Math. Z. (2003) Mathematische Zeitschrift
DOI: 10.1007/s00209-002-0452-4

Local isometries of function spaces

Krzysztof Jarosz!, T.S.S.R.K. Rad

! Southern lllinois University at Edwardsville, Edwardsville, IL 62026, USA
(e-mail: kjarosz@siue.edu, http://www.siue.edu/ kjarosz/)

2 Indian Statistical Institute, R. V. College Post, Bangalore, 560059, India
(e-malil: tss@isibang.ac.in)

Received: 5 November 2001 /
Published online: 14 February 2003G- Springer-Verlag 2003

Abstract. We show that for a large class of function spaces any isometry
that coincides locally with a surjective isometry must be automatically sur-
jective. This class includes finite-codimensional subspaces (0f ) and
spaces” (X, E) of E-valued continuous functions for finite-dimensional
or uniformly convex and algebraically reflexive
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1. Introduction

Alinear mapl’ from a Banach spacéintoitselfis called a locally surjective
isometry if for eachu € A there exists a surjective isometfy : A — A
suchthat'(a) = T,(a). A Banach spacd is called algebraically reflexive

if any locally surjective isometry odl is automatically surjective. Clearly

not all Banach spaces are algebraically reflexive, for example an infinite-
dimensional Hilbert space fails that property. On the other hand any separa-
ble Banach space can be renormed so that the group of isometries is trivial
[12]. Reflexivity problems for subalgebras of the algebra of all bounded lin-
ear maps on a Hilbert space have been among the most active research areas
in operator theory. Similar study concerning sets of linear transformations
on a Banach space was initiated more recently by Kadison [14] and Larson
[15], and continued in a series of papers by Moland others [5,7,17-20,

23]. Since we have a precise description of surjective isometries for most of
the classical function spaces (see for example [2,3,6,8,11,12,16,21]), one
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has a good idea of hoilv locally looks like; getting global conclusions from
local hypothesis is a very basic problem.

In this paper we concentrate on locally surjective isometries of spaces of
continuous scalar and vector-valued functions. In the first section we prove
that any finite-codimensional closed subspace’dfX) is algebraically
reflexive providedX is first countable. This extends a result of Main
and Zalar [20] on locally surjective isometries of e X ) spaces for first
countableX. If the spaceX is not first countable, then everi(X) need
not be algebraically reflexive [20].

In the following sections we study locally surjective isometries of spaces
of vector-valued functions. We show th@t X, ) is algebraically reflexive
for any compact first countable s&t and any finite-dimensional Banach
spaceFE’ as well as for any uniformly convex and algebraically reflexive
spaceF. We next investigate algebraically reflexive spaéewiith trivial
centralizer. Under the assumption théte) # 0 for all extreme pointg of
the unit ball ofE and for all extreme points* of the dual unit ball , we show
that any locally surjective isometry @i X, E') whose adjoint preserves the
extreme points, is surjective. We derive a similar resultffes E.

In the concluding part of the paper we consider the spd€, F) of
affine F-valued continuous functions defined on a compact conveXset
If K is a Choquet simplex such that the gef{ of the extreme points is
a closed set thenl (K, F) is isometric toC(d. K, E) via the restriction
map. Thus these spaces are a natural generalization of the ones considered
before. For a metrizable Choquet simpl&xand for a Banach spacé
satisfying the conditions imposed in the previous paragraph and such that
E* is strictly convex, we show that any locally surjective isometry whose
adjoint preserves extreme points is surjective. This gives the vector-valued
version of the main theorem in [23].

Unless otherwise stated our results are valid only over the complex scalar
field.

2. Notation and introductory results

Our notation and terminology is standard. For a convexsély 0. K we
denote the set of extreme pointsiof For a Banach spade, £ denotes the
closed unit ball and’ ( E') the group of all surjective isometries &f By D
we denote the closed unit disc. For a function space C (X ) andz € X
we defined, € A* by, (f) = f (z), we puteX = 9. A7 N{é;:x € X}.

For a family of Banach spacedV;},_; we denote b¥p;. ; W; the
[°°-direct sum of the spacé¥); that means(p . , W is the Banach space
of all bounded functions : J — [, ; E; such that (j) € E;, where

[w]| = sup {[lw ()] -5 € J}
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For a compact Hausdorff spadé and a Banach spadeé by C (X, F)
we mean the space of all continuakisvalued functions ok’ with the sup-
norm: || f|| = sup{||f (z)|| : z € X}. In this setting we denote by, the
operator fromC' (X, E) into E defined by, (f) = f (x).

We will frequently refer in our proofs to the following result from [10]
concerning finite codimensional subspace€'¢fX ) .

Theorem 1. Let X be a compact Hausdorff space andebe a finite-codi
mensional subspace of the comp{&xX) space. Assume that any func-
tion in A has at leastn > 1 distinct zeros. Then there exists a point
x1 € X such thatA C {f € C(X): f(x1) =0}. Moreover if X is
first countable then there are distinct points, zo, ..., x,, in X such that
AC{f€C(X): f(x1) == f(xa) = 0}

We may notice that a compact spakés first countable if and only if for
each pointr € X the set{z} is G5. We will also refer to the following the-
orem (see [6], page 147) which describes surjective isometri€q &f, £)
spaces.

