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1. Introduction

The project deals with surfaces that have vanishing mean curvature. A surface
with vanishing mean curvature possesses interesting properties as well as an inter-
esting relationship to the area of the surface. With the help of calculus, differential
geometry, and the involvement of complex numbers, these relationships can be de-
scribed accurately. Using these relationships, conditions can be found to generate
surfaces with vanishing mean curvature.

2. Mean Curvature

The surfaces in the project possess vanishing mean curvature. In order to discuss
the mean curvature of a surface, some restrictions need to be made on the surfaces
being used.

Definition 2.1. [DoC76] A subset S ⊂ R3 is a regular surface if, for each p ∈ S,
there exists a neighborhood V in R3 and a map x : U → V ∩S of an open set U ⊂ R2

onto V ∩ S ⊂ R3 such that

(1) x is differentiable.
(2) x is continuous, one-to-one, onto, and has a continuous inverse.
(3) For each q ∈ U , the differential dxq : R2 → R3 is one to one, where

dxq =

 ∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

∂z
∂u

∂z
∂v

 .

The restriction to regular surfaces allows the derivatives at a point on the surface
to be taken. Since the differential is one to one at all points, the tangent plane
spanned by the tangent vectors xu and xv at a point p, exists at every point on the
surface. The tangent plane at a point is also written Tp(S) .

Definition 2.2. [DoC76] Ip : Tp(S)→ R defined by Ip = 〈w,w〉 = |w|2 ≥ 0 is called
the first fundamental form of the regular surface S ∈ R3, where w is in Tp(S).
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The coefficients of the first fundamental form can be described by basis vectors
in the tangent plane. Given a parameterization x : U → R3 of a regular surface,
with a basis {xu, xv} of the tangent plane and a curve α(t) = x(u(t), v(t)) such that
α(0) = p, a tangent vector at p can be represented by α′(0) = u′(0)xu + v′(0)xv.
Applying the first fundamental form to the tangent vector,

〈u′xu + v′xv, u
′xu + v′xv〉 = 〈xu, xu〉 (u′)2 + 〈xu, xv〉 (u′v′) + 〈xv, xv〉 (v′)2

=E(u′)2 + F (u′v′) +G(v′)2

where E = 〈xu, xu〉, F = 〈xu, xv〉, and G = 〈xv, xv〉 are defined as the coefficients of
the first fundamental form. The coefficients are useful when simplifying equations.
Another way to describe a surface is by the normal vectors at a point on a surface.

Definition 2.3. [DoC76] Let C be a curve on a regular surface S passing through
p ∈ S, k the curvature of C at p, and cos θ = 〈n,N〉, where n is the unit normal
vector to C and N is the unit normal vector to S at p. The number kn = k cos θ is
called the normal curvature of C ⊂ S at p.

Since the set of unit vectors at a point is closed and bounded, a maximum and a
minimum normal curvature will be attained. The maximum and minimum normal
curvatures and their corresponding directions are given a special label.

Definition 2.4. [DoC76] The maximum normal curvature k1 and the minimum nor-
mal curvature k2 over the set of unit tangent vectors at p are called the principal
curvatures at p; the corresponding directions of the unit vectors are called the prin-
cipal directions.

The definition of mean curvature can be given in terms of the principal curvatures.

Definition 2.5. [DoC76] The mean curvature at a point is given as

H =
1

2
(k1 + k2)

where k1 and k2 are the principal curvatures at the point.

Vanishing mean curvature was actually found by examining a condition developed
by Lagrange.

3. Minimal Surface Equation

Definition 3.1. [DoC76] If f : U → R is a differentiable function in an open set
U ⊂ R2, then the graph of f is given by the regular surface F = (x, y, f(x, y)) for
x, y ∈ U .
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Definition 3.2. [BC76] An open set S ⊂ R2 is connected if each pair of points a1

and a2 in it can be joined by a polygonal line, consisting of a finite number of line
segments joined end to end, that lies entirely in S.

Definition 3.3. [BC76] A domain is a connected open set.

In the 1700’s Lagrange set out to find the surface with the smallest area bounded
by a closed curve in space[Nit89]. Lagrange discovered the minimal surface equation,
which must be satisfied by the function whose graph has the minimum area of all
graphs bounded by the closed curve in space. Nitsche derives the minimal surface
equation in Lectures on Minimal Surfaces. Let α be a closed curve in space which
projects to a curve C in the x, y plane such that C encloses a domain D.

Definition 3.4. A function with compact support is a function that vanishes
outside a compact set.

Theorem 3.5. Given a continuous function f(x) over an interval Q, if
∫
Q
fg = 0

for all integrable compactly supported g(x) on Q, then f(x) = 0.

Proof. Without loss of generality, assume
∫
fg = 0 and f(x) is nonzero and positive

at some point a in Q. Since f(x) is continuous, there is a neighborhood (a1, a2)
containing a such that f(x) is also positive. Define

g(x) =

{
1; if x ∈ [a1, a2]
0; otherwise,

g(x) is integrable, since all stair functions are integrable. Defining g in this way
makes

∫
f(x)g(x)dx nonzero and positive. Since g is zero outside (a1, a2), g is com-

pactly supported on Q. So in order for
∫
f(x)g(x)d = 0 for all compactly supported

functions, f(x) must equal zero everywhere. �

From above, let α be a closed curve in space bounding the graph (x, y, z(x, y))
which has minimum area among all graphs bounded by α. Using ε ∈ R, and ζ(x, y),
a differentiable function with compact support over D, Nitsche created a variation
of z defined as z(x, y) = z(x, y) + εζ(x, y)[Nit89]. The variation provides all graphs

bounded by α with area given by I(ε) =
∫∫

D

√
1 + z2

x + z2
ydxdy. Lagrange knew that

if z(x, y) was the minimal solution, then I(ε) must have a minimum at ε = 0, since
z(x, y)|ε=0 = z(x, y). In terms of the area function, z(x, y) as a minimum requires
that I ′(0) = 0. The following theorem uses Lagrange’s approach.

