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Abstract. We show that for a large class of function spaces any isometry
that coincides locally with a surjective isometry must be automatically sur-
jective. This class includes finite-codimensional subspaces ofC (X) and
spacesC (X,E) of E-valued continuous functions for finite-dimensional
or uniformly convex and algebraically reflexiveE.
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1. Introduction

A linearmapT fromaBanach spaceA into itself is called a locally surjective
isometry if for eacha ∈ A there exists a surjective isometryTa : A → A
such thatT (a) = Ta(a). A Banach spaceA is called algebraically reflexive
if any locally surjective isometry onA is automatically surjective. Clearly
not all Banach spaces are algebraically reflexive, for example an infinite-
dimensional Hilbert space fails that property. On the other hand any separa-
ble Banach space can be renormed so that the group of isometries is trivial
[12]. Reflexivity problems for subalgebras of the algebra of all bounded lin-
ear maps on a Hilbert space have been among the most active research areas
in operator theory. Similar study concerning sets of linear transformations
on a Banach space was initiated more recently by Kadison [14] and Larson
[15], and continued in a series of papers by Molnàr and others [5,7,17–20,
23]. Since we have a precise description of surjective isometries for most of
the classical function spaces (see for example [2,3,6,8,11,12,16,21]), one
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has a good idea of howT locally looks like; getting global conclusions from
local hypothesis is a very basic problem.
In this paper we concentrate on locally surjective isometries of spaces of

continuous scalar and vector-valued functions. In the first section we prove
that any finite-codimensional closed subspace ofC (X) is algebraically
reflexive providedX is first countable. This extends a result of Molnàr
and Zalar [20] on locally surjective isometries of theC (X) spaces for first
countableX. If the spaceX is not first countable, then evenC (X) need
not be algebraically reflexive [20].
In the following sections we study locally surjective isometries of spaces

of vector-valued functions.We show thatC (X,E) is algebraically reflexive
for any compact first countable setX and any finite-dimensional Banach
spaceE as well as for any uniformly convex and algebraically reflexive
spaceE. We next investigate algebraically reflexive spacesE with trivial
centralizer. Under the assumption thate∗(e) �= 0 for all extreme pointse of
the unit ball ofE and for all extreme pointse∗ of the dual unit ball , we show
that any locally surjective isometry onC(X,E)whose adjoint preserves the
extreme points, is surjective. We derive a similar result for⊕�∞E.
In the concluding part of the paper we consider the spaceA(K,E) of

affineE-valued continuous functions defined on a compact convex setK.
If K is a Choquet simplex such that the set∂eK of the extreme points is
a closed set thenA(K,E) is isometric toC(∂eK,E) via the restriction
map. Thus these spaces are a natural generalization of the ones considered
before. For a metrizable Choquet simplexK and for a Banach spaceE
satisfying the conditions imposed in the previous paragraph and such that
E∗ is strictly convex, we show that any locally surjective isometry whose
adjoint preserves extreme points is surjective. This gives the vector-valued
version of the main theorem in [23].
Unless otherwise stated our results are valid only over the complex scalar

field.

2. Notation and introductory results

Our notation and terminology is standard. For a convex setK by ∂eK we
denote the set of extreme points ofK. For a Banach spaceE,E1denotes the
closed unit ball andI(E) the group of all surjective isometries ofE. By D

we denote the closed unit disc. For a function spaceA ⊂ C (X) andx ∈ X
we defineδx ∈ A∗ by δx (f) = f (x), we puteX = ∂eA

∗
1 ∩ {δx : x ∈ X}.

For a family of Banach spaces{Wj}j∈J we denote by
⊕

j∈JWj the
l∞-direct sum of the spacesWj ; that means,

⊕
j∈JWj is the Banach space

of all bounded functionsw : J → ⋃
j∈J Ej such thatw (j) ∈ Ej , where

‖w‖ = sup {‖w (j)‖ : j ∈ J} .
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For a compact Hausdorff spaceX and a Banach spaceE by C (X,E)
wemean the space of all continuousE-valued functions onX with the sup-
norm:‖f‖ = sup {‖f (x)‖ : x ∈ X}. In this setting we denote byδx the
operator fromC (X,E) intoE defined byδx (f) = f (x).
We will frequently refer in our proofs to the following result from [10]

concerning finite codimensional subspaces ofC (X) .

Theorem 1. LetX be a compact Hausdorff space and letA be a finite-codi
mensional subspace of the complexC (X) space. Assume that any func-
tion in A has at leastn ≥ 1 distinct zeros. Then there exists a point
x1 ∈ X such thatA ⊂ {f ∈ C (X) : f (x1) = 0}. Moreover ifX is
first countable then there are distinct pointsx1, x2, ..., xn in X such that
A ⊂ {f ∈ C (X) : f (x1) = ... = f (xn) = 0} .
Wemay notice that a compact spaceX is first countable if and only if for

each pointx ∈ X the set{x} isGδ.We will also refer to the following the-
orem (see [6], page 147) which describes surjective isometries ofC (X,E)
spaces.

Theorem 2. Assume thatX is a compact Hausdorff space andE is
a Banach space with a trivial centralizer. Then any surjective isometry
Ψ : C (X,E)→ C (X,E) is of the form

Ψf (x) = τ(x) (f (ψ (x))) , for x ∈ X, f ∈ C (X,E) ,

whereψ is a homeomorphism fromX onto itself andτ : X → I(E).

3. Finite-codimensional subspaces ofC (X)

We first need to get a description ofsurjective isometries of finite-
codimensional closed subspacesA of C(X) that can be used to investigate
locally surjective isometries. Notice that the setX is not uniquely deter-
mined byA. Indeed, ifA ⊂ C (X1) then we can take any functionalF on
A with ‖F‖ ≤ 1, putX2 = X1 ∪ {x0} and define an isometric embedding
J of A intoC (X2) by

J (f) (x) =
{
f (x) for f ∈ A, x ∈ X1
F (f) for f ∈ A, x = x0.