Theorem 2. Assume thatX is a compact Hausdorff space and is
a Banach space with a trivial centralizer. Then any surjective isometry
V:C(X,E)— C(X,E)is of the form

Uf () =) (f(¥(2), forze X, feC(X E),

wherey is a homeomorphism fro onto itself andr : X — Z(E).

3. Finite-codimensional subspaces & (X))

We first need to get a description clrjective isometries of finite-
codimensional closed subspacésf C(X) that can be used to investigate
locally surjective isometries. Notice that the sétis not uniquely deter-
mined byA. Indeed, ifA C C (X;) then we can take any functionAlon
Awith ||F|| <1, putXs = X; U{zo} and define an isometric embedding
J of Ainto C (X3) by

| f() for feEAzeX
J(f)(x)—{ F(f) for fEA,.T:l‘()l.

Hence to get a reasonable description of a surjective isorfietrd — A
in terms of maps oX we need to assume that the s&is not artificially
large. We say thak is the smallest possible fot ¢ C (X)) if
dim (C (X) /A) = inf {dim (C (X") /J (A))
:J: A— C (X') is an isometric embeddirlg
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One can show that such a smallest set is unique up to a homeomorphism,
however we will not need the uniqueness property here.

Notice that if X is the smallest possible theh separates the points of
X since otherwise we could replaée with an appropriate quotient space
and lower the dimension & (X) /A. For anz in X we denote byz] the
set of pointst’ in X such that

f(@)=nf(2), forall feA

for some complex number = 7 (x, 2’). SinceA is of finite codimension
only finitely many of the setg:| are nonsingletons and all of the sptbare
finite. Also none of the numbers= 7 (x,2’) for z # 2’ has the absolute
value one. To show this assume, z» are two different points o such
that there is a real numb@émwith

f 1) =€f (x3), forall feA.

Let 4 be a unimodular continuous function da such thath (z;) = 1 =
e"h (z5). DefineS : C(X) — C(X) by Sf = hf. For all g in the
range ofS we haveg (x1) = g (z2) henceS (A) and consequentlyl can
be isometrically embedded ifi (X’), where X’ is obtained fromX by
identifying the pointse; andzs. This contradicts our assumptions th¥at
is the smallest possible.

Theorem 3. Assumel is afinite-codimensional closed subspac€'¢fX ) ,
whereX is the smallest possible compact set?If A — A is a surjective
isometry, then there is a surjective homeomorphism X — X and a
continuous unimodular functiog € C (X) such that

(3.2) & (f)=xfoyp, forfe A
Proof. For any subspacé of C' (X) we have
0:.AT = { N0y 1z € eX, |\ =1},

whereeX = 0. A} N {0, : x € X}. SinceX is the smallest possibleX is
dense inX, as otherwise we could replaceé with the closure ot X. The
conjugate ma@* is a homeomorphism @f. A} onto itself so

(3.2) P (0z) = x () 590(9[:)7

wherey (x) is a complex-valued unimodular function éh
Toshowthaty;, ¢) : eX — dDx X iscontinuous and can be extended to
a continuous function oX let (x;)vef ,1 = 1,2 be netsireX convergent

to a pointzy € X and such that (%) — x§, andy (z!) — y§. We have

forz € eX,

O (8) = @ (Ong) s ANAX (23) 0,0y = XD
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S0
X(l](;yé = X%éyg'
Hence the functionalé;yé and5yg are not only proportional orl but have
the same norm which as we noticed earlier is possible only it= vZ;
consequently = x3 as well. We will use the same symbaojs for the
extended functions.
To show thaty is injective assume that (x1) = ¢ (z2). We have

by = (@) (o) ) = @7 (X (02) 0

_ X (z1)
X (z2)
hence as before the functionalg andd,., are not only proportional oA
but have the same norm, $¢ = z5.
The mapy is clearly surjective since it is continuous on a compact set
and its range containsX which is dense inX. O

2

Theorem 4. AssumeX is a first countable compact Hausdorff space and
A a finite-codimensional subspace of the complex spac¥). ThenA is
algebraically reflexive.

Proof. Without loss of generality we may assume thatis the small-

est possible forA c C (X). Put noﬁdim (C(X)/A). We show that
card (X'\eX) < ng. Assume to the contrary that, xa, ..., Tny, Tng+1 IS
a sequence of distinct points K\eX and letu,, be a sequence of Borel
measures onX such that

|t = @) torf e a.
X

Notice that
no+1

AC ﬂ ker ((5:,;]. —Mj) )
j=1
and thatthe functionals,; —i; € C (X)* are linearly independent; indeed,
if
df no+1
pE YN (Ga, — ) =0,
j=1

then0 = p({x;}) = ), for all j. This is a contradiction since, =
dim (C (X) /A).

Hencee X is dense inX. Otherwise the finite seX'\eX would contain
an isolated poinfc and the restriction mag — f|x\(z would be an
isometric embedding ofl into C (X\ {z}) with codimensiom, — 1.
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To finish the proof of our theorem assurfie: A — A is a locally
surjective isometry. Sincd separates the points &f there is at most one
point in X where all the functions fromdl vanish; we definé; to be0 if
such a point does not exist, and to bi there is such a point ik’, which
we would callxg.

Forz € X\ {zo} let

Ay =kerdpoT ={feA:Tf(x)=0},

let k&, be the minimum number of zeros X for the functions fromA,,
and letg, be any function in4, such thatcard (g; ! ({0})) = k. Put
¥ (z) = g;' ({0})\ {x0}; we havecard (¥ (z)) = k, — ko. SinceT
coincides locally with a surjective isometry by Theoreffi@, € ker d, has
the same number of zeros K asg, sok, > 1+ ko.

