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1. Introduction

There is no doubt that California has the largest percentage of votes in the United

States Electoral College, but what does that mean about the amount of influence it

has in deciding the country’s next president? Numerous attempts have been made

at measuring power or influence. Voting power can be described as the influence a

specific voter has in a voting system. There are mathematical power indices that

can be used to measure this. One such index was derived by Shapley and Shubik in

1954 [BFJLL00]. This index measures the power of a player in a voting game by the

fraction of the number of possible orderings for which that player casts a deciding

vote and the total possible orderings of the players. The Shapley-Shubik index of

power is one of four power indices that will be explored. The other three are the

Banzhaf, Johnston, and Deegan-Packel.

This paper will define four power indices: Shapley-Shubik, Banzhaf, Johnston, and

Deegan-Packel. Next, I will go more in depth with the Shapley-Shubik and Banzhaf

indices and define generating functions that will quickly and efficiently compute these

power indices. After that, I will explore the computational complexity of computing
1
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these power indices. Using the European Union as an example, I will utilize Math-

ematica to compute both the Shapley-Shubik and Banzhaf indices in two ways: a

straightforward approach and a generating function approach. I will show you how

the generating function method computes the power indices for the countries in the

European Union much faster than the straightforward method, in one case up to

1, 760 times faster. I will explain why I was unable to use the Electoral College as

an example for the paper, but still provide the Shapley-Shubik and Banzhaf value

for the 51 members of the United States Electoral College. Lastly, I will explain why

Shapley-Shubik is a natural choice when using an axiomatic approach. I will consider

three axioms, Pareto Optimality, Equal Treatment Property, and Marginality, and

show that the Shapley-Shubik index of power is the only power index that satisfies

the three axioms simultaneously.

2. Voting Games and Power Indices

The first step in exploring these power indices will be to define any terms that must

be known in order to understand the notation used in expressing power indices and

the math involved. Thus, I will now begin to define such terms. These terms fall

under the class of voting games.

Definition 1. [BFJLL00] Let N = {1, 2, 3, . . . , n} be a set consisting of the players

in a game. A subset S ✓ N is called a coalition. A cooperative game is a function

v : 2N ! R, with v(;) = 0. Coalitions are denoted as S, and S ✓ N . A simple game

is a cooperative game v : 2N ! {0, 1} , such that v(N) = 1 and v is nondecreasing

(if X ✓ Y and v(X) = 1, then v(Y ) = 1). A coalition is winning if v(S) = 1, and

losing if v(S) = 0. Let W be a winning coalition and W(v) be the set of all winning

coalitions in game v. I denote S [ {i} = S [ i.
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In this paper, I will explore the power of voters in a class of voting games called

weighted voting games.

Definition 2. [BFJLL00] A weighted voting game is a simple voting game such that

there are q and wi, where wi is the weight of player i’s vote, wi is a positive integer,

0 < q 
Pn

i=1 wi, and

v(S) =

8
>><

>>:

1, if w(S) � q

0, if w(S) < q

,

where w(S) =
P

i2S wi. I denote these games as [q;w1, w2, . . . , wn].

Recall that the coalition S is losing when v(S) = 0 and winning when v(S) = 1.

Next, I will define the term swing, which will be important when defining the Banzhaf

index of power.

Definition 3. [BFJLL00] A swing for player i is a pair of coalitions (S [ i, S) such

that S [ i is winning, and S is not. In other words, v(S [ i) = 1 and v(S) = 0. For

each i 2 N , we denote by ⌘i(v) the number of swings for that player i in the game.

The total number of swings in the game v is

⌘(v) =
X

i2N

⌘i(v).

If (S [ i, S) is a swing, player i is said to be critical for S.

At this point, I need only one more definition to be able to define the four indices

of power.
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Definition 4. [LACF07] A minimal winning coalition is a set M ✓ N such that

v(M) = 1 and v(M � {i}) = 0, where i is any player in M . Let M(v) be the set of

all minimal winning coalitions in game v. Furthermore, Mi(v) is the set of minimal

winning coalitions such that i 2 M . A quasi-minimal winning coalition, is a set

Q ✓ N such that v(Q) = 1 and v(Q� {i}) = 0 for some, but not all, players i in Q.

Let Q(v) be the set of all quasi-minimal winning coalitions in game v and consider

the set of critical players in M to be �(M). Note that if �(M) = M , then M 2M(v).

Lastly, Qi(v) is the set of all coalitions M ✓ N such that i 2 �(M).

I have now defined the necessary terms in order to define the Shapley-Shubik,

Banzhaf, Johnston, and Deegan-Packel power indices. To begin, allow me to define

the Shapley-Shubik power index.

Definition 5. [BFJLL00] The Shapley-Shubik power index for the simple game (N, v)

is the vector �(v) = (�1(v), ...,�n(v)) given by

�i(v) =
X

{S/2W(v):S[i2W(v)}

s!(n� s� 1)!

n!
,

where n = |N |, s = |S| . The number of orderings of coalition S is given by s! and the

number of orderings for the remaining players, N � (S [ i), is given by (n� s� 1)!.

The sum of these products is divided by n!, the total number of orderings of the

players.

Now that I have defined the Shapley-Shubik index, I will define the Banzhaf index

of power. This index relies on the idea of swings, or a player being critical.
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Definition 6. [BFJLL00] The Banzhaf index of power for the simple game (N, v) is

the vector �(v) = (�1(v), . . . , �n(v)), given by

�i(v) =
⌘i(v)

⌘(v)
,

where ⌘i(v) is the number of swings for player i and ⌘̄(v) is the total number of swings

for the game.

Next, I will define the Johnston index of power.

Definition 7. [LACF07] The Johnston power index for the simple game (N, v) is the

vector �(v) = (�1(v), . . . , �n(v)), given by

�i(v) =
1

|Q(v)|
X

S2Qi(v)

1

|�(S)| .

The Deegan-Packel index is similar to the Johnston power index, but instead of

quasi-minimal winning coalitions, it considers minimal winning coalitions.