Theorem 3.6. Let α be a closed curve in space bounding the graphs given by the
variation z(x, y) = z(x, y) + εζ(x, y) and let C be the projection of α onto the x, y
plane enclosing a domain D. If the area of the graph of z(x, y) is the minimum area
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of all graphs, the function of area given by I(ε) =
∫∫

D

√
1 + z2

x + z2
ydxdy must be at

a minimum when ε = 0 and z must satisfy the minimal surface equation

(1) (1 + z2
y)zxx − 2zxzyzxy + (1 + z2

x)zyy = 0.

Proof. To start, assume z(x, y) gives the graph with minimum area bounded of all
graphs bounded by α, then I(ε) must be at a minimum when ε = 0 since z(x, y)|ε=0 =
z(x, y). For this same reason, if I(ε) is at a minimum when ε = 0, then the graph
of z(x, y) must give the minimal area of all the graphs bounded by α. Now, z(x, y)
must be shown to satisfy the minimal surface equation. By differentiating I(ε) with
respect to ε we get,

∂
∂ε
I(ε) = ∂

∂ε

∫∫
D

√
1 + z2

x + z2
ydxdy

= ∂
∂ε

∫∫
D

√
1 + (zx + εζx)

2 + (zy + εζy)
2dxdy

= ∂
∂ε

∫∫
D

√
1 + (z2

x + 2zxεζx + ε2ζ2
x) +

(
z2
y + 2zyεζy + ε2ζ2

y

)
dxdy,

since ε is independent of x and y, the differential can be taken inside the integral,

=

∫∫
D

(
2zxζx + 2εζ2

x + 2zyζy + 2εζ2
y

)
2
√

1 + z2
x + z2

y

dxdy,

factoring out ζx and ζy,

=

∫∫
D

[ζx (zx + εζx) + ζy (zy + εζy)]√
1 + z2

x + z2
y

dxdy

=

∫∫
D

zxζx + zyζy√
1 + z2

x + z2
y

dxdy.

Since I(e) is at a minimum when ε = 0, I ′(ε) must be zero when ε = 0. Setting ε = 0
makes z(x, y)|ε=0 = z(x, y), which makes zx|ε=0 = zx and zy|ε=0 = zy, giving

I ′(0) =

∫∫
D

zxζx + zyζy√
1 + z2

x + z2
y

dxdy

∣∣∣∣
ε=0

=

∫∫
D

zxζx + zyζy√
1 + z2

x + z2
y

dxdy.

The integral can be written as a sum,

(2)

∫∫
D

zxζx + zyζy√
1 + z2

x + z2
y

dxdy =

∫∫
D

zxζx√
1 + z2

x + z2
y

dxdy +

∫∫
D

zyζy√
1 + z2

x + z2
y

dxdy.
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In order to evaluate the double integrals as iterated integrals, integration limits need
to be found for the integrals with respect to x and y. The shape of the domain could

Figure 1. Possible Domain

make breaking the original double integral into iterated integrals difficult – consider
a slice of figure 1 – so the integral needs to be redefined. By letting g : R2 → R3

such that

g(x, y) =

{
zxζx√

1+z2x+z2y
; if (x, y) ∈ D

0; if (x, y) ∈ R2 −D

and letting Ay = {(x, y)|∀x ∈ R}∩D, for the first term of (2), evaluating the integral
with respect to x gives∫ ∞

−∞

∫ ∞
−∞

g(x, y)dxdy =

∫ ∞
−∞

(∫
R−D

0dx+

∫
D

zxζx√
1 + z2

x + z2
y

dx

)
dy

=

∫ ∞
−∞

(∫
R−Ay

0dx+

∫
Ay

zxζx√
1 + z2

x + z2
y

dx

)
dy.

Since g(x, y) is 0 everywhere but on Ay, integrating over R−Ay will be zero. Setting

u =
zx

(
√

1 + z2
x + z2

y)
dv = ζxdx

du =
∂

∂x

(
zx

(
√

1 + z2
x + z2

y)

)
dx v = ζ(x, y),
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the integration can be done by parts. Evaluating the integral gives∫ ∞
−∞

(
uv −

∫
vdu

)
dy =

∫ ∞
−∞

(
zxζ(x, y)√
1 + z2

x + z2
y

∣∣∣∣
∂Ay

−
∫
Ay

ζ(x, y)
∂

∂x

(
zx√

1 + z2
x + z2

y

)
dx

)
dy,

where ∂Ay is the boundary of Ay. Since Ay is just a slice of the domain, the boundary
of Ay will be in C. So evaluating ζ(x, y) at any points in ∂Ay will be zero, which
makes the first term zero. Thus rewriting the integral over D gives

(3)

∫∫
D

zxζx√
1 + z2

x + z2
y

dxdy = −
∫∫

D

ζ(x, y)
∂

∂x

(
zx√

1 + z2
x + z2

y

)
dxdy.

Proceeding in the same fashion, the other double integral yields

(4)

∫∫
D

zyζy√
1 + z2

x + z2
y

dxdy = −
∫∫

D

ζ(x, y)
∂

∂y

(
zy√

1 + z2
x + z2

y

)
dxdy.

Substituting (3) and (4) back into equation (2),

I ′(0) = −
∫∫

D

[
∂

∂x

(
zx√

1 + z2
x + z2

y

)
+

∂

∂y

(
zy√

1 + z2
x + z2

y

)]
ζ(x, y)dxdy = 0,

since I ′(0) must be at a minimum when ε = 0. Since ζ(x, y) can be any differen-
tiable function with compact support over D, by theorem(3.5) the sum of the partial
derivatives must be zero, which gives

∂

∂x

(
zx√

1 + z2
x + z2

y

)
+

∂

∂y

(
zy√

1 + z2
x + z2

y

)
= 0.[Nit89]

Simplifying the differentials, we find

∂

∂x

(
zx√

1 + z2
x + z2

y

)
=zxx(1 + z2

x + z2
y)
−1/2 +−1

2
zx

[(
1 + z2

x + z2
y

)−3/2
(2zx(zxx) + 2zy(zyx)

]
=(1 + z2

x + z2
y)
−3/2[zxx(1 + z2

x + z2
y)− z2

xzxx − zxzyzyx]
=(1 + z2

x + z2
y)
−3/2

[
zxx(1 + z2

y)− zxzyzyx
]

likewise,

∂

∂y

(
zy√

1 + z2
x + z2

y

)
= (1 + z2

x + z2
y)
−3/2 [zyy(1 + zxx)− zyzxzxy] .