Since A, is finite-codimensional, by Theorem 1 there are exakily
points in X whereall of the functions fromA, are equal to zero. Notice
that for anyy € X

d, is proportional tal'™ (6,) iff y € ¥ (z),

hence for any:, ¥ (x) is an equivalence class of the relatigrso
3.3) |1 (2) : card (¥ (2)) > 1} | J{[u] : card [¢] > 1} £ 2.

Notice that(? is equal to the set of poinig in X such that, is proportional
to 5, for somez” # 2/, so2 is finite. By (3.1)Tg,. has exactlyk, zeros
in X. SinceTg, is equal to zero at each point [of] it follows that

card [z] < card (¥ (7)),

hence

card <U{ : card [z] > 1}> < card (U {¥ (z) : card (¥ (x)) > 1}) .
(3.4)
Combining (3.4) and (3.3) we get

card [x] = card (¥ (x)), forz € X.

Since the elements ¢&] have all different norms as functionals ehwe
can define a functiow : X — X such that) (z) € ¥ (z) and the largest
element ofz] is mapped onto the largest elemenddfr), the second largest
onto the second largest, etc. By definitipns injective.

From the definition ofd,, we have for allf € A

Tf(x)=0= f(¢(x)) =0, foranyx € X,
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S0
ker o7+ (5,) C ker dy () , foranyz € X.

Therefore the above functionals are proportional and we get
(3.5) Tf(z)=alx)f(@(x), forzeX feA,

wherea is a scalar-valued function oK.
Assumez, — z, o (zy) = ag € C, andy (z,) — yo € X. For any
f € Awe have

Tf (2)) = Tf (2) = a(2) f (¢ (2)) ,and
Tf (2,) = ala,) £ (@ (2,)) = aof (vo).

Hence

a(z) f (@ (z) =aof (yo),

so[yo] = [¢ (z)], thusy anda are continuous at least on the set
{reX :card[z] =1} U{zr € X : x isanisolated point oX } .
Put
A={feA:fo=0}.

Ais afinite codimensional subspaceﬁhfl.et)? be the set obtained froikd
by identifying all the points of2U{z(}. A can be considered as a subspace

of C ()?) Furthermore sinceé (£2) = (2, ¢ induces the quotient function
¥ : X — X such that by (3.5) we have

(3.6) Tf () :a(x)f@(x)), forz e X, f e A

Ond c C ()N() the functionalss, are not proportional for different

points z, andJ is continuous. By (3.6)1Z is a surjective homeomor-
phism, andx is continuous and unimodular. Hence the formula (3.6) ex-

tends the mayf); to a surjective isometryf” of C ()?) onto itself. T
maps finite-codimensional subspaceé?(ﬁf() onto subspaces of the same
codimension henc& mapsA onto itself. Sincedim (A/Z) is equal to

dim (TA /TZ) = dim (TA/Z) it follows thatT mapsA onto itself. O
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4. Local isometries ofC (X, E), the finite-dimensional case

Inthis section we consider local isometries of spacds-ghlued continuous
functions for a finite-dimensional spacg. Such a spacé is obviously
algebraically reflexive. We first need a description of surjective isometries
of C (X, FE) type spaces.

Theorem 5. Assume thatXq,..., X,, are compact Hausdorff spaces,
Ey, ..., E, are pairwise nonisometric Banach spaces all with trivial
pentralizers, and: @’_, C (X;, E;) — @, C(Xj, E;) isasurjective
isometry. Then

Of (x) = 1j() (f (5 (2))),

n
forx € X]',j =1,..,n,f€ @C(Xj,Ej),
j=1

where; is a homeomorphism fro¥; onto itself andr; : X; — Z(Ej).

Proof. The proof is an easy application of the techniques developed in [6].
First we notice that the centralizer @ _, C (X;, Ej) is equal toC' (X),
whereX is the disjoint union of the setX;, j = 1, ..., n. Since the central-

izer is preserved by a surjective isometry by the Banach-Stone Theorem we
get a homeomorphism of X onto itself such that for any € X, @f (x)
depends only on the value ¢fat the point) (z). Hence for each we get

a linear mapr such thatd f (x) = 7(x) (f (¢ (x))). Since® is surjective

and an isometry, it follows that afi(x) are surjective isometries. O

The main results of this section are corollaries of the following more
technical theorem which describes locally surjective isometri€s(of, E)
spaces. For a topological spakewe denote byX, the subset o' con-
sisting of all pointsz € X such that{z} is aG; set.

Theorem 6. AssumeX is a compact Hausdorff space atidis a finite-di
mensional complex Banach space with a trivial centralizer. Then for any
locally surjective isometr§ : C' (X, E) — C (X, F) there are continuous
surjective functiong) : X — X and X > =z — S, € Z(E) such that

Tf(x)=S5,(f(W(x))) , forzre X, feC(X,E).
Moreovery is injective on the sep—! (X, ).