Hence to get a reasonable description of a surjective isometryT : A → A
in terms of maps onX we need to assume that the setX is not artificially
large. We say thatX is the smallest possible forA ⊂ C (X) if

dim (C (X) /A) = inf
{
dim

(
C

(
X ′) /J (A)

)
: J : A→ C

(
X ′) is an isometric embedding} .
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One can show that such a smallest set is unique up to a homeomorphism,
however we will not need the uniqueness property here.
Notice that ifX is the smallest possible thenA separates the points of

X since otherwise we could replaceX with an appropriate quotient space
and lower the dimension ofC (X) /A. For anx in X we denote by[x] the
set of pointsx′ in X such that

f (x) = ηf
(
x′) , for all f ∈ A

for some complex numberη = η (x, x′). SinceA is of finite codimension
only finitely many of the sets[x] are nonsingletons and all of the sets[x] are
finite. Also none of the numbersη = η (x, x′) for x �= x′ has the absolute
value one. To show this assumex1, x2 are two different points ofX such
that there is a real numberθ with

f (x1) = eiθf (x2) , for all f ∈ A .

Let h be a unimodular continuous function onX such thath (x1) = 1 =
e−iθh (x2). DefineS : C (X) → C (X) by Sf = hf . For all g in the
range ofS we haveg (x1) = g (x2) henceS (A) and consequentlyA can
be isometrically embedded inC (X ′), whereX ′ is obtained fromX by
identifying the pointsx1 andx2. This contradicts our assumptions thatX
is the smallest possible.

Theorem 3. AssumeA is a finite-codimensional closed subspaceofC (X) ,
whereX is the smallest possible compact set. IfΦ : A→ A is a surjective
isometry, then there is a surjective homeomorphismϕ : X → X and a
continuous unimodular functionχ ∈ C (X) such that

Φ (f) = χf ◦ ϕ, for f ∈ A.(3.1)

Proof. For any subspaceA of C (X) we have

∂eA
∗
1 = {λδx : x ∈ eX, |λ| = 1} ,

whereeX = ∂eA
∗
1 ∩{δx : x ∈ X}. SinceX is the smallest possible,eX is

dense inX, as otherwise we could replaceX with the closure ofeX. The
conjugate mapΦ∗ is a homeomorphism of∂eA∗

1 onto itself so

Φ∗ (δx) = χ (x) δϕ(x), for x ∈ eX,(3.2)

whereχ (x) is a complex-valued unimodular function onX.
Toshow that(χ, ϕ) : eX → ∂D×X is continuousandcanbeextended to

a continuous function onX let
(
xiγ

)
γ∈Γ , i = 1, 2 be nets ineX convergent

to a pointx0 ∈ X and such thatχ
(
xiγ

)→ χi0, andϕ
(
xiγ

)→ yi0. We have

Φ∗
(
δxi

γ

)
→ Φ∗ (δx0) , andχ

(
xiγ

)
δϕ(xi

γ) → χi0δyi
0
,
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so
χ1

0δy1
0

= χ2
0δy2

0
.

Hence the functionalsδy1
0
andδy2

0
are not only proportional onA but have

the same norm which as we noticed earlier is possible only ify1
0 = y2

0;
consequentlyχ1

0 = χ2
0 as well. We will use the same symbolsχ, ϕ for the

extended functions.
To show thatϕ is injective assume thatϕ (x1) = ϕ (x2). We have

δx1 = (Φ∗)−1 (
χ (x1) δϕ(x1)

)
= (Φ∗)−1

(
χ (x1)
χ (x2)

χ (x2) δϕ(x2)

)

=
χ (x1)
χ (x2)

δx2 ,

hence as before the functionalsδx1 andδx2 are not only proportional onA
but have the same norm, sox1 = x2.
The mapϕ is clearly surjective since it is continuous on a compact set

and its range containseX which is dense inX. ��
Theorem 4. AssumeX is a first countable compact Hausdorff space and
A a finite-codimensional subspace of the complex spaceC (X). ThenA is
algebraically reflexive.

Proof. Without loss of generality we may assume thatX is the small-

est possible forA ⊂ C (X). Put n0
df
= dim (C (X) /A) . We show that

card (X\eX) ≤ n0. Assume to the contrary thatx1, x2, ..., xn0 , xn0+1 is
a sequence of distinct points inX\eX and letµn be a sequence of Borel
measures oneX such that∫

X
fdµn = f (xn) , for f ∈ A.

Notice that

A ⊂
n0+1⋂
j=1

ker
(
δxj − µj

)
,

and that the functionalsδxj−µj ∈ C (X)∗ are linearly independent; indeed,
if

µ
df
=

n0+1∑
j=1

λj
(
δxj − µj

)
= 0 ,

then 0 = µ ({xj}) = λj , for all j. This is a contradiction sincen0 =
dim (C (X) /A).
HenceeX is dense inX. Otherwise the finite setX\eX would contain

an isolated point̃x and the restriction mapf �−→ f|X\{x̃} would be an
isometric embedding ofA intoC (X\ {x̃}) with codimensionn0 − 1.
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To finish the proof of our theorem assumeT : A → A is a locally
surjective isometry. SinceA separates the points ofX there is at most one
point inX where all the functions fromA vanish; we definek0 to be0 if
such a point does not exist, and to be1 if there is such a point inX, which
we would callx0.
Forx ∈ X\ {x0} let

Ax = ker δx ◦ T = {f ∈ A : Tf (x) = 0} ,
let kx be the minimum number of zeros inX for the functions fromAx,
and letgx be any function inAx such thatcard

(
g−1
x ({0})) = kx. Put

Ψ (x) = g−1
x ({0}) \ {x0}; we havecard (Ψ (x)) = kx − k0. SinceT

coincides locally with a surjective isometry by Theorem 3Tgx ∈ ker δx has
the same number of zeros inX asgx sokx ≥ 1 + k0.
SinceAx is finite-codimensional, by Theorem 1 there are exactlykx

points inX whereall of the functions fromAx are equal to zero. Notice
that for anyy ∈ X

δy is proportional toT ∗ (δx) iff y ∈ Ψ (x) ,

hence for anyx, Ψ (x) is an equivalence class of the relation[·] so⋃
{Ψ (x) : card (Ψ (x)) > 1} ⊂

⋃
{[x] : card [x] > 1} df=Ω .(3.3)

Notice thatΩ is equal to the set of pointsx′ inX such thatδx′ is proportional
to δx′′ for somex′′ �= x′, soΩ is finite. By (3.1)Tgx has exactlykx zeros
in X. SinceTgx is equal to zero at each point of[x] it follows that

card [x] ≤ card (Ψ (x)) ,

hence

card
(⋃
{[x] : card [x] > 1}

)
≤ card

(⋃
{Ψ (x) : card (Ψ (x)) > 1}

)
.