Definition 8. [LACF07] The Deegan-Packel power index for the simple game (N, v)

is the vector ⇢(v) = (⇢1(v), . . . , ⇢n(v)), given by

⇢i(v) =
1

|M(v)|
X

S2Mi(v)

1

|S| .

Below are the results of an example weighted voting game consisting of 5 players

to show that the power indices previously defined result in different values of power

for each player. The game is [8; 1, 2, 3, 4, 5].
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Player’s weight Portion of Votes Shapley-Shubik Banzhaf Johnston Deegan-Packel

1 0.0667 0.0667 0.0769 0.0 0.1333

2 0.1333 0.0667 0.0769 0.0 0.1333

3 0.2 0.2333 0.2308 0.1667 0.2333

4 0.2667 0.2333 0.2308 0.1667 0.2333

5 0.3333 0.4 0.3846 0.6667 0.2667

It is clear that each index calculates different values for the game [8; 1, 2, 3, 4, 5].

Note that in each index, players with different weights may have the same amount

of power. The Shapley-Shubik index of player 5 is greater than the Banzhaf index of

player 5. In this example, Banzhaf gives more power to the players with lower weight

than does Shapley-Shubik. Players 1 and 2 have no power according to the Johnston

index. So, it is clear that the four indices give different amounts of power to each

voter in the game.

3. Generating Functions

When voting games are relatively small, computing these power indices for a player

i is not too difficult. However, as the size of the voting game gets larger, the difficulty

in computing the power indices becomes greater because the number of sets increases.

As the number of sets increases, so does the number of possible winning coalitions,

swings, etc. Thus, computation by hand becomes very tedious. As it happens so

often in mathematics, a simpler way of computing power indices was discovered.

Generating functions are useful tools because, generally speaking, they take problems

about sequences and make them into problems about functions. This is great because

much information and techniques exist that are applicable to functions. I will now
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define a generating function and then give two examples of generating functions: one

for the Shapley-Shubik index and another for the Banzhaf index.

Definition 9. [Gos03] Let {a0, a1, a2, . . .} be a sequence of real or complex numbers.

The generating function, G (z), for the sequence is the formal power series

G (z) = a0 + a1z + a2z
2 + . . . =

1X

k=0

akz
k.

If the sequence is finite, {a0, a1, a2, . . . , an}, then G (z) = a0 + a1z+ a2z2 + . . .+ anzn

is a polynomial.

David G. Cantor worked to come up with a generating function that can be used to

compute the Shapley-Shubik power index efficiently for weighted voting games. His

result was the following proposition.

Proposition 10. [BFJLL00] The Shapley-Shubik index of the player i 2 N in a

weighted voting game satisfies

�i(v) =
X

{S/2W(v):S[i2W(v)}

s!(n� s� 1)!

n!

=
n�1X

j=0

j!(n� j � 1)!

n!

 
q�1X

k=q�wi

Ai(k, j)

!
,

where Ai(k, j) is the number of ways in which j players, other than i, can have a sum

of weights equal to k.
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Proof. Let v = [q;w1, w2, w3, . . . , wn]. The Shapley-Shubik index of player i is defined

by

�i(v) =
X

{S/2W(v):S[i2W(v)}

s!(n� s� 1)!

n!
.

Consider the following expression,

n�1X

j=0

j!(n� j � 1)!

n!

 
q�1X

k=q�wi

Ai(k, j)

!
.

When j = 0, player i is the first voter. When j = 1, player i is the second voter, the

third voter when j = 2, and so on to j = n � 1 when player i is the last voter. The

term j! is the number of ways to arrange this set. Thus, the first part of the product,
Pn�1

j=0
j!(n�j�1)!

n! , moves the player i through each position in the set N and calculates

the ratio of the number of ways to arrange player i in each position in the set and

the total number of possible orderings of the set. The second part of the product,
Pq�1

k=q�wi
Ai(k, j), is the number of sets in which j players, other than i can have a

sum of weights equal to k. If player i is critical, one wants to account for that, thus

the Ai(k, j) term does not equal zero. When i is not a critical player, one does not

want to account for that, thus the Ai(k, j) term does equal zero. This will result in a

sum of products of orderings and ones or zeros. The zeros are multiplied with those

orderings for which player i is NOT critical, thus not accounting for them in the sum.

The resulting sum is the Shapley-Shubik index of player i.

⇤

But how do I get the Ai(k, j) term? Below is Cantor’s result at coming up with a

generating function for computing this term and its corresponding proof.
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Proposition 11. [BFJLL00] Let [q;w1, w2, ..., wn] be a weighted voting game. Then

the generating function of the number Ai(k, j) of coalitions S of j players with i /2 S

and w(S) = k, is given by the generating function ShGi(x, z) =
Q

j 6=i(1 + zxwj).

Proof. Let W = {w1, w2, ..., wn} be the set of the weights of all the players. Consider

the generating function (1 + zxw1)(1 + zxw2)(1 + zxw3) · · · (1 + zxwn) = (1 + zxw1 +

zxw2+z2xw1+w2)(1+zxw3) · · · (1+zxwn). As seen here, when multiplying two of these

quantities the result is a polynomial with at most four terms. It will be less than four

terms if w1 = w2, because, in that case, zxw1 + zxw2 = 2zxw1 . Note that, in the case

when w1 = w2, the degree of z is 1 and, between the players 1 and 2, there are two

ways to arrange a single player to have a weight of w1 = w2. Hence, the coefficient

on the term is 2. Now, look at the term z2xw1+w2 . We see that the power on x is the

sum of the weights of two players, w1 and w2. Therefore, using the same reasoning

as before, there is one way (coefficient is 1) to get two players (degree of z is 2) with

a total weight of w1 + w2 (degree of x). The degrees of z will result in the number

of players in subcoalitions T ✓ W and the degrees of x will result in the sum of the

weights of the players in T . Therefore,

(1 + zxw1) · · · (1 + zxwn) = (1 + zxw1 + zxw2 + z2xw1+w2)(1 + zxw3) · · · (1 + zxwn)