Corollary 1. Assumethak, ..., X,, arefirst countable compact Hausdorff
spaces andty, ..., E, are finite-dimensional complex Banach spaces. Then
@, C (X, E;) is algebraically reflexive.
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Proof. By ([6], page 110) any finite-dimensional Banach spBdgisomet-
ric to a finite/>°-direct sum of spaces with trivial centralizét.= @le E;.
SinceC (X, @F_, ;) = @, C (X, F;) we may assume without loss of
generality that all the spacds; have trivial centralizers. If spacds;, and
E;, are isometric thed®?_, C (X;,, E;,) is isometric withC (X', Ej,)
whereX” is a disjoint union ofX;, andX;,. Hence we can also assume that
the spaced, ..., F,, are pairwise nonisometric.

PutA = @’_, C(X;, E;) and letT : A — A be a locally surjective
isometry. Fixj and letf be an element oft with the support inX;. Since
the space; is notisometric to any othdr;; space and’is alocal isometry,
by Theorem 5, the support @ff is contained inX;. Hencel defines a local
isometryT}; from C' (X}, E;) into itself. SinceX;-s are first countable, by
Theorem 6, all the isometrids are surjective. O

Corollary 2. For a complex finite-dimensional Banach spaEehe [>°-
direct sum@jeJ_E is algebraically reflexive if and only if is of nonmea-
surable cardinality.

Proof. We equipJ with the discrete topology. It is well known that a set
J is of nonmeasurable cardinality if and only if it is realcompact ([9], page
163). On the other hand a poing € 5J\J is aG; in the set] U {x} if
and only if there is a continuous functigh: 5J — [0, 1] suchthatf| < 1
onJ but f (z¢9) = 1. HenceJ is realcompact if and only if for every point
xo € BJ\J the set{zp} isaGsin J U {xo} .

AssumeJ is realcompact,l’ is a locally surjective isometry from
®D,c, E = C(8J,E) into itself, and let)), S, be continuous functions
on3X given by Theorem 6. Sincé C (8.J), is dense in3J, 4 is contin-
uous, ands.J is compact we conclude thatis surjective. Since an inverse
image undenr) of an isolated point must be isolated it follows that there
is a subset/y of J such thaty is a bijection fromJy onto J. Assume
y € J\Jo. By Theorem 6y (y) € BJ\J. Letg € C (8J, E) be such that
lg (¥ ()] =1 > |lg(x)| for z € J. SinceT is locally surjective, by
Theorem 5 the norm dt'g is smaller than one od. However by Theo-
rem6||Tq (y)|| = |lg (¥ (y))||. The contradiction shows thay = J and
consequently is surjective.

Assume now thafl is not realcompact and lgt, € 5J\J be such that
{yo} isnotGs in J U {yo}. Fixxog € J, lety : gJ — B(J\{zo}) =
BJ\ {zo} be defined by

w(x):{ x for z € BJ\{zo} 7

Y0 for T = xg

and definel’ : C (G (J\{zo}),E) — C (B, E) = C(8(J\{z0}), E)
beTf (z) = f(¢(x)). The mapl is clearly not surjective. To show it is
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locally surjective fixf € C (8 (J\{zo0}), E) and putf (yo) = eo. Since
{yo} isnotGs in{yo} U J\ {z0} the setil g 7t ({eo}) N Jis infinite and
there is a bijections : J\ {zo} — J which is equal to the identity map on
(J\ {zo}) \K and mapsk onto K U {z¢}. The map? (h) 4, (5 (x))is
a surjective isometry fron@D ;¢ y\ 1.} £ onto P ; £ such thaw (f) =
T(f). 0

Proof of Theorem 6Let {e1, e, ..., €, } be a basis of vectors ify, put
Al ={g®e; e C(X,E): g€ C(X)}
and for anyr € X put
Ay =ker (0 0T)={f e C(X,E):Tf(z)=0},
Al ={geC(X):g®ej € A,}.
If f € C(X,FE)hasnorm one at every point &f then by Theorem 7" f
has the same property. HenEes e — T (1 ® e) () € E'is an isometry

which we will denote bys,.. For any nonvanishing € C' (X) and arbitrary
scalarsys, ..., o, by Theorem 2 the function

n
g®el+Zaj1®ej
j=2
does not vanish oX so7 (g ® e1) (z) ¢ span{es,...,e,} . That means
that the kernel of the functiondl! defined by

C(X)s2g—T(g®er)(x)eC

consists exclusively of noninvertible elements of the algetia ). By
Theorem 1 there ig; (z) € X suchthaf{g € C(X): g (¢1 (z)) =0} =
ker 1. By the same arguments we getforany j < napointy; (z) € X
such that

{g€C(X):g(h(2)=0t={geC(X):T(g®e;)(z) =0} C Al.

All the pointsv; (z) must be identical since otherwise we could find a
nonvanishing function of the forrﬁj?zl gj ®ejin A, contrary to Theorem

2; we denote that common value ©f (x) by ¢ (z). We getker d,,) C

ker (6, 0 T) = A,. Hence

Tfi(z) =Tfa(x) wheneverf, (¢ (z)) = fa (¢ (z)),

S0
(4.2) Tf(x)=5:(f (W (x))) ,forfe C(X,E),z € X.
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Assume there are; # x in X such that) (1) = ¢ (z2) € X¢,. Let
g1 € C(X) be such that

0=g1 (¥ (x1)) <lg1 (2)] ,forz ¢ (a1).

By Theorem 2T" (g1 ® e;) is equalto zero at exactly one pointdfhowever
by (4.1)T (g1 ® e1) is equal to zero at both; andxs.

By taking f = ey, f = eq, ..., f = e, we can check that the map—
S, is continuous, consequently the map— S, ! is also continuous,
hence by (4.1)) is continuous.