(3.4)
Combining (3.4) and (3.3) we get

card [x] = card (Ψ (x)) , for x ∈ X.
Since the elements of[x] have all different norms as functionals onA we
can define a functionψ : X → X such thatψ (x) ∈ Ψ (x) and the largest
element of[x] ismappedonto the largest element ofΨ (x), the second largest
onto the second largest, etc. By definitionψ is injective.
From the definition ofAx we have for allf ∈ A

Tf (x) = 0 =⇒ f (ψ (x)) = 0 , for anyx ∈ X,
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so

ker δT ∗(δx) ⊂ ker δψ(x) , for anyx ∈ X.
Therefore the above functionals are proportional and we get

Tf (x) = α (x) f (ψ (x)) , for x ∈ X, f ∈ A,(3.5)

whereα is a scalar-valued function onX.
Assumexγ → x, α (xγ) → α0 ∈ C, andψ (xγ) → y0 ∈ X. For any

f ∈ A we have

Tf (xγ)→ Tf (x) = α (x) f (ψ (x)) , and
Tf (xγ) = α (xγ) f (ψ (xγ))→ α0f (y0) .

Hence

α (x) f (ψ (x)) = α0f (y0) ,

so[y0] = [ψ (x)], thusψ andα are continuous at least on the set

{x ∈ X : card [x] = 1} ∪ {x ∈ X : x is an isolated point ofX} .

Put

Ã =
{
f ∈ A : f|Ω = 0

}
.

Ã is a finite codimensional subspace ofA. LetX̃ be the set obtained fromX
by identifying all the points ofΩ∪{x0}. Ã can be considered as a subspace
of C

(
X̃

)
. Furthermore sinceψ (Ω) = Ω, ψ induces the quotient function

ψ̃ : X̃ → X̃ such that by (3.5) we have

Tf (x) = α (x) f
(
ψ̃ (x)

)
, for x ∈ X̃, f ∈ Ã.(3.6)

On Ã ⊂ C
(
X̃

)
the functionalsδx are not proportional for different

points x, and ψ̃ is continuous. By (3.6)ψ̃ is a surjective homeomor-
phism, andα is continuous and unimodular. Hence the formula (3.6) ex-

tends the mapT|Ã to a surjective isometrỹT of C
(
X̃

)
onto itself. T̃

maps finite-codimensional subspaces ofC
(
X̃

)
onto subspaces of the same

codimension hencẽT mapsÃ onto itself. Sincedim
(
A/Ã

)
is equal to

dim
(
TA/TÃ

)
= dim

(
TA/Ã

)
it follows thatT mapsA onto itself. ��
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4. Local isometries ofC (X, E), the finite-dimensional case

In this sectionweconsider local isometries of spacesofE-valued continuous
functions for a finite-dimensional spaceE. Such a spaceE is obviously
algebraically reflexive. We first need a description of surjective isometries
of C (X,E) type spaces.

Theorem 5. Assume thatX1, ..., Xn are compact Hausdorff spaces,
E1, ..., En are pairwise nonisometric Banach spaces all with trivial
centralizers, andΦ :

⊕n
j=1C (Xj , Ej)→

⊕n
j=1C (Xj , Ej) is a surjective

isometry. Then

Φf (x) = τj(x) (f (ψj (x))) ,

for x ∈ Xj , j = 1, ..., n, f ∈
n⊕
j=1

C (Xj , Ej) ,

whereψj is a homeomorphism fromXj onto itself andτj : Xj → I(Ej).
Proof. The proof is an easy application of the techniques developed in [6].
First we notice that the centralizer of

⊕n
j=1C (Xj , Ej) is equal toC (X),

whereX is the disjoint union of the setsXj , j = 1, ..., n. Since the central-
izer is preserved by a surjective isometry by the Banach-Stone Theorem we
get a homeomorphismψ of X onto itself such that for anyx ∈ X, Φf (x)
depends only on the value off at the pointψ (x). Hence for eachx we get
a linear mapτ such thatΦf (x) = τ(x) (f (ψ (x))). SinceΦ is surjective
and an isometry, it follows that allτ(x) are surjective isometries. ��
The main results of this section are corollaries of the following more

technical theoremwhich describes locally surjective isometries ofC (X,E)
spaces. For a topological spaceX we denote byXGδ

the subset ofX con-
sisting of all pointsx ∈ X such that{x} is aGδ set.

Theorem 6. AssumeX is a compact Hausdorff space andE is a finite-di
mensional complex Banach space with a trivial centralizer. Then for any
locally surjective isometryT : C (X,E)→ C (X,E) there are continuous
surjective functionsψ : X → X andX � x �−→ Sx ∈ I(E) such that

Tf (x) = Sx (f (ψ (x))) , for x ∈ X, f ∈ C (X,E) .

Moreoverψ is injective on the setψ−1 (XGδ
).

Corollary 1. Assume thatX1, ..., Xn are first countable compactHausdorff
spaces andE1, ..., En are finite-dimensional complex Banach spaces. Then⊕n

j=1C (Xj , Ej) is algebraically reflexive.
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Proof. By ([6], page 110) any finite-dimensional Banach spaceF is isomet-
ric to a finite,∞-direct sum of spaceswith trivial centralizer:F =

⊕k
i=1 Fi.

