSD Lounge also on Mbone (see [28]).  Data sets 3 

and 8 are artificially created to see the effects from longer inter-session time (session request interarrival time is 

doubled from data set 1 and 6), while data sets 4 and 9 model shorter session holding time (session holding time 

halved from data set 1 and 6).  Data sets 5 and 10 were created to see the effects of very low node utilization (session 

request interval time multiplied by six while session holding time halved from data set 1 and 6).  The three 
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parameters for Bounded-Pareto distribution are chosen as follows: first, α, was chosen to be 0.8 to achieve high 

variance in resulting session holding time (standard deviations range from 95 minutes to 386 minutes in the five data 

sets).  The maximum session holding time, p, was fixed to be 2880 minutes (two days), meaning that we assume a 

receiver will not stay connected more than two days.  For each data set, the minimum session holding time, k, was 

adjusted to achieve the same mean as its corresponding set in exponential distribution (see Table 3 for actual values).  

We chose k to control the mean where the mean for a Bounded Pareto random variable X is,  

[ ] ( )
( ) 
















−⋅−

−⋅⋅=
−−

α

ααα

α

α

p
k

pkkXE

11

11

.                (12) 

For all the experiments, session requests are assumed to be a Poisson stream.  For each of the ten experiments, three 

different network sizes of 2N  = 100, 400, and 900 were used to model small, medium, and large networks.  A 

simulation time of T = 28800 minutes (representing twenty days) was used for all experiments.  

 

5. Experimental Results 

 

Table 4 shows the results from experiments 1 through 5 for average bandwidth consumption per minute ( BWCA ) 

and average path length per connection ( PLA ), respectively.  The Greedy algorithm results in the longest PLA  in the 

five experiments and the SPT algorithm results the shortest.  The Greedy algorithm results in path lengths 6% to 24% 

longer than those of the SPT algorithm.  From the results of experiment 1, it can be seen that the PLC-MS algorithm 

reduces bandwidth consumption by about 8% when compared to the SPT algorithm, while the PLC-MS algorithm 

achieves the same theoretical lower bound for PLA as achieved by the SPT algorithm.  For the same experiment, PLC-

S algorithm results in the lowest bandwidth consumption of all three algorithms; 13% or 14% less consumption when 

compared to the SPT algorithm, while its tradeoff is a 4% to 7% increase in average path length.  The results from 

experiments 3 and 4 show that the performance of the three algorithms in terms of both BWCA  and PLA are similar to 

that of experiment 1.  The only exception is that the Greedy algorithm results in larger bandwidth consumption (2% 

to 17% larger bandwidth consumption than the SPT algorithm) in contrast to the results from experiments 1 and 2 

where the Greedy algorithm results in 3% to 21% lower bandwidth consumption.  Note that in both cases, PLC-MS 
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achieves the same theoretical lower bound achieved by the SPT algorithm for PLA , but with lower bandwidth 

consumption.  Similar to the result from experiment 1, PLC-S results in the lowest bandwidth consumption.  Figures 

8 and 9 show the results from experiment 4.  Figures 10 and 11 show the results from experiment 5.  The results from 

experiments 6 through 10 (the experiments with the heavy-tailed session holding times) are shown in Table 5.  This 

group shows similar results as seen in experiments 1 through 5 (Table 4) with the exception that Greedy algorithm 

results in larger bandwidth consumption in a large network ( 2N = 900) for experiment 9 and longer path length in a 

large and small ( 2N = 100) network for experiments 6 and 7, respectively. 

 

5.1 Observations from the experiments 

 

The following observations are made from the experimental results for both the Exponential and Bounded-

Pareto distributed session holding times: 

1. For networks with moderate and high node utilization, the SPT algorithm minimizes path length for each 

connection, but wastes some network bandwidth.  The Greedy algorithm achieves less bandwidth 

consumption than the SPT algorithm, but with longer path length. 

2. For networks with low average node utilization the Greedy algorithm is inefficient in terms of both 

bandwidth consumption and path length. 

3. The PLC-MS algorithm always achieves the same average path length, but with less bandwidth 

consumption, as that of the SPT algorithm except for a network with very low node utilization (experiment 

5).  When average node utilization is very low, bandwidth consumption by the PLC-MS algorithm is about 

the same as that of the SPT algorithm. 