=
X

T✓W

⇣
z|T |x

P
wi2T wi

⌘

This sum will result in a polynomial of products of z and x to raised to the size

of T and the sum of the weights of players in T respectively. Each product is one

possibility in the game. Thus, combining like terms will result in terms of the form

A(k, j)xkzj, where the coefficient A(k, j) is the number of coalitions of weights k and

size j. To obtain the numbers Ai(k, j), we drop the factor (1+ zxwi) because Ai(k, j)
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is the number of ways to arrange j players other than player i into coalitions for which

i is critical, so we do not want i to be accounted for. Thus, the generating function

(1 + zxw1) · · · (1 + zxwn) = (1 + zxw1 + zxw2 + z2xw1+w2)(1 + zxw3) · · · (1 + zxwn)

=
X

T✓W

⇣
z|T |x

P
wi2T wi

⌘

=
X

k�0

X

j�0

A(k, j)xkzj.

⇤

I have provided an example of a small game below. In this game, there are 5 voters

with weights {1, 2, 3, 3, 5}. By expanding the product, we can see our A(k, j)xkzj

terms. For example, look at the third term in the polynomial, x2z. We see that there

is only one way (coefficient) to have one player (degree on z) with a weight of two

(degree on x). Another example, look at the second term from the left in the second

line, 2x8z3. This means there are 2 ways (coefficient) to get three players (degree on

z) to have a weight of eight (degree on x).

1 + xz + x2z + 2x3z + x5z + x3z2 + 2x4z2 + 2x5z2 + 2x6z2 + x7z2 + 2x8z2 + 2x6z3 +

x7z3 + 2x8z3 + 2x9z3 + 2x10z3 + x11z3 + x9z4 + 2x11z4 + x12z4 + x13z4 + x14z5

This same approach was applied to the computation of the Banzhaf index of power

by Steven Brams and Paul Affuso, as seen below.

Proposition 12. [BFJLL00] The number of swings for player i satisfies

⌘i(v) = |{S /2 W : S [ i 2 W}|

=
q�1X

k=q�wi

bi(k),
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where bi(k) is the number of coalitions that do not include i with weight k.

Proof. If, by definition, a swing for player i is such that a coalition S without player

i is not a winning coalition, but S [ i is a winning coalition, then all coalitions of

S must have a sum of weights of at least k = q � wi and at most q � 1. Adding

the number of coalitions with total weight q � wi with the amount of coalitions with

weights q � wi + 1, q � wi + 2, . . ., q � 2, q � 1 will result in the total number of

coalitions for which player i is critical. Thus, bi(k) will result in the number of swings

for player i by the definition of swings.

⇤

Similar to before, we now must ask ourselves, “How do we compute bi(k)?” Brams

and Affuso came up with the following generating function, which is very similar to

Cantor’s.

Proposition 13. [BFJLL00] Let [q;w1, w2, ..., wn] be a weighted voting game. Then

the generating function of the number bi(k) of coalitions S such that i /2 S, and

w(S) = k, is given by BGi(x) =
Q

j 6=i(1 + xwj).

Proof. Let W = {w1, w2, ..., wn} be the set of the weights of all the players. Consider

the generating function (1 + xw1)(1 + xw2)(1 + xw3) · · · (1 + xwn) = (1 + xw1 + xw2 +

xw1+w2)(1+xw3) · · · (1+xwn). As seen here, when multiplying two of these quantities

the result is a polynomial with at most four terms. It will be less than four terms if

w1 = w2, because, in that case, xw1 + xw2 = 2xw1 . Note that between players 1 and

2, there are two ways to arrange any number of players to get a weight of w1 = w2.

Hence, the coefficient on the term is 2. Now, consider the term xw1+w2 . We see that

the power on x is the sum of the weights of two players, w1 and w2. Therefore, using
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the same reasoning as before, there is one way (coefficient is 1) to get any amount of

players with a weight of w1+w2 (degree of x). Consider coalitions H ✓ W where the

degree on x is the sum of the weights of the players in H. Therefore,

(1 + xw1)(1 + xw2) · · · (1 + xwn) = (1 + xw1 + xw2 + xw1+w2)(1 + xw3) · · · (1 + xwn)

=
X

H✓W

Y

wj2V

xwj

=
X

H✓W

⇣
x
P

wj2V wj
⌘

This sum will result in a polynomial of x raised to the different sums of weights in

each H. And combining like terms will result in terms of the form b(k)xk, where the

coefficient b(k) is the number of coalitions of weights k. Thus, the generating function

(1 + xw1)(1 + xw2) · · · (1 + xwn) = (1 + xw1 + xw2 + xw1+w2)(1 + xw3) · · · (1 + xwn)

=
X

H✓W

Y

wj2V

xwj

=
X

H✓W

⇣
x
P

wi2V wi

⌘

=
X

k�0

b(k)xk

To obtain the numbers bi(k), we drop the factor (1 + xwi) because bi(k) is the

number of coalitions excluding player i that have the sum of weights k. So, to exclude

player i, we get rid of the (1 + xwi).

⇤

Using the same game from the example before, I have expanded the generating

function for the Banzhaf index. Note that just getting rid of the z’s from the Shapley-

Shubik generating function produces the Banzhaf generating function. Look at the
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fourth term from the left, 3x3. Using the reasoning previously explained, there are

three ways (coefficient) to get any number of players (the z term is gone) to have a

weight of three (degree on x).

1 + x+ x2 + 3x3 + 2x4 + 3x5 + 4x6 + 2x7 + 4x8 + 3x9 + 2x10 + 3x11 + x12 + x13 + x14

4. Computational Complexity

So how difficult is it to compute these problems? Well, if you are computing these

by hand with even a relatively small voting game, it can be pretty difficult. One

can use, however, computers and mathematical programs, like Mathematica, to solve

these indices efficiently. And, even better, instead of just saying “pretty difficult” to

measure the complexity of these problems, we can actually measure the complexity

using big-O notation.