Substituting back into the original,

(1 + z2
x + z2

y)
−3/2

[
(1 + z2

y)zxx − 2zxzyzxy + (1 + z2
x)zyy

]
= 0,
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which is true if and only if

(5) (1 + z2
y)zxx − 2zxzyzxy + (1 + z2

x)zyy = 0

which is the minimal surface equation(1). �

4. Lagrange’s Condition and Vanishing Mean Curvature

Shortly after Lagrange developed his minimal surface equation, Meusnier found
that surfaces satisfying Lagrange’s condition must also possess vanishing mean curva-
ture. In order to show this relationship, a more suitable formula for mean curvature
can be derived. Since the mean curvature everywhere on the surface will be exam-
ined, a normal curvature will be needed everywhere on the surface. This requirement
can be met by examining only orientable surfaces.

Definition 4.1. [DoC76] A regular surface is orientable if it admits a differentiable
field of unit normal vectors defined on the whole surface; the choice of such a field is
called an orientation.

Definition 4.2. [DoC76] Let S ⊂ R3 be a surface with an orientation N . The map
N : S → R3 takes its values in the unit sphere(S2). The map N : S → S2 is called
the Gauss map of S.

By definition, orientation guarantees a differentiable field of unit normal vectors,
thus the Gauss map is differentiable. The differential of the Gauss map is a map from
the tangent space of a surface to the tangent space of the unit sphere. For a curve
α(t) = x(u(t), v(t)) on S such that α(0) = p for some p ∈ S, define N(t) = N ◦ α(t),
this keeps the normal vector N on α.([DoC76]) Taking the differential of N(t) at p,
will give the change of the unit normal vector to the surface in the direction of α′(t)
at p. The differential of the Gauss map, dN , also gives the change of the surface
normal at a point in the direction of a tangent vector. By evaluating dN(α′(t)) over
the same curve as N ′(t), the two functions describe the same thing. For this reason,
d
dt
N(α(t)) = dNp(α

′(t)). An orientable surface S with parameterization x(u, v) has
a basis {xu, xv} for Tp(S). Applying dN to α′(0), written in terms of basis vectors
of the tangent space, can be written in terms of partial derivatives of N

dNp(α
′(0)) =dNp(α

′(0))

=
d

dt
[Np ((u(t), (v(t))] |t=0

=Nuu
′(0) +Nvv

′(0).
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Applying dN to basis vectors of the tangent plane at p, we obtain

dNp(xu) =dN ((1)xu + (0)xv)

=Nu

dNp(xv) =dN ((0)xu + (1)xv)

=Nv.

Definition 4.3. Given two vector spaces U, V a function A : U → V is said to be
linear if A preserves addition and scalar multiplication.

Using the information above, dN can be shown to be operation preserving. Apply-
ing dN to the tangent vectors of two curves, α = x(u1(t), v1(t)) and β = x(u2(t), v2(t)),
we find

dN(α′ + λβ′) =dN [u′1xu + v′1xv + λ(u′2xu + v′2xv)]

=dN [(u′1 + λu′2)xu + (v′1 + λv′2)xv)]

=Nu (u′1 + λu′2) +Nv (v′1 + λv′2)

=u′1Nu + v′1Nv + λ (u′2Nu + v′2Nv)

=dN (u′1 + v′1) + λdN (u′2 + v′2)

=dN(α′) + λdN(β′).

Since dN is operation preserving from Tp(S) to TN(p)(S
2), two vector spaces, dN is

linear.

Definition 4.4. [DoC76] Given a vector space V , a linear map A : V → V is
self-adjoint if 〈Av,w〉 = 〈v,Aw〉 for all v, w ∈ V .

Next, dN can be shown to be self-adjoint. Using the fact 〈N, xu〉 = 0 and differ-
entiating,

d

dv
〈N, xu〉 = 〈Nv, xu〉+ 〈N, xuv〉 = 0,

also 〈N, xv〉 = 0, which makes

d

du
〈N, xv〉 = 〈Nu, xv〉+ 〈N, xvu〉 = 0,

Since x is twice differentiable xuv = xvu, combined with the above equalities 〈Nu, xv〉 =
−〈N, xuv〉 = 〈Nv, xu〉. Using this substitution,

〈dN(xu), xv〉 = 〈Nu, xv〉
= 〈Nv, xu〉
= 〈dN(xv), xu〉
= 〈xu, dN(xv)〉 ,
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because the above equalities hold for basis vectors and dN is linear, the above equal-
ities will hold for all vectors in Tp(s). This means 〈dN(m), n〉 = 〈m, dN(n)〉 for all
n,m ∈ Tp(S), thus dN is self-adjoint. Since dN has been shown to be a self-adjoint
linear map, the following result can be applied.

Theorem 4.5. [DoC76] Let A : V → V be a self-adjoint, linear map. Then there
exists an orthonormal basis e1, e2 of V such that A(e1) = λe1, A(e2) = λe2. In the
basis e1, e2, the matrix of A is clearly diagonal and the elements λ1, λ2 on the diagonal
are the maximum and the minimum, respectively of the quadratic form Q(v) = 〈Av, v〉
on the unit circle of V .

Since dN has been shown to be a linear self-adjoint map, by theorem(4.5) there is
an orthogonal basis e1, e2 in the principal directions. In addition, the eigenvalues of
dN are the maximum and minimum of the quadratic form on the tangent plane. The
quadratic form of dN referred to in the theorem is the second fundamental form:

Definition 4.6. [DoC76] Given a v ∈ Tp(S), the function IIp(v) = −〈dNp(v), v〉 is
called the second fundamental form.

