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ABSTRACT. Let A be a complex uniform algebra with a unit e, let F' be a
nonsurjective and nonconstant entire function, and let T" be a linear functional

with T'(e) = 1 and such that T o F' is nonsurjective. Then 7' is multiplicative.

1. INTRODUCTION

Let T be a nonzero multiplicative functional on a complex Banach algebra A with a
unit e, and let A~ 'denote the set of all invertible elements of A. Then T'(¢) = 1, and
for any x € A~ we have T'(z) # 0. A. M. Gleason [5] and, independently, J. P. Kahane
& W. Zelazko [8], [9] proved that the converse implication also holds.

Theorem 1 [G-K-Z]. If T is a linear functional on a complex unital Banach algebra
A, such that T(e) = 1 and

T(z)#0, forze A,
then T is multiplicative.
In fact, they proved even a stronger result.

Theorem 2 [G-K-Z]. If T is a linear functional on a complex unital Banach algebra
A, such that T'(e) =1 and

T(x)#0, forx¢€explA, (1)

then T' is multiplicative.
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Where exp A = {expy : y € A}. In 1987 R. Arens asked if the exponential func-
tion above can be replaced by other entire function F'. If F' is a nonsurjective function
then the Arens hypothesis has to involve some natural additional continuity assump-
tions and has been solved in [7] (see also [1] and [2] for earlier partial solutions). In
this note we prove that the Gleason-Kahane-Zelazko theorem remains valid, for uni-
form algebras, if we replace the exponential function in (1) by any nonconstant and
nonsurjective entire function. A uniform algebra is a closed subalgebra of an algebra
of all continuous functions on a compact set K. Equivalently a Banach algebra A
is (isometrically isomorphic to) a uniform algebra if the norm and the spectral norm
coincide.

The Gleason-Kahane-Zelazko theorem has also been extended in several other
directions; a number of problems remains open [6].

2. THE RESULT
Theorem 3. Let A be a complex uniform algebra with a unit e, let F' be a non-
surjective and nonconstant entire function, and let T" be a linear functional on A.
Then the function T o F' : A — C is nonsurjective if and only if T'= 0, or T'/T(e) is
multiplicative.

Proof of the theorem. We first prove the easy "if” part of the theorem. Assume
that T is a multiplicative functional and F' is a nonsurjective entire function. By the
Weierstrass Factorization Theorem [3] any nonsurjective entire function F is of the
form F(z) = a + exp g(z) for some entire function g and a constant a. For any x in
A we have

ToF(x)=T (ae+expg(x)) =a+exp(g(Tx)) # a.

To prove the "only if” part we consider two cases:
Te#0 or Te=0,

we show that in the first case T'/T(e) is multiplicative and in the second case T' = 0.

CASE Te # 0. Dividing by Te we may then assume, without loss of generality,
that T'e = 1.

For any z,y in a commutative algebra we have zy = ((z + y)® — (z— y)2) /4 s0 to
prove that 7" is multiplicative it is sufficient to show that it preserves the operation of
taking the square. Thus it is sufficient to prove that 7" is multiplicative on subalgebras
with one generator. Consequently, we may assume that .4 has a single generator.

STEP 1. We now show that without loss of generality we may also make several

other assumptions, namely that F(z) = expg(z), for some entire function g, that
F'(0) # 0, that F/(0) = 1, and that the range of T o F': A — C is C\ {0}.
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By the Weierstrass Factorization Theorem F' is of the form F(z) = a + exp g(2).
Since T is linear, T'o F' is nonsurjective if and only if T oexp ¢ is nonsurjective. Hence
we may assume that a = 0, so that

P(2) = expgl(2).

It follows that the value missing from the range of F' considered as an entire
function on the complex plane is the number zero. Notice that the number missing
from the range of T'o F' : A — C is also the number zero. Indeed if

(o]
= E anz"
n=0

is the power series expansion of the function F' then, since T'e = 1, we have

T(F(Xe))=T <Z ay, (eA)") =Te <Z an)\”> = F(\),

hence the range of T'o F' : A — C contains the range of F': C — C and so it must
be equal to C\ {0} .

Assume
F(zo+ 2) Z b, 2"

is a power series expansion of the same functlon around a point zg, so that

o0

Zanzo+z sz for z € C.

n=0

It is easy to check that these two expansions define the same function on A, that is,
Zan zoe + )" anaj for x € A.