Definition 14. [Gos03] The function f is said to be in big-O of g, pronounced “big

oh” and denoted f 2 O(g), if there are positive constants, c and n0, such that, for all

n > n0, |f(n)|  c |g(n)|.

So, using this definition we can determine the computational complexity, in terms of

big-O, of the generating functions of the Shapley-Shubik and Banzhaf power indices.

Theorem 15. [BFJLL00] Let [q;w1, w2, ..., wn] be a weighted voting game. If C is

the number of nonzero coefficients of the generating function ShG(x, z), then the time

complexity of the generating algorithm for the Shapley-Shubik indices is O(n2C).
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Proof. The number of operations to compute the generating function ShGi(x, z) =
Q

j 6=i (1 + zxwj), with a for loop is O(nC) for every individual player. Consider the

Shapley-Shubik generating function

ShGi(x, z) = (1 + zxw1)(1 + zxw2)(1 + zxw3) · · · (1 + zxwn).

If we look at the (1 + zxw2)(1 + zxw3) · · · (1 + zxwn) terms, we see that this is at

most C terms. Multiplying by (1 + zxw1) generates C + C multiplications and 2C

additions. Thus, there are 4C operations. Multiplying each set of parenthesis for

each player result in 4nC operations. Furthermore, the previous operations for each

player results in O(n2C). Furthermore, there are two independent for loops:

w  wi

gg(z) 0

for k 2 {q � w, ..., q � 1} do

gg(z) gg(z) + Ai(k, j)zj

endfor

The above for loop is O(C) for each player individually and O(nC) for the entire set

of n players. Thus, we obtain the polynomial gg(z) =
Pn�1

j=0 bjz
j, whose coefficients

appear in the next sum,

t 0

for j 2 Z with 0  j  n� 1 do

t t+ bj(n� j � 1)!j!

endfor

t/n!

The same holds true as before; the above for loop is O(C) for each player individ-

ually and O(nC) for the entire set of n players. Combining these, it is O(nC). The

factorial function takes O(n), and n  C. Thus we can calculate the index for player
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i in time O(nC). Combining all of our for loops and time complexities, we get the

time complexity of the Shapley-Shubik generating function is O(n2C).

⇤

In very much the same way, the computational complexity of the generating func-

tion for the Banzhaf index of power can be found.

Theorem 16. [BFJLL00] Let [q;w1, w2, ..., wn] be a weighted voting game. If C is

the number of nonzero coefficients of the generating function BG(x), then the time

complexity of the generating algorithm for the Banzhaf indices is O(n2C).

Proof. Let i be a player; the generating function BGi(x) =
Q

j 6=i (1 + xwj) is given by

BG(x) 1

for j 2 {1, ..., n} with j 6= i do

BG(x) BG(x) + BG(x)xwj

endfor

The time to compute the line in the loop is in O(C) for an individual player. Thus,

the time to compute this function for every player in the set is O(nC). We take

BGi(x) =
P

k�0 b
i(k)xk, for every player i 2 N , and consider the for loop

w  wi

s 0

for k 2 {q � w, ..., q � 1} do

s s+ bi(k)

endfor

The time spent in the above loop is O(C) and, similar to before, the total time

when computing the procedure for every player is O(nC). If this procedure is executed

n times, it becomes O(n2C) and we obtain the indices for the n players.
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⇤

5. Mathematica Work

Here I present multiple algorithms, as found in Carter (1993) and Tannenbaum

(1997), for computing the Banzhaf and Shapley-Shubik power indices in Mathematica.

For each index, one algorithm will take a generating function approach, whereas the

other will be a naive approach. Let us consider the Shapley-Shubik power index first.

To begin, I must define the weighted voting game in which we will be exploring,

the European Union (EU) before the year 2000. At this point in time, the EU was

made up of 15 countries (with their weights in parentheses following): Germany (10),

United Kingdom (10), France (10), Italy (10), Spain (8), Netherlands (5), Greece (5),

Belgium (5), Portugal (5), Sweden (4), Austria (4), Denmark (3), Finland (3), Ireland

(3), and Luxembourg (2) [BFJLL00]. Thus, the game is defined by

Countries = {GE,UK,FR, IT, SP,NE,GR,BE, PO, SW,AU,DE, FI, IR, LU}

v = [62; 10, 10, 10, 10, 8, 5, 5, 5, 5, 4, 4, 3, 3, 3, 2],

where the quota = 62.

I will first explain the process to compute the Shapley-Shubik power index without

using generating functions. Input into Mathematica is bolded, and any corresponding

output will be located below not in bold font. The first thing to do in Mathematica

is to define the coalitions c and w, which represent the countries in the EU the weight

of each country respectively. Each country from before is assigned a number in c; for

example, 1 in c represents GE (Germany) whose weight is 10 and 6 in c represents NE

(Netherlands) whose weight is 5. Also, I must assign the quota, in this case q = 62.

c = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15};c = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15};c = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15};

w = {10, 10, 10, 10, 8, 5, 5, 5, 5, 4, 4, 3, 3, 3, 2};w = {10, 10, 10, 10, 8, 5, 5, 5, 5, 4, 4, 3, 3, 3, 2};w = {10, 10, 10, 10, 8, 5, 5, 5, 5, 4, 4, 3, 3, 3, 2};
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quota = 62;quota = 62;quota = 62;

The Map, Apply, and Plus commands in Mathematica can be used to find the

total weight of votes within the EU, or w(c) = 87 where w(c) =
P

i2c wi.