The second fundamental form can be manipulated to give the normal curvature.
Using the notation from above and the fact that the surface normal at a point is
orthogonal to any tangent vector at the point, 〈N(0), α′(0)〉 = 0. Differentiating,

〈N(0), α′(0)〉′ = 0 = 〈N ′(0), α′(0)〉+ 〈N(0), α′′(0)〉 ,
which gives IIp applied to a tangent vector α′(0) = p as

IIp(α
′(0)) =− 〈dNp(α

′(0)), α′(0)〉
=− 〈N ′(0), α′(0)〉
= 〈N(0), α′′(0)〉
= 〈N(0), kn〉
=k 〈N(0), n〉
=kn(p),

where n is the unit normal to α at p and kn is the normal curvature at p. Of
course, the mean curvature is half the sum of the principal curvatures, which are
the maximum and minimum normal curvatures, which from theorem (4.5) are given
by the eigenvalues of dN . Using the same notation as before, a tangent vector to a
surface can be represented by

α′ = xuu
′ + xvv

′,

and applying dN yields

dN(α′) = N ′(u(t), v(t)) = Nuu
′ +Nvv

′.
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Since dN maps onto the tangent plane of S at p, Nu and Nv can be represented as
a linear combination of xu and xv,

Nu = a11xu + a21xv Nv = a12xu + a22xv.

Writing dN(α′) in the basis xu, xv gives

dN(α′) = (a11xu + a21xv)u
′ + (a12xu + a22xv)v

′,

which simplifies to

(a11u
′ + a12v

′)xu + (a21u
′ + a22v

′)xv,

leading to

dN

[
u′

v′

]
=

[
a11 a12

a22 a22

] [
u′

v′

]
.

Applying the second fundamental form to a tangent vector gives

−〈dN(α′), α′〉 =− 〈dN(u′xu + v′xv), u
′xu + v′xv〉

=− 〈Nuu
′ +Nvv

′, xuu
′ + xvv

′〉
=− 〈Nuu

′, xuu
′〉 − 〈Nuu

′, xvv
′〉 − 〈Nvv

′, xuu
′〉 − 〈Nvv

′, xvv
′〉

=− 〈Nuu
′, xuu

′〉 − (u′v′) 〈Nu, xv〉 − (u′v′) 〈Nv, xu〉 − 〈Nvv
′, xvv

′〉
=− 〈Nuu

′, xuu
′〉 − (u′v′) 〈Nu, xv〉 − (u′v′) 〈dN(xv), xu〉 − 〈Nvv

′, xvv
′〉 .

Since dN has been shown to be self-adjoint, 〈dN(xv), xu〉 = 〈xv, dN(xu)〉, making

−〈dN(α′), α′〉 =− 〈Nuu
′, xuu

′〉 − (u′v′) 〈Nu, xv〉 − (u′v′) 〈dN(xu), xv〉 − 〈Nvv
′, xvv

′〉
=− 〈Nuu

′, xuu
′〉 − (u′v′) 〈Nu, xv〉 − (u′v′) 〈Nu, xv〉 − 〈Nvv

′, xvv
′〉

=− 〈Nu, xu〉 (u′)2 − 〈Nu, xv〉 (2u′v′)− 〈Nv, xv〉 (v′)2.

This equation defines the coefficients of the second fundamental form,

−〈dN(α′), α′〉 = e(u′)2 + f(2u′v′) + g(v′)2

with e = −〈Nu, xu〉, f = −〈Nu, xv〉, and g = −〈Nv, xv〉. The coefficients can be
further simplified into terms of the first fundamental form and members of dN .

−e = 〈Nu, xu〉
= 〈a11xu + a21xv, xu〉
= 〈a11xu, xu〉+ 〈a21xv, xu〉
=a11 〈xu, xu〉+ a21 〈xv, xu〉
=a11E + a21F
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Similarly, f and g can also be shown as

−f =a11F + a21G = a12E + a22F

−g =a12F + a22G

These relationships can be shown in matrix form

−
[
e f
f g

]
=

[
a11 a21

a12 a22

] [
E F
F G

]
.

To solve for dN , multiplying the system by[
E F
F G

]−1

=
1

EG− F 2

[
G −F
−F E

]
,

gives [
a11 a21

a12 a22

]
=−

[
e f
f g

] [
E F
F G

]−1

=

 fF−eG
EG−F 2

gF−fG
EG−F 2

eF−fE
EG−F 2

fF−gE
EG−F 2 .


With dN computed, mean curvature can be computed in the form of coefficients of
the first and second fundamental forms:

(6) H =
1

2
(k1 + k2) = −1

2
trace[dN ] = − (a11 + a22) =

1

2

(
eG− 2fF + gE

EG− F 2

)
.

Using the above results, the proof of the first theorem is possible.

Theorem 4.7. [Web06] Let U be a planar domain and j = j(u, v) a twice differ-
entiable function. The graph is then the parametrized surface J given by J(u, v) =
(u, v, j(u, v)). The function j(u, v) satisfies the minimal surface equation

(1 + j2
u)jvv − 2jujvjuv + (1 + j2

v)juu = 0

if and only if J = (u, v, j(u, v)) has vanishing mean curvature everywhere.

Proof. Given a graph J(u, v) = (u, v, j(u, v)), the mean curvature is given as

H =
1

2
(k1 + k2) = −1

2
(a11 + a22) =

1

2

(
eG− 2fF + gE

EG− F 2

)
, where

E = 〈ju, ju〉 , F = 〈ju, jv〉 , and G = 〈jv, jv〉
are the coefficients of the first fundamental form. Moreover,

e = −〈Nu, ju〉 f = −〈Nu, jv〉 g = −〈Nv, jv〉
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are the coefficients of the second fundamental form, and

N =
ju × jv
|ju × jv|

is the unit normal to the surface. Using the fact that N is orthogonal to ju and jv,
we obtain

0 =
∂

∂u
〈N, ju〉 = 〈Nu, ju〉+ 〈N, juu〉

so that e = −〈Nu, ju〉 = 〈N, juu〉. By the same reasoning

0 =
∂

∂v
〈N, xu〉 = 〈Nv, xu〉+ 〈N, xuv〉

which gives f = −〈Nu, jv〉 = 〈N, juv〉. Also,

0 =
∂

∂v
〈N, jv〉 = 〈Nv, jv〉+ 〈N, jvv〉

which makes g = −〈Nv, jv〉 = 〈N, jvv〉. The following partial derivatives of J(u, v)
can be computed,

Ju = (1, 0, ju) Jv = (0, 1, jv)

Juu = (0, 0, juu) Jvv = (0, 0, jvv)

Juv = Jvu = (0, 0, juv) = (0, 0, jvu).