Assume the map is not surjective and Il # g € C (X) such that
go(¥(X)) = 0. SinceT is an isometryl" (go ® e1) # 0 whereas by (4.1)
T(go ® e1)(x) = Sz(g0 ® e1(x(x)) = 0. The contradiction shows that
is a homeomorphism arid is surjective. O

5. Local isometries ofC (X, E), the infinite-dimensional case

We first consider local isometries 6f( X, F) for a uniformly convex space
E; any such a spack has a trivial centralizer ([6], page 108).

Theorem 7. AssumeX is a first countable compact Hausdorff space and
E is a uniformly convex and algebraically reflexive Banach space. Then
C (X, E) is algebraically reflexive.

Proof. AssumeT : C (X, E) — C (X, E) is a locally surjective isometry.
Foranr € X wedefinely, : C (X, E) — EbyT,f = 00T (f) =Tf (x).
Fix anz in X. We say that is in the support off;,, if for any open
neighborhood’ of x there is anf € C (X, F) equal to0 outsideU and
such thatl,, (f) # 0.

ForK C X put

p(K) = infsup [Tz, (f)I]
!

where the infimum is taken over all open sbtgontainingK and the sup
over all f € C' (X, E) equal to0 outsideU and such thaf f|| < 1. We
show that the support df,,, contains exactly one point.

Assume first that the support @f, is empty. Then there is a finite open
coverl of X such that for anyJ € U and anyfy € C (X, E) with the
support inU we haveT,, (fy) = 0. Let)" g; = 1 be a partition of unity
subordinated té{. For anyf € C (X, E) we have

Toy (F) = Tug (D05 ) = D Toa (956) =0,
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that isT;,, = 0 so all the functions in the range ®fare equal to zero af,.
However by Theorem Z' maps nonvanishing functions onto nonvanishing
functions.
Assume now that two distinct poings andys are both in the support of
T, Letw : X — [0, 1] be a continuous function such thafy;) = 0 and
w (y2) = 1. Forr € [0,1] put
D, ={zeX :w(x)<r},
K ={zeX:w(x)=r}.
Assume that (K,.) > 0 for uncountably many. Then for anyN > 0 there
is a finite sequence < a' < a® < ... < a® < 1 such that

ZM(Kaj) > N.
j=1

Let U; be pairwise disjoint open neighborhoodsfof; and letf; be norm
one functions fronC (X, E) with supports inJ; and such that

(5.1) D T (F)II > N.

j=1
For any sequence; of unimodular scalars we ha%zjbf:l a;fj H =1so0
sinceF is uniformly convex by (5.1) we get

S
7| > 1 Ty (7)) = 0.
HH_ﬁ&ifgkam%) o0

The contradiction shows that for all but at most countably many®f0, 1]
we haveu (K,) = 0 and we can select to be such that (K,,) = 0. Since
X is compact and is continuous
{reX i <w@) <r}:0<r <rg<r” <1}
is a base of neighborhoods ff., so there are,r, with 0 < r < rg <
r9 < 1 and such that
p{reX rm<w(x) <ry})<e,

where the value of will be determined later.
Fix eg € E with ||eg]| = 1. Let go, ho be nonnegative complex-valued
continuous functions oX such that
llgoll =1, go=1 onD,, andgy =0 outsideD,,,
|\holl = 1, ho = 1 outsideD,., andhg =0 on D,,,
llgo £ holl < 1.
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Put

fi=go®ey, fo=ho®ey, e1 =Ty (f1), e2=Ty (f2).
Notice that

leall <1 = (X\Dyy),
leall <1 = p (D) -

By Theorem 2T maps functions with constant norm onto functions with
constant norm s@7" (1®eo) (zo)|| = 1 and we have

1> fley +eal = | (f1 + f2) (@o)]]
= |7 (1®eo) (z0) — T (1®eo — f1 = f2) (zo)]|
1 — Ty (1®eg — f1 — f2)| > 1 —¢,
where the last inequality follows from the fact that the support®g, —
f1— fais contained in{x : . < d (z,20) < 72}
Let ko be a continuous function ok which is equaltd onD,, and—1

outsideD,,, and such thdtfy| = 1 onallof X. Since||T" (ko ® ) (xo)|| =1
we get

1> [ler —ea| = |7 (f1 = f2) (o)
= ||T (ko ® eo) (w0) + T (f1 — f2 — ko ® eo) (zo) ||
>1—||Tyy (fr = fo—ko®eo)| > 1 —e.

To summarize we have

w(X\D
llexl| Sl—min{ \ TO)}
leall <1 —mm{ X\Dm)}

1> |ler+es] >1
1> er—exf =1

/‘(X\DTO)

Sincemin “(%O), 5 } is a fixed positive number and > 0 is

arbitrary the above contradicts our assumption figd uniformly convex.

We proved that the support @t,, is a singleton which we will denote
by ¢ (z9). Hence the value df,, depends only on the value ¢fati) (x()
and we get

(5.2) Tf(x)=95;(foy(x)), forxe X, feC(X,E)

whereS,, is a linear map fron¥ into itself.