4. For networks with moderate average node utilization (experiments 3 and 4), the PLC-MS algorithm 

demonstrates the best performance.  The PLC-MS algorithm consumes less bandwidth than both the SPT 

and Greedy algorithms, while it achieves the shortest possible path length (i.e., as short as that of the SPT 

algorithm). 

5. The PLC-S algorithm demonstrates the least bandwidth consumption of the three algorithms tested, except 

for a network with very high average node utilization (experiment 2).  When average node utilization is 
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very high, bandwidth consumption by the PLC-S algorithm is about the same as that of the Greedy 

algorithm.  For resulting path lengths, the PLC-S algorithm is always around the mid-point of the SPT and 

Greedy algorithms. 

6. The performance of each routing algorithm depends more on node utilization than on the average inter-

arrival and session holding times. 

7. The results from experiments 6 to 10 show that the Greedy algorithm performs poorly given heavy-tailed 

session holding times. 

 

6. Summary 

 

In this paper, a new dynamic multicast routing algorithm called the Path Length Control (PLC) algorithm has 

been developed and evaluated.  The PLC algorithm is a distributed, polynomial time algorithm that allows a tradeoff 

between path length and bandwidth consumption.  By defining trunk and connection regions, end-to-end path length, 

and hence delay, can be controlled.  From simulation experiments we have seen a tradeoff relationship between the 

SPT and Greedy algorithms.  The SPT algorithm guarantees the shortest path for each receiver, while it generally 

results in larger bandwidth consumption than the Greedy algorithm.  On the other hand, the Greedy algorithm 

generally results in larger average path length, but usually with less bandwidth consumption than the SPT algorithm.  

For networks with low average node utilization, the SPT algorithms works well in terms of bandwidth consumption 

and path length (which is always the shortest), while the Greedy algorithm is inefficient in both bandwidth 

consumption and path length.  The complexity of the PLC algorithm is )( 2nO for both the initial and non-initial costs, 

while the SPT algorithm has )( 2nO and )1(O , and the Greedy algorithm has no initial cost and )( 2nO cost for non-

initial operations.  The overall cost for the PLC algorithm is the same order as that of combined cost of the SPT and 

Greedy algorithms.  In addition, (a) for a delay sensitive multicast application, PLC-MS can save bandwidth which 

would be otherwise wasted by the SPT algorithm, while it achieves the same shortest path length as that of the SPT 

algorithm and (b) for multicast applications in which delay is not the highest priority, the PLC-S algorithm can 

achieve the lowest bandwidth consumption with only a moderate increase in path length. 
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Appendix - Implementation of the PLC Algorithm 
 

This appendix outlines a step-by-step implementation of the PLC algorithm.  Definitions for each of the 

symbols used in this appendix are given in Table 1.  The implementation for a joining node is: 

Step1: Set timer = 0 and broadcast the polling message with all five fields (JID, HPC, TTL, SID, and PID) 
set.  See Table 1 for their initial values. 

 
Step 2: Receive reply messages from neighbor nodes until the waitTtimer = . 

 
Step 3: The joining node stops receiving reply messages.  Separate the reply messages of trunk nodes from 

those of non-trunk nodes.  If a trunk node is not found, the joining node terminates and is connected to 
the sender using the shortest path. 

 
Step 4: Sort the reply messages from trunk nodes in the ascending order of their distance from the joining 

node using the DJN field in the received reply messages.  
 

Step 5: Repeat step 4 for the reply messages from the non-trunk nodes. 
 

Step 6: For the reply messages from the trunk node with the shortest distance from the joining node, find all 
the non-trunk nodes that belong to the same trunk as does the trunk node. 

 
Step 7: From the non-trunk nodes found at step 6, find the one with the shortest distance from the joining 

node as the candidate for the connection point from the joining node.  If a non-trunk node cannot be 
found in step 6, or if the trunk has the shortest distance from the joining node, choose the trunk node 
found at step 6 as the candidate of the connection point from the joining node. 