This gives N as

N =
(1, 0, ju)× (0, 1, jv)

|(1, 0, ju)× (0, 1, jv)|
=

(−ju,−jv, 1)

(j2
u + j2

v + 1)
1
2

.

Substituting the derivatives into the fundamental forms,

E = 〈(1, 0, ju), (1, 0, ju)〉 = 1 + j2
u

F = 〈(1, 0, ju), (0, 1, jv)〉 = jujv

G = 〈(0, 1, jv), (0, 1, jv)〉 = 1 + j2
v

and

e =

〈
(−ju,−jv, 1)

(j2
u + j2

v + 1)
1
2

, (0, 0, juu)

〉
=

juu

(j2
u + j2

v + 1)
1
2

f =

〈
(−ju,−jv, 1)

(j2
u + j2

v + 1)
1
2

, (0, 0, jvu)

〉
=

juv

(j2
u + j2

v + 1)
1
2

g =

〈
(−ju,−jv, 1)

(j2
u + j2

v + 1)
1
2

, (0, 0, jvv)

〉
=

jvv

(j2
u + j2

v + 1)
1
2

.
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Substituting back into H gives

H =
1

(j2
u + j2

v + 1)
1
2

(
(juu)(1 + j2

v)− 2(juv)(jujv) + (juv)(1 + j2
u)

(1 + j2
u)(1 + j2

v)− (jujv)2

)
after factoring the denominator

H =
(juu)(1 + j2

v)− 2(juv)(jujv) + (juv)(1 + j2
u)

(j2
u + j2

v + 1)
3
2

which gives the numerator as the minimal surface equation. Therefore, the graph
satisfying the minimal surface equation is a necessary and sufficient condition for the
mean curvature to vanish everywhere on the surface. �

5. Normal Variations

The next theorem takes a Lagrange-like approach to finding qualities of a surface
with vanishing mean curvature. Instead of a variation of a graph, a variation of an
orientable surface will be taken. If a surface is orientable, then the surface possesses
a differentiable field of unit normals vectors over the entire surface. With this in
mind, the normal variation can now be introduced. For an orientable surface, the
surface can be deformed by the surface normal.

Definition 5.1. [BC76] A simply connected domain D ⊂ R2 is a domain such
that every simple closed contour within in it encloses only points in D.

More precisely, given a simply connected domain U ⊂ R2, and an orientable surface
x : U → R3, xt : U → R3 is defined such that

(7) xt(p) = x(p) + th(p)N(p),

where t ∈ R, N is the surface normal to x at a point p on the surface, and h : U → R
is a differentiable function with compact support in U . The function h deforms the
surface at the point by some factor in the direction of the surface normal. Since h is
differentiable, the variation xt will be differentiable.

Definition 5.2. [DoC76] Let x : U → S be a coordinate system in a regular surface
S and let R = x(Q) be a bounded region of S contained in x(U). Then R has an
area given by

(8) A(R) =

∫∫
Q

|xu × xv|dudv =

∫∫
Q

√
EG− F 2dudv

where E,F,G are the coefficients of the first fundamental form.

Combining the variation with the area form allows for the introduction of the
second theorem.
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Theorem 5.3. Let x : U → R3 be an orientable surface and xt : U → R3 such that
xt(p) = x(p) + th(p)N(p). A surface x has vanishing mean curvature over the entire
surface iff A′(0) = 0, where A(t) is the area of xt.

Proof. Given an orientable surface x : U → R3, a variation xt : U → R3 can be
created such that xt(p) = x(p) + th(p)N(p), where t ∈ R, N is the unit normal to
the surface, and h is a differentiable function with compact support in U . A basis
for the tangent space of the variation can be found:

xtu(p) = xu(p)+th(p)Nu(p)+thu(p)N(p) xtv(p) = xv(p)+th(p)Nv(p)+thv(p)N(p).

Using this basis and letting all terms be evaluated at p, the coefficients of the first
fundamental form of the variation can be computed giving

Et =
〈
xtu, x

t
u

〉
= 〈xu + thNu + thuN, xu + thNu + thuN〉
= 〈xu, xu〉+ 〈xu, thNu〉+ 〈xu, thuN〉+ 〈thNu, xu〉+ 〈thNu, thNu〉+
〈thNu, thuN〉+ 〈thuN, xu〉+ 〈thuN, thNu〉+ 〈thuN, thuN〉 .

Collecting like terms and using the fact 〈N,Nu〉 = 0 and 〈N, xu〉 = 0 gives

Et = 〈xu, xu〉+ th 〈xu, Nu〉+ th 〈Nu, xu〉+ t2h2 〈Nu, Nu〉+ t2h2
u 〈N,N〉 .

N is a unit vector, thus 〈N,N〉 = |N |2 = 1, which makes

Et = E + 2th 〈xu, Nu〉+ t2h2 〈Nu, Nu〉+ t2huhu;

substituting in the coefficients of the second fundamental form of x gives

Et = E + 2th(−e) + t2h2 〈Nu, Nu〉+ t2huhu.

Similar computation gives

F t =
〈
xtu, x

t
v

〉
= 〈xu + thNu + thuN, xv + thNv + thvN〉
=F + th (〈xu, Nv〉+ 〈xv, Nu〉) + 〈Nu, Nv〉+ t2huhv

=F + th(−2f) + t2h2 〈Nu, Nv〉+ t2huhv,

and,

Gt =
〈
xtv, x

t
v

〉
= 〈xv + thNv + thvN, xv + thNv + thvN〉
=G+ 2th 〈xv, Nv〉+ t2h2 〈Nv, Nv〉+ t2hvhv

=G+ 2th(−g) + t2h2 〈Nv, Nv〉+ t2hvhv.
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Since t will be set to zero after differentiating with respect to t, all of the terms with
a t with order greater than 2 will be given by O(t2), this gives

EtGt − (F t)2 =
(
E + 2th(−e) +O(t2)

) (
G+ 2th(−g) +O(t2)

)
−
(
F + th(−2f) +O(t2)

)2
=EG+ E(2th(−g)) +G(2th(−e)) + (2th(−e))(2th(−g))

−
(
F 2 + 2F (th(−2f)) + (th(−2f))(th(−2f))

)
=EG− 2th(Eg)− 2th(Ge)− F 2 + 4(Ff)th+O(t2)

=(EG− F 2)− 2th(Eg +−2Ff +Ge) +O(t2)

=(EG− F 2)

[
1− 2th

(
Eg +−2Ff +Ge

EG− F 2
+O(t2)

)]
=(EG− F 2)

[
1− 4th(1

2
)

(
Eg +−2Ff +Ge

EG− F 2
+O(t2)

)]
=(EG− F 2)

[
1− 4th

(
H +O(t2)

)]
Substituting into the area form,

A(t) =

∫∫
D

√
(Et)(Gt)− (F t)2dudv

=

∫∫
D

√
(EG− F 2) (1− 4thH +O(t2))dudv.