SinceC(X,
⊕k

i=1 Fi) =
⊕k

i=1C (X,Fi) we may assume without loss of
generality that all the spacesEj have trivial centralizers. If spacesEj1 and
Ej2 are isometric then

⊕2
s=1C (Xjs , Ejs) is isometric withC (X ′, Ej1) ,

whereX ′ is a disjoint union ofXj1 andXj2 . Hence we can also assume that
the spacesE1, ..., En are pairwise nonisometric.
PutA =

⊕n
j=1C (Xj , Ej) and letT : A → A be a locally surjective

isometry. Fixj and letf be an element ofA with the support inXj . Since
the spaceEj is not isometric to any otherEj′ space andT is a local isometry,
by Theorem 5, the support ofTf is contained inXj . HenceT defines a local
isometryTj from C (Xj , Ej) into itself. SinceXj-s are first countable, by
Theorem 6, all the isometriesTj are surjective. ��
Corollary 2. For a complex finite-dimensional Banach spaceE the l∞-
direct sum

⊕
j∈J E is algebraically reflexive if and only ifJ is of nonmea-

surable cardinality.

Proof. We equipJ with the discrete topology. It is well known that a set
J is of nonmeasurable cardinality if and only if it is realcompact ([9], page
163). On the other hand a pointx0 ∈ βJ\J is aGδ in the setJ ∪ {x0} if
and only if there is a continuous functionf : βJ → [0, 1] such that|f | < 1
onJ but f (x0) = 1. HenceJ is realcompact if and only if for every point
x0 ∈ βJ\J the set{x0} is aGδ in J ∪ {x0} .
AssumeJ is realcompact,T is a locally surjective isometry from⊕
j∈J E = C (βJ,E) into itself, and letψ, Sx be continuous functions

onβX given by Theorem 6. SinceJ ⊂ (βJ)Gδ
is dense inβJ, ψ is contin-

uous, andβJ is compact we conclude thatψ is surjective. Since an inverse
image underψ of an isolated point must be isolated it follows that there
is a subsetJ0 of J such thatψ is a bijection fromJ0 onto J . Assume
y ∈ J\J0. By Theorem 6ψ (y) ∈ βJ\J . Let g ∈ C (βJ,E) be such that
‖g (ψ (y))‖ = 1 > ‖g (x)‖ for x ∈ J . SinceT is locally surjective, by
Theorem 5 the norm ofTg is smaller than one onJ . However by Theo-
rem 6‖Tg (y)‖ = ‖g (ψ (y))‖. The contradiction shows thatJ0 = J and
consequentlyT is surjective.
Assume now thatJ is not realcompact and lety0 ∈ βJ\J be such that

{y0} is notGδ in J ∪ {y0}. Fix x0 ∈ J, let ϕ : βJ → β (J\ {x0}) =
βJ\ {x0} be defined by

ϕ (x) =
{
x for x ∈ βJ\ {x0}
y0 for x = x0

,

and defineT : C (β (J\ {x0}) , E) → C (βJ,E) ∼= C (β (J\ {x0}) , E)
beTf (x) = f (ϕ (x)). The mapT is clearly not surjective. To show it is
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locally surjective fixf ∈ C (β (J\ {x0}) , E) and putf (y0) = e0. Since

{y0} is notGδ in{y0} ∪ J\ {x0} the setK df
= f−1 ({e0})∩ J is infinite and

there is a bijectionκ : J\ {x0} → J which is equal to the identity map on

(J\ {x0}) \K and mapsK ontoK ∪ {x0}. The mapΨ (h)
df
=h (κ (x)) is

a surjective isometry from
⊕

j∈J\{x0}E onto
⊕

j∈J E such thatΨ (f) =
T (f) . ��

Proof of Theorem 6.Let {e1, e2, ..., en} be a basis of vectors inE, put
Aj = {g ⊗ ej ∈ C (X,E) : g ∈ C (X)}

and for anyx ∈ X put

Ax = ker (δx ◦ T ) = {f ∈ C (X,E) : Tf (x) = 0} ,
Aj
x = {g ∈ C (X) : g ⊗ ej ∈ Ax} .

If f ∈ C (X,E) has norm one at every point ofX then by Theorem 2Tf
has the same property. HenceE � e �−→ T (1⊗ e) (x) ∈ E is an isometry
which we will denote bySx. For any nonvanishingg ∈ C (X) and arbitrary
scalarsα2, ..., αn by Theorem 2 the function

g ⊗ e1 +
n∑
j=2

αj1⊗ ej

does not vanish onX soT (g ⊗ e1) (x) /∈ span {e2, ..., en} . That means
that the kernel of the functionalF 1

x defined by

C (X) � g �−→ T (g ⊗ e1) (x) ∈ C

consists exclusively of noninvertible elements of the algebraC (X). By
Theorem 1 there isψ1 (x) ∈ X such that{g ∈ C (X) : g (ψ1 (x)) = 0} =
kerF 1

x . By the sameargumentsweget for any1 ≤ j ≤ napointψj (x) ∈ X
such that

{g ∈ C (X) : g (ψj (x)) =0}= {g ∈ C (X) : T (g ⊗ ej) (x) = 0} ⊂ Aj
x.

All the pointsψj (x) must be identical since otherwise we could find a
nonvanishing function of the form

∑n
j=1 gj⊗ej inAx contrary to Theorem

2; we denote that common value ofψj (x) by ψ (x). We getker δψ(x) ⊂
ker (δx ◦ T ) = Ax. Hence

Tf1 (x) = Tf2 (x) wheneverf1 (ψ (x)) = f2 (ψ (x)) ,

so
Tf (x) = Sx (f (ψ (x))) , for f ∈ C (X,E) , x ∈ X.(4.1)



Local isometries

Assume there arex1 �= x2 in X such thatψ (x1) = ψ (x2) ∈ XGδ
. Let

g1 ∈ C (X) be such that

0 = g1 (ψ (x1)) < |g1 (x)| , for x �= ψ (x1) .