 
Step 8: Check the length of the resulting path through the candidate found at step 7.  If the path length is less 

than the upper bound specified by an application running at the joining node (i.e., )(),( jMAXcanditatej LL ≤ , 
where j is the node ID of the joining node, and candidate the node id of the candidate node).  If the 
length exceeds the upper limit (i.e., )(),( jMAXcanditatej LL > ), choose the trunk node with the next shortest 
distance to the joining node at step 4 and repeat the steps until the one that satisfies the conditions is 
found.  If the search for trunk nodes is exhausted, then the joining node will be connected to the 
sender using the shortest path.   

 
The implementation for the neighbor nodes is: 
 

Step1: Receive a polling message from a joining node. 
 

Step 2: Copy the HPC field in the polling message into the DJN field of the reply message. 
 

Step 3: For the received polling message, decrement the received TTL value and increment the HPC value.  
Replace the original TTL and HPC field with the new values.   

 
Step 4: For the SID field in the received polling message, check all the senders to which this neighbor node is 

connected.  If one matches with the SID field in the received polling message, send back the reply 
message to the joining node.  If no matching sender ID is found, the reply message will not be 
returned to the joining node. 

 
Step 5: If TTL > 0, broadcast the polling message. 
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Figure 1 - A graph with multiple receiving vertices and one sending vertex 
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Figure 2 - The resulting graphs after (a) the SPT and (b) Greedy algorithms are applied 
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Figure 3 - An example of a worst case path resulting from the Greedy algorithm 
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Figure 4 - An example of bandwidth waste when using the Greedy algorithm 



 

 

 
 
 
 
 
  PLC algorithm(j,d,M,G) 
  1.  Q ! (all V ∈  G such that V is within M hops from the joining node j) 
  2.  QT ! (all n ∈  Q such that n is a trunk node) 
  3.  sort QT in the ascending order of the distance from j 
  4.  QNT ! (all m ∈  Q such that m is a non-trunk node) 
  5.  sort QNT in the ascending order of the distance from j 
  6.  while(QT ≠ ∅ )do 
  7.    u ← the first element in QT 
  8.    remove u from QT 
  9.    if (u is located at least within the connection region of j) then 
  10.     QTemp ! (all v ∈  QNT such that v.TID = u.TID) 
  11.     while (QTemp ≠ ∅ )do 
  12.       w ! the first element in Qtemp 
  13.       remove w from QTemp 
  14.       if(LMAX(j) ≥ w.DJN + w.DIS)then 
  15.         connect j to v as a trunk node and return 
  16.       else 
  17.         connect j to v as a non-trunk node and return 
  18.     end-while 
  19.   end-if 
  20. end-while 
  21. connect j to the sender using the shortest path 
  22. return 
 

 
 
Figure 5 - The PLC algorithm 
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Figure 6 - The networks after (a) v8 and (b) v11 are connected 
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Figure 7 - Routing characteristics of the SPT, Greedy and PLC algorithms 



 

 

 
 
 
 

80%
85%
90%
95%

100%
105%
110%
115%
120%

100 400 900

Network Size (number of nodes)

R
el

at
iv

e 
%

 fr
om

 S
PT

SPT
Greedy
PLC-MS
PLC-S

 
 
 
Figure 8 - The relative difference in BWCA from experiment 4 
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Figure 9 - The relative difference in PLA  from experiment 4 
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Figure 10 - The relative difference in BWCA  from experiment 5 
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Figure 11 - The relative difference in PLA  from experiment 5 



 

 

 
 
 
 

Acronym Description 
Joining Node  

JID    The node ID of the joining node 
HPC    The hop count (initial value = 0) 
TTL    Time To Live (in hops, initial value = Mj) 
SID    The node ID of the sender 
PID    A unique ID for each polling message 

Neighbor Nodes  
NID    The node ID of the neighbor node 
DJN    The distance between the joining node and the neighbor node 
DIS    The current total distance from the neighbor node to the sender 
TNB    The Boolean trunk node indicator (TRUE = a trunk node) 
TID    The trunk ID to which the neighbor node belongs 

 
 
Table 1 - The contents of polling and reply messages with definitions 



 

 

 
 
 
 

 SPT Greedy Combined SPT/Greedy PLC 
Initial cost O(n2) no cost O(n2) O(n2) 
Non-initial cost 

        - External cost 
        - Internal cost 

O(1) 
no cost 
O(1) 

O(n2) 
O(n2) 
O(n) 

O(n2) 
O(n2) 
O(n) 