Differentiating A(t) with respect to t and setting t = 0 makes O(t) = 0 and gives

A′(0) =
∂

∂t

∫∫
D

√
(EG− F 2) (1− 4thH +O(t2))dudv

∣∣∣∣
t=0

=

∫∫
D

√
EG− F 2

(
1− 4thH +O(t2)

)−1/2 1

2
(4Hh+O(t)) dudv

∣∣∣∣
t=0

=

∫∫
D

√
EG− F 2 (2Hh) dudv

From this equation, if H = 0, A′(0) will also be zero. The converse gives A′(0) = 0
which is true when Hh = 0. Since h is any compactly supported function over D,
by theorem(3.5), H must be zero. �

6. Harmonic Component Functions

The final theorem relates vanishing mean curvature with a conformal, harmonic
map.
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Definition 6.1. [DoC76] Given two surfaces S and S, ϕ : S → S is called confor-
mal if there is λ : S → R+ such that for all p ∈ S and all v1, v2 ∈ Tp(S)

〈dϕp(v1), dϕp(v2)〉 = λ2(p) 〈v1, v2〉 .

Definition 6.2. [BC76] A twice differentiable function F : U → R is said to be
harmonic iff Fuu + Fvv = 0.

A conformal map preserves angles of tangent vectors on their respective surfaces.
Combining the two definitions will result in vanishing mean curvature.

Theorem 6.3. Let U ⊂ R2 be a simply connected domain and define x : U → R3 to
be a conformal map. x is harmonic if and only if mean curvature vanishes on x.

Proof. Since x is conformal, given a basis of U ,{(0, 1), (1, 0)}, applying the definition
of conformal to the coefficients of the first fundamental form gives

E = 〈xu, xu〉 = 〈dx(1, 0), dx(1, 0)〉 = λ2 〈(1, 0), (1, 0)〉 = λ2

F = 〈xu, xv〉 = 〈dx(1, 0), dx(0, 1)〉 = λ2 〈(1, 0), (0, 1)〉 = 0

G = 〈xv, xv〉 = 〈dx(0, 1), dx(0, 1)〉 = λ2 〈(0, 1), (0, 1)〉 = λ2.

For a conformal map, the mean curvature (6) can be rewritten as

H =
1

2

Eg − Ff +Ge

EG− F 2
=

1

2

λ2(g)− (0)(f) + (λ2)(e)

λ4 − (0)2

=
1

2

g + e

λ2

=
1

2

−〈Nv, xv〉 − 〈Nu, xu〉
λ2

=
1

2

〈N, xvv〉+ 〈N, xuu〉
λ2

=
1

2

〈N, xvv + xuu〉
λ2

.

From this form, if x is harmonic then H is zero. If mean curvature vanishes on the
surface 〈N, xvv + xuu〉 must equal zero. Since x is conformal, E = G = λ2 and F = 0.
Taking the differentials of E and G, we find

∂
∂u
E = ∂

∂u
G

∂
∂u
〈xu, xu〉 = ∂

∂u
〈xv, xv〉

2 〈xu, xuu〉 =2 〈xv, xvu〉
〈xu, xuu〉 = 〈xv, xvu〉 ,
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similar computation shows 〈xu, xuv〉 = 〈xv, xvv〉.
Using the fact that

∂
∂u
F =0 = ∂

∂u
〈xu, xv〉 = 〈xuu, xv〉+ 〈xu, xvu〉

and
∂
∂v
F =0 = ∂

∂v
〈xu, xv〉 = 〈xuv, xv〉+ 〈xu, xvv〉

which makes 〈xuv, xv〉 = −〈xu, xvv〉 and 〈xuu, xv〉 = −〈xu, xvu〉. Substituting into
the first equations,

〈xu, xuu〉 = 〈xv, xvu〉
〈xu, xuu〉 =− 〈xu, xvv〉

which makes,

0 = 〈xu, xuu〉+ 〈xu, xvv〉
= 〈xu, xuu + xvv〉

similar computation also shows 0 = 〈xv, xvv + xuu〉. The vectors xu,xv and N form
a basis for R3. Since xuu + xvv is in R3, it can be written as a linear combination as
a1xu + a2xv + a3N where ai ∈ R. From above, xuu + xvv is orthogonal to xu and xv,
which means

〈xu, xuu + xvv〉 = 〈xu, a1xu + a2xv + a3N〉
= 〈xu, a1xu〉+ 〈xu, a2xv〉+ 〈xu, a3N〉
=a1 〈xu, xu〉+ a2 〈xu, xv〉+ a3 〈xu, N〉 .

which is zero only if a1 and a2 are zero. This makes xuu + xvv a multiple of N as
well as parallel to N . By definition N is a unit vector and is non-zero, this means
〈N, xuu + xvv〉 equals zero if and only if xuu + xvv = 0 which makes x harmonic. �

7. Complex Analytic Functions and Vanishing Mean Curvature

A complex function f : C → C can be represented by two real valued functions,
u, v : R2 → R such that f(z) = u(x, y) + iv(x, y) where z = x + iy ∈ C and
x, y ∈ R. Just like real valued functions, the derivatives of complex functions can
also be taken. Since a point in the complex plane can be approached along two axes,
additional conditions can be made about the derivative of a complex function.