ByTheorem2T (g1 ⊗ e1) is equal to zeroat exactly onepoint ofX however
by (4.1)T (g1 ⊗ e1) is equal to zero at bothx1 andx2.
By taking f = e1, f = e2, ..., f = en we can check that the mapx �−→

Sx is continuous, consequently the mapx �−→ S−1
x is also continuous,

hence by (4.1)ψ is continuous.
Assume the mapψ is not surjective and let0 �= g0 ∈ C (X) such that

g0(ψ(X)) = 0. SinceT is an isometryT (g0 ⊗ e1) �= 0 whereas by (4.1)
T (g0 ⊗ e1)(x) = Sx(g0 ⊗ e1(ψ(x)) = 0. The contradiction shows thatψ
is a homeomorphism andT is surjective. ��

5. Local isometries ofC (X, E), the infinite-dimensional case

We first consider local isometries ofC (X,E) for a uniformly convex space
E; any such a spaceE has a trivial centralizer ([6], page 108).

Theorem 7. AssumeX is a first countable compact Hausdorff space and
E is a uniformly convex and algebraically reflexive Banach space. Then
C (X,E) is algebraically reflexive.

Proof. AssumeT : C (X,E)→ C (X,E) is a locally surjective isometry.
Foranx ∈ X wedefineTx : C (X,E)→ E byTxf = δx◦T (f) = Tf (x).
Fix an x0 in X. We say thatx is in the support ofTx0 if for any open
neighborhoodU of x there is anf ∈ C (X,E) equal to0 outsideU and
such thatTx0 (f) �= 0.
ForK ⊂ X put

µ (K) = inf
U

sup
f
‖Tx0 (f)‖ ,

where the infimum is taken over all open setsU containingK and the sup
over all f ∈ C (X,E) equal to0 outsideU and such that‖f‖ ≤ 1. We
show that the support ofTx0 contains exactly one point.
Assume first that the support ofTx0 is empty. Then there is a finite open

coverU of X such that for anyU ∈ U and anyfU ∈ C (X,E) with the
support inU we haveTx0 (fU ) = 0. Let

∑
gj ≡ 1 be a partition of unity

subordinated toU . For anyf ∈ C (X,E) we have

Tx0 (f) = Tx0

(∑
gjf

)
=

∑
Tx0 (gjf) = 0,
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that isTx0 = 0 so all the functions in the range ofT are equal to zero atx0.
However by Theorem 2T maps nonvanishing functions onto nonvanishing
functions.
Assume now that two distinct pointsy1 andy2 are both in the support of

Tx0 . Letω : X → [0, 1] be a continuous function such thatω (y1) = 0 and
ω (y2) = 1. Forr ∈ [0, 1] put

Dr = {x ∈ X : ω (x) < r} ,
Kr = {x ∈ X : ω (x) = r} .

Assume thatµ (Kr) > 0 for uncountablymanyr. Then for anyN > 0 there
is a finite sequence0 < a1 < a2 < ... < as < 1 such that

s∑
j=1

µ (Kaj ) > N.

LetUj be pairwise disjoint open neighborhoods ofKaj and letfj be norm
one functions fromC (X,E) with supports inUj and such that

s∑
j=1

‖Tx0 (fj)‖ > N.(5.1)

For any sequenceαj of unimodular scalars we have
∥∥∥∑s

j=1 αjfj

∥∥∥ = 1 so
sinceE is uniformly convex by (5.1) we get

‖T‖ ≥ lim
N→∞

sup
(αj)

∥∥∥∥∥∥
s∑

j=1

αjTx0 (fj)

∥∥∥∥∥∥ =∞.

The contradiction shows that for all but at most countablymany ofr ∈ [0, 1]
we haveµ (Kr) = 0 and we can selectr0 to be such thatµ (Kr0) = 0. Since
X is compact andω is continuous{{

x ∈ X : r′ < ω (x) < r′′} : 0 < r′ < r0 < r′′ < 1
}

is a base of neighborhoods ofKr0 so there arer1, r2 with 0 < r1 < r0 <
r2 < 1 and such that

µ ({x ∈ X : r1 < ω (x) < r2}) < ε,

where the value ofε will be determined later.
Fix e0 ∈ E with ‖e0‖ = 1. Let g0, h0 be nonnegative complex-valued

continuous functions onX such that

‖g0‖ = 1, g0 = 1 onDr1 andg0 = 0 outsideDr0 ,

‖h0‖ = 1, h0 = 1 outsideDr2 andh0 = 0 onDr0 ,

‖g0 ± h0‖ ≤ 1 .
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Put

f1 = g0 ⊗ e0, f2 = h0 ⊗ e0, e1 = Tx0 (f1) , e2 = Tx0 (f2) .

Notice that

‖e1‖ ≤ 1− µ (X\Dr0) ,
‖e2‖ ≤ 1− µ (Dr0) .

By Theorem 2T maps functions with constant norm onto functions with
constant norm so‖T (1⊗e0) (x0)‖ = 1 and we have

1 ≥ ‖e1 + e2‖ = ‖T (f1 + f2) (x0)‖
= ‖T (1⊗e0) (x0)− T (1⊗e0 − f1 − f2) (x0)‖
≥ 1− ‖Tx0 (1⊗e0 − f1 − f2)‖ ≥ 1− ε,

where the last inequality follows from the fact that the support of1⊗e0 −
f1 − f2 is contained in{x : r1 < d (x, x0) < r2}.
Letk0 be a continuous function onX which is equal to1 onDr1 and−1

outsideDr2 andsuch that|f0| = 1onall ofX.Since‖T (k0 ⊗ e0) (x0)‖ = 1
we get

1 ≥ ‖e1 − e2‖ = ‖T (f1 − f2) (x0)‖
= ‖T (k0 ⊗ e0) (x0) + T (f1 − f2 − k0 ⊗ e0) (x0)‖
≥ 1− ‖Tx0 (f1 − f2 − k0 ⊗ e0)‖ ≥ 1− ε.