K. Jarosz, T.S.S.R.K. Rao

Letz € X, e € E, and letd, be a surjective isometry @f (X, E') such
that7T (1®e) = @, (1®e). By Theorem 2

Sy (e) =T (1®e) () = P, (1Re) (x) = 7, (€) ,

wherer, is a surjective isometry. Sindeis algebraically reflexive it follows
thatS,, is a surjective isometry. It is easy to check now, using (5.2), Theorem
2, and following the same line of arguments as the proof of Theorem 1, that
1 is @ homeomorphism, that— S, is continuous, and consequenily

is surjective. a

Up to now the results presented were valid only in the complex case. In
the real case we do not even know if the sp@¢& ), for a compact metric
spaceX, is algebraically reflexive - we do not know if the adjoint of alocally
surjective isometry oi€'(X') must preserve the set of extreme points. The
following results are valid in both the real and the complex case however
we need to impose an additional condition on the sgaead on the local
isometry under consideration. Thespace is an example of a Banach space
that satisfies the conditicenbelow.

Theorem 8. Let X be a first countable compact Hausdorff space &hain
algebraically reflexive Banach space such that

a E has a trivial centralizer and for alk € 0.F; # 0 and alle* € 9. E;
we have:*(e) # 0, or
b E* does not contain an isometric copy of the two-dimensidhapace.

Suppose@ : C(X, E) — C(X, E) is alocally surjective isometry such
that®* maps the extreme points of the dual unit ball into the same set then
@ is surjective.

Proof. By [13] any Banach space with nontrivial centralizer contains an
isometric copy of the two-dimension#l°® space, hence the assumption b
implies thatE' has a trivial centralizer.

Sinced, (C(X,E)*) = {0, @ e* : x € X, e* € E} by ourassumption
there are functiong : X x 0.E7 — X, andY : X x d.E] — 0.E; such
that

(5.3)0% (6 ®€") = dy(zey @ T (w,€") ,forallz € X,e* € 0. E7 .

We show that the map does not depend on the second coordinate. Suppose
that for somer € X andej, e € 0. E] we have

P* (6, ®e}) =6, ®e} ,and
D*(0y ® €3) = by, ® ey,
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wherey; # y». Then for all complex numbeks, 5 we have

af + 18] > [lae] + Bes|| = |lad, @ €] + 50, @ €3]]
> [[(ad; ® e] + By ® €3) 0 D
= Hé* (Oé(sm & €>f + [0, ® 63)”
|ady, @ ei' + 88, @ e5'|| = || +10] -

Hencespan {e?, €3} is isometric to the two-dimensionél space which
contradicts the assumptidn

Assume now that the Banach spaEesatisfies the assumptian Fix
ane € 0.F; and f € C(X) with f(y1) = 1 and f (y2) = 0. Let¥
be a surjective isometry of (X, E) onto itself satisfying? (f ® e) =
& (f ® e). By Theorem 2 there is a homeomorphignof X onto itself and
7: X — Z(FE) such that

fyi)e (e) =0y, @) (f@e) = (B(f @e)(2))
= (V(f®e) () = f(¥(x)e; (1(x)(e)) -

Hence putting = 2 we get

f@(x)) = 0.

Sincer(x) is an isometry, it maps extreme points onto extreme points and
by our assumption?’ (e) # 0 soi = 1 gives

f () # 0.

The contradiction shows again that= y». Thuswe candefing: X — X
by ¢ (z) = ¢ (x,e*), wheree* is an arbitrary element @i, ;. From (5.3)
we have

e (2(9)(x) =T (2,¢") (9 (¢ (2)))
(5.4) for € X,9ge C(X,E),e" € 0.E7T.

We shall show thap is a homeomorphism oX onto itself.

To see that is one-to-one suppose that # z2 . Letg € C (X, E) be
a function that vanishes only at the poifitz,). By (5.4)2 (g) (z1) = 0
and by Theorem 2, is the only point wher@ (g) is equal to zero. Hence
P (g) (z2) # 0, so by (5.4)g (¢ (22)) # 0 and consequently (z1) #
¢ (x2).

Assumey, ¢ ¢ (X ) and letg € C' (X, E) be a norm one function such
that||g (y)|| = 1 only for z = yo. By (5.4)|® (¢) (x)|| < 1 foranyz € X,
contrary to the assumption thétis an isometry. Hence is surjective.

For any fixede* € 0.E} the mapy : X — 0(X) ® 0.E7, defined by
~v(x) = d(x) ® e*, is continuous (the range set is equipped with e
topology) and so is the projection map 6(X) ® 0. E; — X defined by
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p(d(z) ® e*) = z. Sinced™* is w*-continuous, we getthat = p o &* o
is continuous, and consequently a surjective homeomorphism.

Supposeg (¢ (x)) = 0. By (5.4) for anye* € 0.Ef we have
¢ (2(g)(x)) = T (z,¢) (9 (¢ (x))) = 0, 50P(g)() = 0. Thus

(5.5) {9eC(X, E) : g(¢(x))=0} C {geC(X, E) : &(g)(x) = 0} .

For anyy € X we defineS, : E — E by S, (e) = (2 (g)) (6~ (v)),
whereg € C (X, E) is such thaty (y) = e. Note that ifg; (v) = g2 (v)
then (g1 — g2) (y) = 0, so by (5.5)d(g1 — g2)(¢~'(y)) = 0, therefore
(@ (91) (6" (y)) = (®(92)) (6" (y)), which means thas, is well de-
fined. Clearly||S,|| < 1 and by (5.4) we get

(5.6) (g)(x) = Sy (9(¢ () .forg e C(X,B),x € X .