Theorem 7.1. [BC76] Suppose that f(z) = u(x, y)+ iv(x, y) and that f ′(z) exists at
a point z0 = x0 + iy0. Then the first-order partial derivatives of u and v must exist
at (x0, y0), and they must satisfy the Cauchy-Riemann equations

ux = vy uy = −vx.
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The Cauchy-Riemann equations are the result of taking the partial derivatives of
the function and setting the resulting real and imaginary parts equal to each other.
The equality guarantees the limit of the function at all points will exist. Since the
derivative will be needed at more than a point, a stronger condition will be needed.

Definition 7.2. [BC76] A function f(z) is analytic in an open set if it has a
derivative at each point in that set.

Using line integrals, harmonic functions can be shown to be a part of a correspond-
ing analytic function.

Definition 7.3. [Lar04] Let M and N have continuous partial derivatives in a simply

connected domain. The vector field given by V (x, y) = Mî+Nĵ is conservative if
and only if Nx = My.

Theorem 7.4. [Lar04] V (x, y) = Mî + Nĵ is conservative in a simply connected
domain if and only if the line integral∫

C

Mdx+Ndy

is independent of path.

Given a curve C in a simply connected domain D, and differentiable functions M
and N such that My = Nx, then the integral∫

C

Mdx+Ndy

is independent of path. Since the integral is independent of path, integrating over
any path in D with the same endpoints as C will yield the same result. Let C have
endpoints (x0, y0) and (x, y), then C can be split into two pieces. Define C1 as the
section of C from (x0, y0) to (x1, y) and let C2 be the section of C curve from (x1, y)
to (x, y) such that x1 6= x. By fixing (x0, y0), the integral over C becomes a function
of x and y, given by

F (x, y) =

∫
C

Mdx+Ndy

=

∫
C1

Mdx+Ndy +

∫
C2

Mdx+Ndy.

The first term does not vary with x, differentiating with respect to x makes it zero. In
the second integral, parameterizing C2 = (x(t), y(t)) for a < t < b where a, b, t ∈ D,
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Figure 2. Curves from (x0, y0) to (x, y)

the second term is written ∫
C2

Ndy =

∫ b

a

Ny′dt.

Since C2 is from (x1, y) to (x, y), the y value does not change when parameterized
by t. For this reason, y′ is zero over C2. Using the two pieces of information,

Fx(x, y) = ∂
∂x

(∫
C1

Mdx+Ndy +

∫
C2

Mdx+Ndy

)
=0 + ∂

∂x

∫
C2

Mdx+Ndy

= ∂
∂x

∫
C2

Mdx+Ndy

= ∂
∂x

∫
C2

Mdx+ 0

= ∂
∂x

∫
C2

Mdx

=M(x, y),

similar computation shows that Fy = N .

Theorem 7.5. If f : D → R3 is harmonic, and D is simply connected, then there
exists an analytic function ϕ : D → C such that Re(ϕ) = f .
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Proof. Given a harmonic function f(x, y), and a curve C in a simply connected
domain D, define

g(x, y) =

∫
C

−fydx+ fxdy.

The integral is independent of path since D is simply connected and

∂
∂y

(−fy) =− fyy,
=fxx(f is harmonic)

= ∂
∂x

(fx).

Since the integral is independent of path, from before, we know gx = −fy and gy = fx.
For a complex function, ϕ(x, y) = f(x, y) + ig(x, y), the Cauchy-Riemann equations
are met and ϕ is analytic. �

The last theorem, combined with conformality can be related to vanishing mean
curvature.

Theorem 7.6. Assume J(x, y) = (a(x, y), b(x, y), c(x, y)) is conformal. Then ϕ1 =
ax− iay, ϕ2 = bx− iby, ϕ3 = cx− icy are analytic if and only if J has vanishing mean
curvature everywhere.

Since J is assumed to be conformal, showing J is also harmonic when ϕi are
analytic will prove the theorem.

Proof. If ϕi are analytic, then the Cauchy-Riemann equations hold for each ϕi. The
Cauchy-Riemann equations give

axx =− ayy, axy =ayx,

bxx =− byy, bxy =byx,

cxx =− cyy, cxy =cyx.

From the left side, the component functions a,b, and c must all be harmonic. From
theorem(6.3) a conformal map is harmonic if and only if the surface has vanishing
mean curvature everywhere. Since the ϕi’s are analytic if and only if a,b, and c are
harmonic, the ϕi’s are analytic if and only if J has vanishing mean curvature. �

The fact that if ϕi’s are analytic then the corresponding component functions must
be harmonic allows another observation to be made. Something interesting happens
when the squares of the analytic functions of J are added. The sum of the squares
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of the ϕi’s give

ϕ2
1 + ϕ2

2 + ϕ2
3 = (ax − iay)2 + (bx − iby)2 + (cx − icy)2

=(ax)
2 − i2(axay)− (ay)

2 + (bx)
2 − i2(bxby)− (by)

2 + (cx)
2 − i2(cxcy)− (cy)

2

=(a2
x + b2x + c2x) + i2(−axay − bxby − cxcy)− (a2

y + b2y + c2y)

= 〈(ax, bx, cx) , (ax, bx, cx)〉 − i2 〈(ax, bx, cx) , (ay, by, cy)〉 − 〈(ay, by, cy) , (ay, by, cy)〉
=E −G− 2iF.

If we instead add the absolute value of the squares we get

|ϕ1|2 + |ϕ2|2 + |ϕ3|2 = | (ax − iay)2 |+ | (bx − iby)2 |+ | (cx − icy)2 |
=|(ax)2 − i2(axay) + (ay)

2|+ |(bx)2 − i2(bxby) + (by)
2|+ |(cx)2 − i2(cxcy) + (cy)

2|
=(ax)

2 + | − i2(axay)|+ (ay)
2 + (bx)

2| − i2(bxby)|+ (by)
2 + (cx)

2 + | − i2(cxcy)|+ (cy)
2,

|i| = 1, so we have

=(a2
x + b2x + c2x) + 2(axay + bxby + cxcy) + (a2

y + b2y + c2y)

= 〈(ax, bx, cx) , (ax, bx, cx)〉+ 2 〈(ax, bx, cx) , (ay, by, cy)〉+ 〈(ay, by, cy) , (ay, by, cy)〉
=E +G+ 2F

If we assume ϕ2
1 +ϕ2

2 +ϕ2
3 = 0 and |ϕ1|2 + |ϕ2|2 + |ϕ3|2 6= 0, we force the parameteriza-

tion to be conformal. Combining this piece of information with harmonic component
functions gives another theorem.