O(n2) 
O(n2) 
O(n) 

 
 
Table 2 - A summary of algorithm complexities for the SPT, Greedy, and PLC algorithms 



 

 

 
 
 
 

Data set: Data set 1 Data set 2 Data set 3 Data set 4 Data set 5 
   Mean session holding time (exponential) in min 35.0      258.0        35.0       17.5        17.5  
   Mean inter-session time (Poisson) in min 67.5   7.5      135.1       67.6      405.4  
   Mean node utilization    43.8%   97.8%    25.3%  25.8%     4.2% 

Data set: Data set 6 Data set 7 Data set 8 Data set 9 Data set 10 
   Mean session holding time (Bounded-Pareto) in min 34.7       258.0  34.7  17.2         17.2  
   Mean inter-session time (Poisson) in min 67.6     7.5      135.1  67.6       405.4  
   Mean node utilization       45.9%        97.8%       24.2%       23.9%          3.8% 
   Bounded-Pareto shape parameter (α)         0.8          0.8         0.8         0.8          0.8 
   Minimum session holding time (k) in min   2.9        48.2    2.9    1.2   1.2 
   Maximum session hold time (p) in min   2880.0    2880.0   2880.0    2880.0    2880.0 
 
 
Table 3 - Description of the data sets used for the experiments  



 

 

 
 
 
 

  Average Bandwidth Consumption Average Path Length 
 Network Size 100  400  900  100  400  900  

Data set 1 SPT       100%       100%        100%       100%       100%       100% 
 Greedy         97          91           92        117        113        109  
 PLC-MS         91          92           92        100        100        100  
 PLC-S         86          87           86        107        105        104  

Data set 2 SPT       100       100        100       100      100       100 
 Greedy         79          83           83        124       113        109  
 PLC-MS         83          89           88        100       100        100  
 PLC-S         81          82           81        110       104        103  

Data set 3 SPT       100       100        100       100      100       100 
 Greedy       117        106         102        114       113        107  
 PLC-MS         95          95           94        100       100        100  
 PLC-S         92          91           89        107       105        103  

Data set 4 SPT       100       100        100       100      100       100 
 Greedy       117        103         102        115       112        106  
 PLC-MS         94          95          94        100       100        100  
 PLC-S         91          90          88        107       105        103  

Data set 5 SPT       100       100       100       100      100       100 
 Greedy       382        237        212        110       110        106  
 PLC-MS       100        100          99        100       100        100  
 PLC-S         99          99          95        104       103        103  

 
 
Table 4 - The results from experiments 1 through 5 



 

 

 
 
 
 

  Average Bandwidth Consumption Average Path Length 
 Network Size 100  400  900  100  400  900  

Data set 6 SPT       100%       100%        100%       100%       100%       100% 
 Greedy       101         96           98        110        112        139  
 PLC-MS         92         93           93        100        100        100  
 PLC-S         89         87           87        107        105        104  

Data set 7 SPT       100       100        100       100       100       100 
 Greedy         77         84           81        121        115        109  
 PLC-MS         82         89           87        100        100        100  
 PLC-S         75         81           79        107        104        103  

Data set 8 SPT       100       100        100       100       100       100 
 Greedy       136       114         108        112        113        108  
 PLC-MS         97         96           95        100        100        100  
 PLC-S         94         91           89        106        105        103  

Data set 9 SPT       100       100        100       100       100       100 
 Greedy       129       113         111        119        109        106  
 PLC-MS         96         95          94        100        100        100  
 PLC-S         93         91          88        106        105        104  

Data set 10 SPT       100       100       100       100       100       100 
 Greedy       360       231        237        115        108        104  
 PLC-MS       100       100          99        100        100        100  
 PLC-S         99         99          97        103        103        102  

 
 
Table 5 - The results from experiments 6 through 10 


	2. Existing Distributed Multicast Algorithms
	3. The Path Length Control (PLC) Algorithm for Dynamic Multicast Trees
	4. Evaluation of the PLC Algorithm
	In this paper, a new dynamic multicast routing algorithm called the Path Length Control (PLC) algorithm has been developed and evaluated.  The PLC algorithm is a distributed, polynomial time algorithm that allows a tradeoff between path length and bandwi
	
	
	L
	List of Figures and Tables