To summarize we have

‖e1‖ ≤ 1−min
{
µ (Dr0)

2
,
µ (X\Dr0)

2

}

‖e2‖ ≤ 1−min
{
µ (Dr0)

2
,
µ (X\Dr0)

2

}
1 ≥ ‖e1 + e2‖ ≥ 1− ε,
1 ≥ ‖e1 − e2‖ ≥ 1− ε.

Sincemin
{
µ(Dr0)

2 ,
µ(X\Dr0)

2

}
is a fixed positive number andε > 0 is

arbitrary the above contradicts our assumption thatE is uniformly convex.
We proved that the support ofTx0 is a singleton which we will denote

byψ (x0). Hence the value ofTx0 depends only on the value off atψ (x0)
and we get

Tf (x) = Sx (f ◦ ψ (x)) , for x ∈ X, f ∈ C (X,E)(5.2)

whereSx is a linear map fromE into itself.
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Letx ∈ X, e ∈ E, and letΦe be a surjective isometry ofC (X,E) such
thatT (1⊗e) = Φe (1⊗e). By Theorem 2

Sx (e) = T (1⊗e) (x) = Φe (1⊗e) (x) = τx (e) ,

whereτx is a surjective isometry. SinceE is algebraically reflexive it follows
thatSx is a surjective isometry. It is easy to check now, using (5.2), Theorem
2, and following the same line of arguments as the proof of Theorem 1, that
ψ is a homeomorphism, thatx �−→ Sx is continuous, and consequentlyT
is surjective. ��
Up to now the results presented were valid only in the complex case. In

the real case we do not even know if the spaceC(X), for a compact metric
spaceX, is algebraically reflexive - we do not know if the adjoint of a locally
surjective isometry onC(X) must preserve the set of extreme points. The
following results are valid in both the real and the complex case however
we need to impose an additional condition on the spaceE and on the local
isometry under consideration. The,1 space is an example of a Banach space
that satisfies the conditiona below.

Theorem 8. LetX be a first countable compact Hausdorff space andE an
algebraically reflexive Banach space such that

a E has a trivial centralizer and for alle ∈ ∂eE1 �= ∅ and all e∗ ∈ ∂eE∗
1

we havee∗(e) �= 0, or
b E∗ does not contain an isometric copy of the two-dimensional,1 space.

SupposeΦ : C(X,E)→ C(X,E) is a locally surjective isometry such
thatΦ∗ maps the extreme points of the dual unit ball into the same set then
Φ is surjective.

Proof. By [13] any Banach space with nontrivial centralizer contains an
isometric copy of the two-dimensional,∞ space, hence the assumption b
implies thatE has a trivial centralizer.
Since∂e (C(X,E)∗) = {δx ⊗ e∗ : x ∈ X, e∗ ∈ E∗

1} by our assumption
there are functionsϕ : X × ∂eE∗

1 → X, andΥ : X × ∂eE∗
1 → ∂eE1 such

that

Φ∗(δx ⊗ e∗) = δϕ(x,e∗) ⊗ Υ (x, e∗) , for all x ∈ X, e∗ ∈ ∂eE∗
1 .(5.3)

We show that themapϕ does not depend on the second coordinate. Suppose
that for somex ∈ X ande∗1, e∗2 ∈ ∂eE∗

1 we have

Φ∗(δx ⊗ e∗1) = δy1 ⊗ e∗′
1 , and

Φ∗(δx ⊗ e∗2) = δy2 ⊗ e∗′
2 ,
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wherey1 �= y2. Then for all complex numbersα, β we have

|α|+ |β| ≥ ‖αe∗1 + βe∗2‖ = ‖αδx ⊗ e∗1 + βδx ⊗ e∗2‖
≥ ‖(αδx ⊗ e∗1 + βδx ⊗ e∗2) ◦ Φ‖
= ‖Φ∗ (αδx ⊗ e∗1 + βδx ⊗ e∗2)‖∥∥αδy1 ⊗ e∗′

1 + βδy2 ⊗ e∗′
2
∥∥ = |α|+ |β| .

Hencespan {e∗1, e∗2} is isometric to the two-dimensional,1 space which
contradicts the assumptionb.
Assume now that the Banach spaceE satisfies the assumptiona. Fix

an e ∈ ∂eE1 and f ∈ C(X) with f (y1) = 1 and f (y2) = 0. Let Ψ
be a surjective isometry ofC(X,E) onto itself satisfyingΨ (f ⊗ e) =
Φ (f ⊗ e). By Theorem 2 there is a homeomorphismψ ofX onto itself and
τ : X → I(E) such that

f (yi) e∗′
i (e) =

(
δyi ⊗ e∗′

i

)
(f ⊗ e) = e∗i (Φ (f ⊗ e) (x))

= e∗i (Ψ (f ⊗ e) (x)) = f(ψ(x))e∗i (τ(x)(e)) .

Hence puttingi = 2 we get

f (ψ(x)) = 0.

Sinceτ(x) is an isometry, it maps extreme points onto extreme points and
by our assumptione∗′

1 (e) �= 0 soi = 1 gives

f (ψ(x)) �= 0.