Apply[Plus,Map[w[[#]]&, c]]Apply[Plus,Map[w[[#]]&, c]]Apply[Plus,Map[w[[#]]&, c]]

87

Define coalitions to be the subsets of c and we can find that there are 215 = 32, 768

subsets of c.

coalitions:=Subsets[c]coalitions:=Subsets[c]coalitions:=Subsets[c]

Length[coalitions]Length[coalitions]Length[coalitions]

32768

Next, define the function v, such that if the weight of any coalition, say S, is greater

than the quota, v(S) = 1 and if w(S) < quota, then v(S) = 0.

v[list_]:=If[Apply[Plus,Map[w[[#]]&, list]] � quota, 1, 0]v[list_]:=If[Apply[Plus,Map[w[[#]]&, list]] � quota, 1, 0]v[list_]:=If[Apply[Plus,Map[w[[#]]&, list]] � quota, 1, 0]

For example, if S = {GE,UK,FR, IT, SP,NE,GR,BE}, or players 1 through

8 in c, then v(S) = 1 because the sum of their votes is 63 and 63 > 62. Also, if

S = {GE,UK,FR, IT}, or players 1 through 4 in c, then v(S) = 0.

v[{1, 2, 3, 4, 5, 6, 7, 8}]v[{1, 2, 3, 4, 5, 6, 7, 8}]v[{1, 2, 3, 4, 5, 6, 7, 8}]

1

v[{1, 2, 3, 4}]v[{1, 2, 3, 4}]v[{1, 2, 3, 4}]

0

For the Shapley-Shubik index, I must define a gamma, such that gamma =

(s�1)!(n�s)!
n! , where n = |c|. This calculates the ratio of number of ways in which a

player can be arranged for a single coalition and the total number of ways to arrange

each voter in general.

gamma[S_List]:=(Length[S]� 1)!(Length[c]� Length[S])!/Length[c]!gamma[S_List]:=(Length[S]� 1)!(Length[c]� Length[S])!/Length[c]!gamma[S_List]:=(Length[S]� 1)!(Length[c]� Length[S])!/Length[c]!

Now that gamma has been defined, the function ShapleyV alue1 can be defined.

This function will define the Shapley-Shubik index for individual voters by first finding
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the product of gamma and a binary indicator, (0, 1), whose value is decided on

whether or not player i is critical and mapping that to each coalition except the

empty set. After the function is defined, the Shapley-Shubik index for Germany is

calculated
�

7
60 ⇡ 0.117

�
.

ShapleyValue1[game_, i_]:=Plus@@(gamma[#](v[#]� v[DeleteCases[#, i]])&/@RestShapleyValue1[game_, i_]:=Plus@@(gamma[#](v[#]� v[DeleteCases[#, i]])&/@RestShapleyValue1[game_, i_]:=Plus@@(gamma[#](v[#]� v[DeleteCases[#, i]])&/@Rest

[coalitions])[coalitions])[coalitions])

ShapleyValue1[c, 1]ShapleyValue1[c, 1]ShapleyValue1[c, 1]
7
60

Using the Map and Timing commands, I will compute the vector �(v), a vector

giving the Shapley-Shubik index for each player in the game, and see its computation

time in Mathematica.

SV1 = N [Timing[Map[ShapleyValue1[c,#]&, c]], 3]SV1 = N [Timing[Map[ShapleyValue1[c,#]&, c]], 3]SV1 = N [Timing[Map[ShapleyValue1[c,#]&, c]], 3]

{18.2, {0.117, 0.117, 0.117, 0.117, 0.0955, 0.0552, 0.0552, 0.0552, 0.0552, 0.0454, 0.0454,

0.0353, 0.0353, 0.0353, 0.0207}}

At this point, the Shapley-Shubik power index for each country in the EU has been

computed straightforwardly using the definition of the Shapley-Shubik power index.

The time that Mathematica took to compute these values was 18.2 seconds. Next,

I will take a generating function approach to compute the Shapley-Shubik index, as

seen in Tannenbaum’s work [Tan97]. I will then compare the running times of each

method.

The first thing to do when taking the generating function approach is to define the

generating function discussed previously, ShG(x, z) =
Qn

i=1(1 + zxwi).

ShG[weights_List]:=Times@@(1 + z ⇤ x^weights)ShG[weights_List]:=Times@@(1 + z ⇤ x^weights)ShG[weights_List]:=Times@@(1 + z ⇤ x^weights)

Expanding this function with the EU, we see that the resulting polynomial has 338

terms.

Length[ShG[w]//Expand]Length[ShG[w]//Expand]Length[ShG[w]//Expand]

338
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The following function, ShPower, computes the Shapley-Shubik vector �(v) using

generating functions.

ShPower[weights_List, q_]:=ShPower[weights_List, q_]:=ShPower[weights_List, q_]:=

Module[{n = Length[weights], g, gg},Table[g = ShG[Delete[weights, i]];Module[{n = Length[weights], g, gg},Table[g = ShG[Delete[weights, i]];Module[{n = Length[weights], g, gg},Table[g = ShG[Delete[weights, i]];

gg = Sum[Coefficient[g, x, k], {k, q � weights[[i]], q � 1}];gg = Sum[Coefficient[g, x, k], {k, q � weights[[i]], q � 1}];gg = Sum[Coefficient[g, x, k], {k, q � weights[[i]], q � 1}];

Sum[Coefficient[gg, z^j] ⇤ j! ⇤ (n� j � 1)!, {j, 1, n� 1}], {i, n}]/n!]Sum[Coefficient[gg, z^j] ⇤ j! ⇤ (n� j � 1)!, {j, 1, n� 1}], {i, n}]/n!]Sum[Coefficient[gg, z^j] ⇤ j! ⇤ (n� j � 1)!, {j, 1, n� 1}], {i, n}]/n!]

Again, using the Timing command, I can compute the Shapley-Shubik values for

each player and see its running time. Note that SV 1 and ShP give the same values

for the power of the countries in the EU, but starkly different times.

ShP = N [Timing[ShPower[w, 62]], 3]ShP = N [Timing[ShPower[w, 62]], 3]ShP = N [Timing[ShPower[w, 62]], 3]

{0.0312, {0.117, 0.117, 0.117, 0.117, 0.0955, 0.0552, 0.0552, 0.0552, 0.0552, 0.0454, 0.0454,

0.0353, 0.0353, 0.0353, 0.0207}}

So, we can see that the ShPower function computes the Shapley-Shubik index of

power in 0.0312 seconds and ShapleyV alue1 does so in 18.2 seconds. The generating

function approach is clearly much more efficient. In fact, it computes the values

approximately 580 times faster.