Fixyo € X ande € E. Let f € C(X) be such thallf|| = |f (yo)| =
1> |f (y)| fory # yo. By Theorem 2 the norm @b (f ® e) is equal to one
atexactly one pointak’, and by (5.6) this can only be the poifit* (). Let
v :C(X,E) - C(X,E) be asurjective isometry such tha( f ® e) =
¥ (f ® e). By Theorem 2 there is a surjective isometry £ — E such that
Sy () = D(f@e) (67 (w)) = ¥ (f®e) (6 (o)) = 7(e). Hence
Sy, 1s a locally surjective isometry, since by our assumptions alge-
braically reflexive it follows thatS,, is surjective. From (5.6) we now get
that® is surjective. a

Notice that in the proof of the above theorem we have only used the fact
that @ is a local isometry at the points 6f(X) @ E. As the next result
shows, it is possible to remove all the conditionsfori we make a stronger
assumption about the local properties of the isometry in question.

Theorem 9. Let X be first countable compact Hausdorff spaEey Banach
space, andb a linear map fromC'(X, F) into itself. Assume thaé* maps
the set of the extreme points onto itself and that for AmyC'(X, E) there

is a homeomorphism; of X and a unimodular continuous scalar-valued
functionscy on X with &(f) = s f o ¢¢. Thend is surjective.

Proof. Since®* preserves the set of extreme points, there are maps
0.E7 x X — X andy : X x 0.E] — 0.ET such that* (¢ (f) (z)) =
(pz (€7)) (f (Yex (x))), fore* € 0.E7. On the other hand, according to our
assumptions we have

(5.7) e (P (f) () =€" (3¢5 (x) f oWy () =3¢5 (x) €" (f 0 Yy (x)) .

Hence

(02 (7)) (f (ther () =225 (z) " (f o by (x)) ,fore” € OBy, z € X .
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Forf =1 ® e we get(yp, (")) () = s1ge () €* (e). Sinces ge IS Uni-
modular, it follows thaker e* = ker ¢, (¢*) for anyx € X. Consequently,
the functionals:* andker ¢, (¢*) are proportional and we get

(5.8) e (@ (f) () = me” (f (Ve (2)))

where|7,| = 1. Applying (5.7) and (5.8) to a functiofi = g ® e, where
g € C(X), we get

€* (€) (Tzg © ther () — 3242 () g © Yge () = 0.

Since for arbitraryej,e5 € 0.E] we can always find € E such that
e (e) # 0 # €3 (e), the above formula gives

g (Ve (2)) =06 g (Ygze () =0 = g (Yey (z)) =0,

and consequenthy.x () = vz (). We now conclude from (5.8) thdtis
given by a composition with a homeomorphism followed by a multiplication
by a unimodular function. O

In the complex case we can get a much stronger result by removing the
assumption thab* preserves the extreme points.

Theorem 10. Let X be first countable compact Hausdorff spaEeg com-
plex Banach space, an®la linear map fromC'(X, E) into itself such that
foranyf € C(X, E) there isahomeomorphisgry of X and a unimodular
continuous scalar-valued function; on X with @(f) = s f o 4. Then
@ is surjective.

Notice that in the special case, whéim £ = 1 andX is first countable,
we get from the above proposition th@t X) is algebraically reflexive.

Proof. Fix a nonzero vectoe € E andx € X. For any nonvanishing
functiong € C (X) the function? (¢ ® e) does notvanish, sb (g ® e) (z)

has the same property which means that the kernel of the funcyonal

¢ (g ® e) (x) consists of noninvertible elements. By Theorem 1 there is
e (x) € X such that

{geC(X):2(ge)(r) =0} ={g € C(X): g (2)) = 0}.
Hence
(5.9) ?(gwe)(x) =2 (r)g (Ve () ®e ,forge C(X),z € X,

where », is a scalar-valued function oX. By our assumptiong® is an
isometry, so it is easy to check that is unimodular and that both. and
2, must be continuous.
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If for vectorse;,ea € E we hadiy, () # v, (z) then we could
construct a functiorf = g1 ® e; + g2 ® es not vanishing onX but such
that® (f) (=) = 0 which would contradict our assumption. Since the linear
combinations of the functions of the forgnx e are dense i€ (X, E) , by
(5.9) the value ofb f atz depends only on the value @fatv (x) and there
are linear map$, : £ — E such that

f () = S (f (¢ (x)) ,for f € C(X.E) ,z € X.

Again by (5.9) and our assumption, any vectoFlis an eigenvector of,
s0.S,. is a multiple of the identity map. a

Remark 1.In all of the proofs of this section we used the assumption that
X is first countable only to show that the magis injective. Without that
assumption our arguments show thais injective on the set—! (Xg;,).
Using this observation one can show that any isometrfthel>° direct sum
@jej E is surjective provided and/or® satisfy the assumptions of one of
the theorems of this section ards of nonmeasurable cardinality. Thisisin
spite of the fact thap ;. ; E is notidentical withC' (3., E) for an infinite-
dimensional spac&. The next proposition shows thatdfrdJ = Rg we

can get a much stronger result.

Proposition 1. Let E be a Banach space with a trivial centralizer. Then
E is algebraically reflexive if and only if th&° direct sum@p, . E is
algebraically reflexive.

Proof. One implication is obvious: if" : £ — FE is a nonsurjective locally
surjective isometry thefie,),”, — (Te,),., defines a nonsurjective
locally surjective isometry ofp, . E.