The contradiction showsagain thaty1 = y2. Thuswe can defineφ : X → X
byφ (x) = ϕ (x, e∗) , wheree∗ is an arbitrary element of∂eE∗

1 . From (5.3)
we have

e∗ (Φ (g) (x)) = Υ (x, e∗) (g (φ (x))) ,
for x ∈ X, g ∈ C (X,E) , e∗ ∈ ∂eE∗

1 .(5.4)

We shall show thatφ is a homeomorphism ofX onto itself.
To see thatφ is one-to-one suppose thatx1 �= x2 . Let g ∈ C (X,E) be

a function that vanishes only at the pointφ (x1). By (5.4)Φ (g) (x1) = 0
and by Theorem 2x1 is the only point whereΦ (g) is equal to zero. Hence
Φ (g) (x2) �= 0, so by (5.4)g (φ (x2)) �= 0 and consequentlyφ (x1) �=
φ (x2).
Assumey0 /∈ φ (X) and letg ∈ C (X,E) be a norm one function such

that‖g (y)‖ = 1 only for x = y0. By (5.4)‖Φ (g) (x)‖ < 1 for anyx ∈ X,
contrary to the assumption thatΦ is an isometry. Henceφ is surjective.
For any fixede∗ ∈ ∂eE∗

1 the mapγ : X → δ(X) ⊗ ∂eE∗
1 , defined by

γ(x) = δ(x) ⊗ e∗, is continuous (the range set is equipped with thew∗-
topology) and so is the projection mapp : δ(X) ⊗ ∂eE∗

1 → X defined by
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p(δ(x)⊗ e∗) = x. SinceΦ∗ isw∗-continuous, we get thatφ = p ◦ Φ∗ ◦ γ
is continuous, and consequently a surjective homeomorphism.
Supposeg (φ (x)) = 0. By (5.4) for any e∗ ∈ ∂eE

∗
1 we have

e∗ (Φ(g)(x)) = Υ (x, e∗) (g (φ (x))) = 0, soΦ(g)(x) = 0. Thus

{g∈C(X,E) : g(φ(x))=0} ⊂ {g∈C(X,E) : Φ(g)(x) = 0} .(5.5)

For anyy ∈ X we defineSy : E → E by Sy (e) = (Φ (g)) (φ−1(y)),
whereg ∈ C (X,E) is such thatg (y) = e. Note that ifg1 (y) = g2 (y)
then (g1 − g2) (y) = 0, so by (5.5)Φ(g1 − g2)(φ−1(y)) = 0, therefore
(Φ (g1)) (φ−1(y)) = (Φ (g2)) (φ−1(y)), which means thatSy is well de-
fined. Clearly‖Sy‖ ≤ 1 and by (5.4) we get

Φ (g) (x) = Sφ(x) (g (φ (x))) , for g ∈ C (X,E) , x ∈ X .(5.6)

Fix y0 ∈ X ande ∈ E. Let f ∈ C (X) be such that‖f‖ = |f (y0)| =
1 > |f (y)| for y �= y0. By Theorem 2 the norm ofΦ (f ⊗ e) is equal to one
at exactly onepoint ofX, andby (5.6) this canonly be thepointφ−1(y0).Let
Ψ : C (X,E) → C (X,E) be a surjective isometry such thatΦ (f ⊗ e) =
Ψ (f ⊗ e). By Theorem 2 there is a surjective isometryτ : E → E such that
Sy0 (e) = Φ (f ⊗ e) (

φ−1(y0)
)

= Ψ (f ⊗ e) (
φ−1(y0)

)
= τ (e). Hence

Sy0 is a locally surjective isometry, since by our assumptionE is alge-
braically reflexive it follows thatSy0 is surjective. From (5.6) we now get
thatΦ is surjective. ��
Notice that in the proof of the above theorem we have only used the fact

thatΦ is a local isometry at the points ofC(X) ⊗ E. As the next result
shows, it is possible to remove all the conditions onE if we make a stronger
assumption about the local properties of the isometry in question.

Theorem 9. LetX be first countable compactHausdorff space,E aBanach
space, andΦ a linear map fromC(X,E) into itself. Assume thatΦ∗ maps
the set of the extreme points onto itself and that for anyf ∈ C(X,E) there
is a homeomorphismψf ofX and a unimodular continuous scalar-valued
functionκf onX withΦ(f) = κff ◦ ψf . ThenΦ is surjective.

Proof. SinceΦ∗ preserves the set of extreme points, there are mapsψ :
∂eE

∗
1 × X → X andϕ : X × ∂eE∗

1 → ∂eE
∗
1 such thate

∗ (Φ (f) (x)) =
(ϕx (e∗)) (f (ψe∗ (x))), for e∗ ∈ ∂eE∗

1 .On the other hand, according to our
assumptions we have

e∗ (Φ (f) (x)) =e∗ (κf (x) f ◦ ψf (x)) =κf (x) e∗ (f ◦ ψf (x)) .(5.7)

Hence

(ϕx (e∗)) (f (ψe∗ (x))) =κf (x) e∗ (f ◦ ψf (x)) , for e∗ ∈ ∂eE∗
1 , x ∈ X .
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For f = 1 ⊗ e we get(ϕx (e∗)) (e) = κ1⊗e (x) e∗ (e). Sinceκ1⊗e is uni-
modular, it follows thatker e∗ = kerϕx (e∗) for anyx ∈ X. Consequently,
the functionalse∗ andkerϕx (e∗) are proportional and we get

e∗ (Φ (f) (x)) = τxe
∗ (f (ψe∗ (x))) ,(5.8)

where|τx| = 1. Applying (5.7) and (5.8) to a functionf = g ⊗ e, where
g ∈ C (X), we get

e∗ (e) (τxg ◦ ψe∗ (x)− κg⊗e (x) g ◦ ψg⊗e (x)) = 0.

Since for arbitrarye∗1, e∗2 ∈ ∂eE
∗
1 we can always finde ∈ E such that

e∗1 (e) �= 0 �= e∗2 (e), the above formula gives

g
(
ψe∗

1
(x)

)
= 0⇔ g (ψg⊗e (x)) = 0⇔ g

(
ψe∗

2
(x)

)
= 0,

and consequentlyψe∗
1
(x) = ψe∗

2
(x). We now conclude from (5.8) thatΦ is

given by a compositionwith a homeomorphism followed by amultiplication
by a unimodular function. ��
In the complex case we can get a much stronger result by removing the

assumption thatΦ∗ preserves the extreme points.