Theorem 7.7. [Web06] Given three harmonic functions f1, f2, and f3, all real parts
to analytic functions F1, F2, and F3, and the parameterization x = Re(F1, F2, F3); if
F ′21 +F ′22 +F ′23 = 0 and |F ′1|2 + |F ′2|2 + |F ′3|2 6= 0, then x has vanishing mean curvature
everywhere.

The proof is similar to theorem(6.3) since the functions are harmonic and the
restrictions give conformal. The converse of this theorem is also true. However,
unlike theorem(6.3), the map is not assumed to be conformal. The lack of this
property makes the proof very difficult and is outside the scope of this project.
Using these results, we can now generate zero mean curvature surfaces with analytic
functions.

8. Examples

After talking about surfaces with vanishing mean curvature, here are some exam-
ples. First, the graph of Scherk’s doubly periodic surface will be shown to satisfy
the minimal surface equation(1). The graph of Scherk’s doubly periodic surface,
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discovered in the 1830’s, is given as

F (x, y) =
(
x, y, ln

cos y

cosx

)
where x, y ∈ (0, 2π) such that x, y 6= nπ

2
for n ∈ Z and the sign of cos x is the same as

the sign of cos y.[Web06] In order to use the minimal surface equation, the following
partial derivatives of f(x, y) are needed

fx = tanx fxx = sec2 x

fy =− tan y fyy = − sec2 y

fxy =0.

Substituting into the minimal surface equation

(1 + f 2
y )fxx − 2fxfyfxy + (1 + f 2

x)fyy

=(1 +− tan y2) sec2 x− 2 tanx(− tan y)(0) + (1 + tanx2)(− sec2 y)

= sec2 y sec2 x− sec2 x sec2 y

=0.

By theorem(4.7), Scherk’s doubly periodic surface has vanishing mean curvature ev-
erywhere. The catenoid(pictured below), shown to have vanishing mean curvature
by Meusnier in 1776, can be given by the parameterization

x(u, v) = (a cosh v cosu, a cosh v sinu, av)

for a ∈ R, 0 < u < 2π, and −∞ < v <∞.[DoC76]

The catenoid can be shown to have vanishing mean curvature by solving for mean
curvature or, from theorem(6.3), by showing x is conformal and harmonic.

Finding the coefficients of the first fundamental form gives

E = 〈xu, xu〉 =a2 〈(− cosh v sinu, cosh v cosu, 0) , (− cosh v sinu, cosh v cosu, 0)〉
=a2

(
cosh2 v sin2 u+ cosh2 v cos2 u+ 0

)
=a2 cosh2 v

(
sin2 u+ cos2 u

)
=a2 cosh2 v.
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Figure 3. Catenoid

Similar computations give F = 0 and G = a2 cosh2 v, which makes x conformal.
Next, x needs to shown to be harmonic(6.2). To do this we need to we find

xuu = ∂
∂u

∂
∂u

(a cosh v cosu, a cosh v sinu, av)

= ∂
∂u

(−a cosh v sinu, a cosh v cosu, 0)

= (−a cosh v cosu,−a cosh v sinu, 0) and

xvv = ∂
∂v

∂
∂v

(a cosh v cosu, a cosh v sinu, av)

= ∂
∂v

(a sinh v cosu, a sinh v sinu, a)

= (a cosh v cosu, a cosh v sinu, 0) .

Adding the two together we have

(−a cosh v cosu,−a cosh v sinu, 0) + (a cosh v cosu, a cosh v sinu, 0) = (0, 0, 0)

which gives x as harmonic. Since x, the catenoid, is both conformal and harmonic,
the catenoid has vanishing mean curvature. Since each component function of the
catenoid is harmonic, by theorem (7.5) each component function of the catenoid can
be given as the real part of an analytic function. The creation of these analytic func-
tions is very interesting because of the resulting imaginary part of the newly created
functions. The imaginary parts of the functions give the real component functions
of the helicoid, another surface also discovered by Meusnier to have vanishing mean
curvature. This is a direct relationship to theorem(7.7), since the sum of the squares
of the derivatives of the component analytic functions equals zero, by multiplying
by a constant the sum will still be zero. Since the sum is still zero, the new param-
eterization will still be conformal. The relationship between the catenoid and the
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Figure 4. Helicoid

helicoid is displayed by

Re

∫ (
1
2

(
1
z
− z
)
, i
z

(
1
2

(
1
z
− z
))
, 1
)
dz a parameterization for the catenoid, and

Re

∫
ei
π
2
(

1
2

(
1
z
− z
)
, i
z

(
1
2

(
1
z
− z
))
, 1
)
dz a parameterization for the helicoid.

In the complex plane, multiplication by eiθ is a rotation by θ. This is incredible
because not only do the catenoid and helicoid have vanishing mean curvature, any
rotation of the catenoid in C3 will give a surface with vanishing mean curvature.

9. Conclusion

Surfaces with vanishing mean curvature are more commonly referred to as min-
imal surfaces. The term minimal surface was originally used to describe surfaces
that satisfied Lagrange’s minimal surface equation. After Meusnier discovered sur-
faces satisfying Lagrange’s equation possessed vanishing mean curvature, the term
minimal surface began being used to describe surfaces with just vanishing mean cur-
vature. From theorem (5.3), the area of surfaces with vanishing mean curvature is
not necessarily a minimum but rather a critical point of the area function. For this
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reason, in the paper the word minimal was avoided when possible. Aside from a mis-
leading naming convention, vanishing mean curvature has an interesting relationship
to harmonic, conformal maps in particular the connection with complex analysis. A
short while ago the list of surfaces with vanishing mean curvature was fairly short
and now they can be constructed with analytic functions. In any subject, this sort of
breakthrough is always interesting, especially in topics where visualizing is not hard.
To end, I give a quote from Fra Luca Bartolomeo de Pacioli, an Italian mathemati-
cian and collaborator with Leonardo da Vinci, ”Without mathematics there is no
art.”[Phi08]. Minimal surfaces, among other things, certainly justify this statement.
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