Assumed : @, . E — @, oy £ is a locally surjective isometry and
that E' is algebraically reflexive. Any surjective isometty: B, .y £ —
P,,cn £ is of the form
(5.10) S ((en)pzy) = (Snlarm)) -y
whereS,, : E — FE are surjective isometries andis a permutation oN
[6]. Henced (X{n} & 6) = X{p(n,e)} @ Uy (6), Wherex{k} N — {0, 1}
is a characteristic function of the st} and,, a map fromE into itself.
Since JF; is connected an@ is continuous, it follows that for a fixed
value ofn € Nthe sef{ X (y(n,c)} ® ¥n (€) : n € N, e € IE } is connected.
However

[X(eme ® ¥n (€) = Xqpmeny @ vn (€)] =1

wheny (n, e) # ¢ (n, e') so the functionp does not depend on the second
coordinate and we get

P (X{n} ®€) = X{g(n)} ® Yy, (e) ,forn e Nje € E.
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The mapy, is alocally surjective isometry df' so by our assumption must
be surjective. Pup (N) = 2 C N, fix eg € 0E; and defind = (f,,).2, €
D,.en E by fr = 2. Sincef does not vanish oN by (5.10) the same is true
for @ (f). On the other hanflis a limit of a sequence of linear combinations
of elements of the forny;,,; ® e so the support of (f) is contained in2.
Hencey and consequentkp are surjective. a

6. Local isometries ofA(K, E)

In this section we discuss local isometries of spadé&, ) of affine
continuous functions taking values in a Banach spaand defined on a
Choquet simplex<; we equipA (K, E') with the supremum norm. It is easy
to show that ifd, K is a closed subset dk then the restriction map is
an isometry ofA(K, E) onto C'(0. K, E), thus these spaces are a natural
generalization of the ones considered in the previous sections. When
metrizable A(K') has the metric approximation property aadi, F) can
also be identified as the injective tensor product spack) ®. E [22].

It can be deduced from the main theorem of [11] thak ifs a surjective
isometry of such a space, withi* strictly convex, then there is an affine
homeomorphismp of K and a weight function : 9. K — Z(F) such that
foranyk € 0.K anda € A(K, E) we have¥ (a)(k) = 7(k)(a(y(k)).
We also note that since strtict convexity Bf implies smoothness df , it
follows from Corollary 4.23 of ([6]) tha® has trivial centralizer.

Theorem 11. Assumek is a metrizable Choquet simplex aftlan alge-
braically reflexive Banach space wiltt is strictly convex . Then any locally
surjective isometry : A(X, F) — A(X, E) whose adjointb* preserves
the set of the extreme points of the unit ball is surjective.

Proof (sketch). The theorem can be proven by combining the arguments
used in the proof of Theorem 8 and of [23] and using the description of
surjective isometries of (X, £') mentioned before.

We first notice that

B AK, X): = {6 @ e k € 0K, e € .E}}

and that¥ statisfies the condition b of Theorem 8. Sidcepreserves the set
of the extreme points of the unit ball we hal&(d;, @ e*) = 6y @ 1} (e¥),
where as in the proof of Theorem 8, we can check that the poiatd. K
depends only on the choice bfe 0. K but not on the choice of* € 0.E;.
Still following the same line of arguments we verify that the functipn
0.K — 0.K defined byk — k' is a bijection. Sincéd( is metrizablegpis a
Borel isomorphism (see [4]). Whdhiis the scalar field, sincé* can also be
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assumed to preserve the state space, the fungti@as an affine continuous
extension to a homeomorphism from onto itself which concludes our
proof. If E is an arbitrary Banach space satisfying our assumptions then,
since K is a metrizable Choquet simplex, for ahye K there is a unique
probability measurg: on K with x(0.K) = 1 representing;. Define
#(k) = po ¢~L. Itis fairly routine to verify thaty is continuous, affine,
and surjective. The fact that is injective onK can be proved by using
arguments similar to the ones given in [23]. Thus, we conclude&hat
surjective. O

In general the adjoint of a locally surjective isometry may not preserve
the set of extreme points; to get the simplest example one may take a non-
surjective isometry of a Hilbert space. We do not know if such a situation
may happen for function spaces considered here. The following example
illustrates a situation where the adjoint of a locally surjective isometry of an
A(K, E) space must preserve the set of extreme points.

Example 1.Let A = {g € C(NU{o0}) : g(o0) = §1 Ung (n)} , Where

o0

i = (pn),o, is a probability measure oN, that is > p, = 1 and

n=1
un > 0. The state space of, which we denote by¥, is a Choquet sim-
plex with 9. K = {6, : n € N}. Let E be an algebraically reflexive Ba-
nach space with trivial centralizer and note thHti, E') is isometric to

{f e C(NU{o0},E): f(c0) = glunf (n)}. We claim thatA (K, E)

is algebraically reflexive, in particular for any locally surjective isometry
map?® : A(K,E) — A(K, F) the adjoint mapb*preserves the set of ex-
treme points. One can verify this claim following almost exactly the proof
of Proposition 1. The only difference is that we need to replace the functions
that are supported by a single point of the Ndiy functions supported by
two poins - a function of the forny ,,; ® e may not belong tol (K, £) how-

ever for anyn,,ny € N and anye € E we can always find numbers , oo

not both equal to zero and such thaty ) ® e + azx 2y ® e € A(K, E).
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