Next, I will explain how to compute the Banzhaf indices of power. I will use the

same game already defined, the European Union with the 15 countries and a quota of

62. Because the Shapley-Shubik and Banzhaf indices of power are very similar, the

algorithm in Mathematica will be as well. The only difference between the two will

be that the Banzhaf function will not have a gamma. The function BanzhafV alue1

computes the number of swings for individual players in the game. We can see that

France, 3 in c, has 1, 849 swings.

BanzhafValue1[game_, i_]:=Plus@@((v[#]� v[DeleteCases[#, i]])&/@Rest[coalitions])BanzhafValue1[game_, i_]:=Plus@@((v[#]� v[DeleteCases[#, i]])&/@Rest[coalitions])BanzhafValue1[game_, i_]:=Plus@@((v[#]� v[DeleteCases[#, i]])&/@Rest[coalitions])

BanzhafValue1[w, 3]BanzhafValue1[w, 3]BanzhafValue1[w, 3]

1849
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Dividing France’s number of swings by the total number of swings possible will

give us France’s Banzhaf power. We can calculate the total number of swings using

the Map command. We see that France’s Banzhaf power is 1849
16565 ⇡ 0.112.

BanzhafValue1[w, 3]/Apply[Plus,Map[(BanzhafValue1[w,#]&), c]]BanzhafValue1[w, 3]/Apply[Plus,Map[(BanzhafValue1[w,#]&), c]]BanzhafValue1[w, 3]/Apply[Plus,Map[(BanzhafValue1[w,#]&), c]]

1849
16565

As before, using the Map command, we can compute the vector �(v), the Banzhaf

values for each player in the game.

BV1 = N [Timing[Map[(BanzhafValue1[w,#]&), c]/Apply[Plus,Map[(BanzhafValue1BV1 = N [Timing[Map[(BanzhafValue1[w,#]&), c]/Apply[Plus,Map[(BanzhafValue1BV1 = N [Timing[Map[(BanzhafValue1[w,#]&), c]/Apply[Plus,Map[(BanzhafValue1

[w,#]&), c]]], 3][w,#]&), c]]], 3][w,#]&), c]]], 3]

{27.5, {0.112, 0.112, 0.112, 0.112, 0.0924, 0.0587, 0.0587, 0.0587, 0.0587, 0.0479, 0.0479,

0.0359, 0.0359, 0.0359, 0.0226}}

Thus, we can see that using the straightforward computation of the Banzhaf in-

dex of power took Mathematica 27.5 seconds to compute the vector �(v). Next, I

will compute the same index using the generating function approach. The function

BanzhafG =
Qn

i=1(1+xwi) is the generating function described previously. One can

expand this function as well and see that the resulting polynomial has 86 terms.

BanzhafG[weights_List]:=Times@@(1 + x^weights)BanzhafG[weights_List]:=Times@@(1 + x^weights)BanzhafG[weights_List]:=Times@@(1 + x^weights)

Length[BanzhafG[w]//Expand]Length[BanzhafG[w]//Expand]Length[BanzhafG[w]//Expand]

86

The following function, BanzhafIndexP lus, computes the number of swings for

individual voters. Note that the number of swings for France computed in the different

methods are both 1, 849.

BanzhafIndexPlus[i_,weights_List, q_Integer]:=BanzhafIndexPlus[i_,weights_List, q_Integer]:=BanzhafIndexPlus[i_,weights_List, q_Integer]:=

Module[{delw, sw, g, coefi}, delw = Delete[weights, i];Module[{delw, sw, g, coefi}, delw = Delete[weights, i];Module[{delw, sw, g, coefi}, delw = Delete[weights, i];

sw = Apply[Plus, delw];sw = Apply[Plus, delw];sw = Apply[Plus, delw];

g = BanzhafG[delw];g = BanzhafG[delw];g = BanzhafG[delw];
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coefi = CoefficientList[g, x];coefi = CoefficientList[g, x];coefi = CoefficientList[g, x];

Apply[Plus, coefi[[Range[Max[1, q � weights[[i]] + 1],Min[q, sw]]]]]]Apply[Plus, coefi[[Range[Max[1, q � weights[[i]] + 1],Min[q, sw]]]]]]Apply[Plus, coefi[[Range[Max[1, q � weights[[i]] + 1],Min[q, sw]]]]]]

BanzhafIndexPlus[3, w, 62]BanzhafIndexPlus[3, w, 62]BanzhafIndexPlus[3, w, 62]

1849

And finally, the function BanzhafPowerP lus computes the power for each player

in the game. BPP is the vector �(v).

BanzhafPowerPlus[weights_List, q_Integer]:=BanzhafPowerPlus[weights_List, q_Integer]:=BanzhafPowerPlus[weights_List, q_Integer]:=

#/(Plus@@#)&@Table[BanzhafIndexPlus[i,weights, q], {i,Length[weights]}]#/(Plus@@#)&@Table[BanzhafIndexPlus[i,weights, q], {i,Length[weights]}]#/(Plus@@#)&@Table[BanzhafIndexPlus[i,weights, q], {i,Length[weights]}]

BPP = N [Timing[BanzhafPowerPlus[w, 62]], 3]BPP = N [Timing[BanzhafPowerPlus[w, 62]], 3]BPP = N [Timing[BanzhafPowerPlus[w, 62]], 3]

{0.0156, {0.112, 0.112, 0.112, 0.112, 0.0924, 0.0587, 0.0587, 0.0587, 0.0587, 0.0479, 0.0479,

0.0359, 0.0359, 0.0359, 0.0226}}

Therefore, the time it took to Mathematica compute the Banzhaf index of power

for each player in the voting game using a generating function was 0.0156 seconds. A

drastic improvement from the 27.5 seconds using the straightforward method. This is

approximately 1, 762 times faster. The results of the previous calculations have been

compiled into the following tables.
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ShapleyValue1 ShPowerPlus BanzhafValue1 BanzhafPowerPlus