Hence by shifting the origin we may assume that F’(0) # 0. Finally, we may also
assume, replacing F' by F'/F(0), that F(0)=1. O

STEP 2. We now show that, as a consequence of our assumptions, 7" is contin-
uous.

Since F'(0) # 0 there is a neighborhood U of 0 such that Fj;; is a homeomorphism
onto a neighborhood of 1 in C. Let

(Fo) ™ (w) =" 8, (1 +w)"
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for w in a neighborhood of zero. Elementary computations show that the same power
series defines also a local inverse of F' : A — A. Hence the range of ' : A —
A contains a neighborhood of e, the unit element of A. Since according to our
assumption 7' is not zero on the range of F' it follows that ker T" is not dense, and
consequently 7' is a continuous functional. [

STEP 3. We now prove the theorem for the disc algebra A(ID) and later we show
how the general result follows from this special case.

So suppose that A = A(D). Denote by Z the identity function on C, that is,
Z(z) = z and fix a nonzero complex number A = re®. Since g is a nonconstant entire
function there is a region €2 in C such that ¢ is one-to-one on the closure Q of € and
g(Q) is a closed disc of radius r and center at some point wy. The existence of such a
region {2 is obvious if ¢ is a linear function; if g is a nonlinear entire function then the
derivative of g is unbounded and the existence of {2 follows from the Bloch’s Theorem
[3]. By the Riemann Mapping Theorem there is a conformal homeomorphism s from
the unit disc onto €2, and since the boundary of €2 is homeomorphic with the unit
circle, s can be extended to a homeomorphism between the closed unit disc D and
Q [4]. The function

f(z) = (g o x(z) —wo) /7
is an analytic homeomorphism of D onto itself. Put
U(z) =2 (f7H(e"2)) .

We have
e A(D), and go ) = N\Z + wy.

Hence, by our assumption,
(e ) = T(eV ") = =" T(F(4)) # 0. (2)

The rest of Step 3 runs now exactly as in the original papers by Gleason [5] and
Kahane & Zelazko [8].

Put
oY) =T() =T (Z “ff”) -y 20 )

For any A we have
W < T [|eX4]| = 17 e

and by (2), 0 -
2 0,
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so by the Weierstrass Factorization Theorem and by the Hadamard’s Factorization
Theorem [3]
p(A) = e,

Since ¢(0) = T'(e°) = T(e) = 1, we have 3 = 0, hence

o0

o)) = e* = Z Z—T;}\” : (4)

Comparing (3) and (4) we get

T(Z") = (T(Z))", forneN.
Since polynomials are dense in A(D) it follows that 7' is multiplicative of the form
T(f) = f(a) for f € A(D), where « =T(Z). O

STEP 4. Let now A be arbitrary uniform algebra with a single generator x. The
spectrum K of z is simply connected and without loss of generality we may assume
that K is a subset of the unit disc. We denote by ||-||,; the original norm of A and by
||-|lp the supnorm on the unit disc . A restriction of any element of the disc algebra
A(D) to K is an element of A and

Il < Ml
so Tamy : A(D) — C defined by
Taw)(a) =T (ai)

is a linear continuous functional which maps {e? : a € A(D)} into C\ {0} and such
that Tymy(e) = 1. By the previous step there is a number a such that

T(a) =a(e) fora e A(D).

Since T' is continuous and the restrictions of the functions from A(DD) are dense in A
it follows that oo € K and

T(a)=a(a) forae A. O

CASE Te = 0. Assume that T'o F' : A — C is not surjective; without loss of
generality we may assume that 7' o F' does not assume value 1. As before, we first
consider the case when A is the disc algebra A(D).

Fix a nonzero complex number A\ = re and a positive integer n. Let Q be a
region in C such that F is injective on the closure Q of Q and F(Q) is a closed disc
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of radius r and center at some point wy. Notice that unlike in Step 3, the region €2
is selected for the function F', not for the function g. Put

f(z) = (Fox(2) —wo) /1

and A
Y(z) = 2 (7 (e727).
We have
€ AD), and F oy = NZ" + wy.

Hence, by our assumptions, we have for arbitrary A
ANT(Z™) =T(NZ") =T(F ot —wpe) =T(F o)) # 1.

Hence
T(Z")=0forne NU{0},

so T'= 0.

Now, if A is an arbitrary uniform algebra and Ag its subalgebra with a single
generator, it follows from the disc algebra case, exactly as in Step 4, that T' is zero
on A, consequently T is zero on the algebra A. [
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