GE 0.117 0.117 0.112 0.112

UK 0.117 0.117 0.112 0.112

FR 0.117 0.117 0.112 0.112

IT 0.117 0.117 0.112 0.112

SP 0.0955 0.0955 0.0924 0.0924

NE 0.0552 0.0552 0.0587 0.0587

GR 0.0552 0.0552 0.0587 0.0587

BE 0.0552 0.0552 0.0587 0.0587

PO 0.0552 0.0552 0.0587 0.0587

SW 0.0454 0.0454 0.0479 0.0479

AU 0.0454 0.0454 0.0479 0.0479

DE 0.0353 0.0353 0.0359 0.0359

FI 0.0353 0.0353 0.0359 0.0359

IR 0.0353 0.0353 0.0359 0.0359

LU 0.0207 0.0207 0.0226 0.0226

Computation Time

ShapleyValue1 18.2

ShPowerPlus 0.0312

BanzhafValue1 27.5

BanzhafPowerPlus 0.0156

Originally, I had wanted to use the Electoral College as an example. While work-

ing on this, it was not long until I realized that I was not going to be able to do so

because the number of coalitions (251 = 2, 251, 799, 813, 685, 248) was too much for
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Mathematica to keep track of. Thus, I was unable to use the straightforward ap-

proach of finding the Shapley-Shubik and Banzhaf indices of power for the Electoral

College. I went ahead, however, and found the Shapley-Shubik and Banzhaf powers

for each member of the Electoral College using the generating function algorithms.

Also included is their percentage of votes (Votes Index). One can see that California’s

influence in both power indices pretty large compared to the others’.

Votes Index Banzhaf Shapley-Shubik

California 0.102 0.114 0.110

Texas 0.0706 0.0721 0.0732

New York 0.0539 0.0540 0.0548

Florida 0.0539 0.0540 0.0548

Illinois 0.0372 0.0368 0.0371

Pennsylvania 0.0372 0.0368 0.0371

Ohio 0.0335 0.0330 0.0333

Georgia 0.0297 0.0293 0.0295

Michigan 0.0297 0.0293 0.0295

North Carolina 0.0279 0.0274 0.0276

New Jersey 0.0260 0.0256 0.0257

Virginia 0.0242 0.0237 0.0238

Washington 0.0223 0.0219 0.0220

Arizona 0.0204 0.0201 0.0201

Indiana 0.0204 0.0201 0.0201
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Votes Index Banzhaf Shapley-Shubik

Massachusetts 0.0204 0.0201 0.0201

Tennessee 0.0204 0.0201 0.0201

Maryland 0.0186 0.0182 0.0182

Minnesota 0.0186 0.0182 0.0182

Missouri 0.0186 0.0182 0.0182

Wisconsin 0.0186 0.0182 0.0182

Alabama 0.0167 0.0164 0.0164

Colorado 0.0167 0.0164 0.0164

South Carolina 0.0167 0.0164 0.0164

Kentucky 0.0149 0.0146 0.0145

Louisiana 0.0149 0.0146 0.0145

Connecticut 0.0130 0.0127 0.0127

Oklahoma 0.0130 0.0127 0.0127

Oregon 0.0130 0.0127 0.0127

Arkansas 0.0112 0.0109 0.0109

Iowa 0.0112 0.0109 0.0109

Kansas 0.0112 0.0109 0.0109

Mississippi 0.0112 0.0109 0.0109

Nevada 0.0112 0.0109 0.0109

Utah 0.0112 0.0109 0.0109

Nebraska 0.00929 0.00910 0.00903

New Mexico 0.00929 0.00910 0.00903

West Virginia 0.00929 0.00910 0.00903

Hawaii 0.00743 0.00727 0.00721
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Votes Index Banzhaf Shapley-Shubik

Idaho 0.00743 0.00727 0.00721

Maine 0.00743 0.00727 0.00721

New Hampshire 0.00743 0.00727 0.00721

Rhode Island 0.00743 0.00727 0.00721

Alaska 0.00558 0.00545 0.00540

Delaware 0.00558 0.00545 0.00540

District of Columbia 0.00558 0.00545 0.00540

Montana 0.00558 0.00545 0.00540

North Dakota 0.00558 0.00545 0.00540

South Dakota 0.00558 0.00545 0.00540

Vermont 0.00558 0.00545 0.00540

Wyoming 0.00558 0.00545 0.00540

6. Axiomatization of the Shapley-Shubik Index of Power

I have defined four power indices and provided algorithms for computing two of

them in Mathematica. With four different options, what makes me choose one index

over another one? Let’s say that I want whichever power index that I choose to have

certain properties, or axioms. According to Merriam-Webster’s online dictionary, an

axiom is an established rule or principle or a self-evident truth. Some axioms apply

to certain indices and not others. Therefore, someone can choose the index they want

to use depending on which axiom he feels is important. In this section, I will choose

three axioms that I want to be true of my power index and axiomatize an example

game to show that the Shapley-Shubik index satisfies those axioms. I ran into trouble
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when trying to come up with an example of a simple game v to axiomatize. I am not

sure if it is possible to axiomatize the Shapley-Shubik index in simple games, but that

is beyond the scope of this paper. Thus, I will have to expand from simple games

into cooperative games (see definition 1). The class of games with a player set N

is denoted by GN . Below are definitions needed to know in order to axiomatize the

Shapley-Shubik index, beginning with a player’s marginal contribution.

Definition 17. [Pin08] Player i’s marginal contribution to coalition S in game v is

given by the function v0i(S) = v(S[ i)�v(S). Denote player i’s marginal contribution

for the entire game v by v0i.

Note that in simple games, v : 2N ! {0, 1}, player i’s marginal contribution will be

1 when i is critical and 0 when i is not. And lastly, before I define the three axioms

being used, I will define what it means for two players to be twins.

Definition 18. [Pin08] For any game v 2 GN , players i, j 2 N are equivalent (twins)

if for each S ✓ N with i, j /2 S : v0i(S) = v0j(S). To denote players i and j equivalent

in the game v, write i sv j. Furthermore, if S ✓ N is such that all i, j 2 S : i sv j,

then S is an equivalence set in game v.

At this point, I would like to define the three main axioms that I will use in my

axiomatization of the Shapley-Shubik index. To begin, I must define a new power

index function,  : A! R|N |, defined on a set A ✓ GN , that is a solution on A. The

solution  on the class of games A ✓ GN satisfies

• [Pin08] Pareto Optimality (PO), if for each v 2 A :
P

i2N  i(v) = v(N),
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• [Pin08] Equal Treatment Property (ETP), if for all v 2 A, i, j 2 N : i sv j

implies  i(v) =  j(v),

• [Pin08] Marginality (M ), if for all v, w 2 A, i 2 N : v0i = w0
i implies  i(v) =

 i(w).

Using these three axioms, I will now present an example that axiomatizes the Shapley-

Shubik index of power. Like stated previously, I initially intended on using an example

of a simple game, but discovered that it was not possible. Therefore, I had to leave the

realm of simple games and enter into the realm of cooperative games where the results

are not simply 0 or 1, but rather the results real numbers. Though this sounds more

difficult, it actually provides easier grounds to work in. Thus, I will use an example

from Pintér’s paper.

Example. [Pin08] Let N = {1, 2, 3} and v = (0, 0, 0, 0, 3, 1, 2, 3) 2 GN , where v =

(v({;}), v({1}), v({2}), v({3}), v({1, 2}), v({1, 3}), v({2, 3}), v(N)). It is the case that

1 ⌧v 2, 1 ⌧v 3, and 2 ⌧v 3. Let  be a PO, ETP , and M solution on GN . I want to

show that  2(v) = �2(v).

First, I want to take player 1 as the singleton equivalence set in game v and consider

player 2. I need to find another game, w, such that the marginal contributions of

player 2 are the same for games v and w (v02 = w0
2), and that players 1 and 2 are twins

in game w, or 1 sw 2. There is more than one possibility for this, but I am going

to use the game w such that w = (0, 0, 0, 0, 3, 2, 2, 4). One can show that v02 = w0
2.

Furthermore, it can be shown that 1 sw 2.

Next, taking a similar process as before, we take the set {1, 2} to be an equivalence

set in game w and consider player 3. I need to find a third game, z, such that w0
3 = z03
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and 1 sz 2 sz 3. I choose the game z such that z = (0, 0, 0, 0, 2, 2, 2, 3). Again, one

can show that w0
3 = z03 and 1 sz 2 sz 3.

Then axioms PO and ETP imply that  (z) = �(z). Moreover, axiom M implies

that  3(w) = �3(w). And since  is PO and ETP and 1 sw 2, it is true that

 (w) = �(w). By applying M one more time, we see that  2(v) = �2(v).

By using the same reasoning as the example above, we can deduce  i = �i for any

player i in the set. By doing this, we can show that  (v) = �(v). Note that in doing

this, the games w and z will vary with different player i. Thus, for any solution  

that meets M, if  i(v) = �i(v) and v0i = w0
i, then  i(w) = �i(w). Therefore,  meets

the three axioms if and only if  = �, that is, if and only if it is the Shapley-Shubik

solution. I will now define one more term that is important in Pintér’s theorem.

Definition 19. [Pin08] Class A ✓ GN is M-closed if for each v 2 A and equivalence

set S ✓ N in v such that player k 2 {N � S}, there exists w 2 A such that S [ {k}

is an equivalence set in w and w0
k = v0k.

Pintér expressed the logic behind the previous example into the following theorem.

Theorem 20. [Pin08] Let class A ✓ GNbe M-closed. Then solution  defined on

class A satisfies axioms PO, ETP, and M if and only if  = �; in other words, if

and only if  is the Shapley-Shubik index.

7. Conclusion

I first defined four power indices: Shapley-Shubik, Banzhaf, Johnston, and Deegan-

Packel. Because these indices may be quite difficult and tedious to calculate by hand,
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I introduced a tool called generating functions. Generating functions transform dif-

ferent problems in functions, which is useful because there are many tools that we

can apply to functions. Narrowing my work down to just two of the indices most

commonly used, I stated and proved generating functions for the Shapley-Shubik and

Banzhaf indices of power. To measure their complexity, I used what is called big-O

notation and explored the complexity of the two indices, finding that both generat-

ing functions were O(n2C). Next, I showed how to use the program Mathematica

to compute the Shapley-Shubik and Banzhaf power indices two different ways, one

being a straightforward approach and the other using generating functions. Using

Mathematica, I found the time that it took to run each index straightforwardly and

using the generating functions. We saw that using generating functions is much more

efficient than the straightforward approach. Lastly, I took some time and explored

an example of what it looks like to axiomatize the Shapley-Shubik index of power. I

showed that, in any game, an index meets the three axioms Pareto Optimality, Equal

Treatment Property, and Marginality if and only if it is the Shapley-Shubik index.



USING GENERATING FUNCTIONS TO COMPUTE POWER INDICES 30

References

[BFJLL00] J. M. Bilbao, J. R. Fernández, A. Jiménez Losada, and J. J. López. Generating functions

for computing power indices efficiently. Top, 8(2):191–213, 2000.

[Gos03] Eric Gossett. Discrete Mathematics with Proof. Prentice Hall, Upper Saddle River, NJ,

2003.

[LACF07] S. Lorenzo-Freire, J. M. Alonso-Meijide, B. Casas-Méndez, and M. G. Fiestras-Janeiro.

Characterizations of the Deegan-Packel and Johnston power indices. European J. Oper.

Res., 177(1):431–444, 2007.

[Pin08] M. Pinter. Young’s axiomatization of the Shapley value - a new proof. ArXiv e-prints.,

0805.2797. May 2008.

[Tan97] P. Tannenbaum. Power in Weighted Voting Systems. The Mathematica Journal, 7(1):58–

63, 1997.