Theorem 10. LetX be first countable compact Hausdorff space,E a com-
plex Banach space, andΦ a linear map fromC(X,E) into itself such that
for anyf ∈ C(X,E) there is a homeomorphismψf ofX and a unimodular
continuous scalar-valued functionκf onX with Φ(f) = κff ◦ ψf . Then
Φ is surjective.

Notice that in the special case, whendimE = 1 andX is first countable,
we get from the above proposition thatC (X) is algebraically reflexive.

Proof. Fix a nonzero vectore ∈ E andx ∈ X. For any nonvanishing
functiong ∈ C (X) the functionΦ (g ⊗ e) does not vanish, soΦ (g ⊗ e) (x)
has the same property which means that the kernel of the functionalg �−→
Φ (g ⊗ e) (x) consists of noninvertible elements. By Theorem 1 there is
ψe (x) ∈ X such that

{g ∈ C (X) : Φ (g ⊗ e) (x) = 0} = {g ∈ C (X) : g (ψe (x)) = 0} .
Hence

Φ (g ⊗ e) (x) = κe (x) g (ψe (x))⊗ e , for g ∈ C (X) , x ∈ X ,(5.9)

whereκe is a scalar-valued function onX. By our assumptionsΦ is an
isometry, so it is easy to check thatκe is unimodular and that bothψe and
κe must be continuous.
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If for vectors e1, e2 ∈ E we hadψe1 (x) �= ψe2 (x) then we could
construct a functionf = g1 ⊗ e1 + g2 ⊗ e2 not vanishing onX but such
thatΦ (f) (x) = 0 which would contradict our assumption. Since the linear
combinations of the functions of the formg ⊗ e are dense inC (X,E) , by
(5.9) the value ofΦf atx depends only on the value off atψ (x) and there
are linear mapsSx : E → E such that

Φf (x) = Sx (f (ψ (x))) , for f ∈ C (X,E) , x ∈ X .

Again by (5.9) and our assumption, any vector inE is an eigenvector ofSx
soSx is a multiple of the identity map. ��
Remark 1.In all of the proofs of this section we used the assumption that
X is first countable only to show that the mapψ is injective. Without that
assumption our arguments show thatψ is injective on the setψ−1 (XGδ

).
Using this observation one can show that any isometryΦof thel∞ direct sum⊕

j∈J E is surjective providedE and/orΦ satisfy the assumptions of one of
the theorems of this section andJ is of nonmeasurable cardinality. This is in
spite of the fact that

⊕
j∈J E is not identical withC (βJ,E) for an infinite-

dimensional spaceE. The next proposition shows that ifcardJ = ℵ0 we
can get a much stronger result.

Proposition 1. Let E be a Banach space with a trivial centralizer. Then
E is algebraically reflexive if and only if thel∞ direct sum

⊕
n∈N

E is
algebraically reflexive.

Proof. One implication is obvious: ifT : E → E is a nonsurjective locally
surjective isometry then(en)

∞
n=1 �−→ (Ten)

∞
n=1 defines a nonsurjective

locally surjective isometry of
⊕

n∈N
E.

AssumeΦ :
⊕

n∈N
E → ⊕

n∈N
E is a locally surjective isometry and

thatE is algebraically reflexive. Any surjective isometryS :
⊕

n∈N
E →⊕

n∈N
E is of the form

S ((en)
∞
n=1) =

(
Sneπ(n)

)∞
n=1 ,(5.10)

whereSn : E → E are surjective isometries andπ is a permutation ofN
[6]. HenceΦ

(
χ{n} ⊗ e

)
= χ{ϕ(n,e)} ⊗ ψn (e), whereχ{k} : N → {0, 1}

is a characteristic function of the set{k} andψn a map fromE into itself.
Since∂E1 is connected andΦ is continuous, it follows that for a fixed
value ofn ∈ N the set

{
χ{ϕ(n,e)} ⊗ ψn (e) : n ∈ N, e ∈ ∂E1

}
is connected.

However ∥∥χ{ϕ(n,e)} ⊗ ψn (e)− χ{ϕ(n,e′)} ⊗ ψn
(
e′

)∥∥ = 1

whenϕ (n, e) �= ϕ (n, e′) so the functionϕ does not depend on the second
coordinate and we get

Φ
(
χ{n} ⊗ e

)
= χ{ϕ(n)} ⊗ ψn (e) , for n ∈ N, e ∈ E.
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Themapψn is a locally surjective isometry ofE so by our assumption must
be surjective. Putϕ (N) = Ω ⊂ N, fix e0 ∈ ∂E1 and definef = (fn)

∞
n=1 ∈⊕

n∈N
E byfn = e0

n . Sincef does not vanish onN by (5.10) the same is true
for Φ (f). On the other handf is a limit of a sequence of linear combinations
of elements of the formχ{n} ⊗ e so the support ofΦ (f) is contained inΩ.
Henceϕ and consequentlyΦ are surjective. ��

6. Local isometries ofA(K, E)

In this section we discuss local isometries of spacesA(K,E) of affine
continuous functions taking values in a Banach spaceE and defined on a
Choquet simplexK; we equipA(K,E)with the supremum norm. It is easy
to show that if∂e K is a closed subset ofK then the restriction map is
an isometry ofA(K,E) ontoC(∂eK,E), thus these spaces are a natural
generalization of the ones considered in the previous sections. WhenK is
metrizable,A(K) has the metric approximation property andA(K,E) can
also be identified as the injective tensor product spaceA(K) ⊗ε E [22].
It can be deduced from the main theorem of [11] that ifΨ is a surjective
isometry of such a space, withE∗ strictly convex, then there is an affine
homeomorphismψ ofK and a weight functionτ : ∂eK → I(E) such that
for any k ∈ ∂eK anda ∈ A(K,E) we haveΨ(a)(k) = τ(k)(a(ψ(k)).
We also note that since strtict convexity ofE∗ implies smoothness ofE , it
follows from Corollary 4.23 of ([6]) thatE has trivial centralizer.

Theorem 11. AssumeK is a metrizable Choquet simplex andE an alge-
braically reflexive Banach space withE∗ is strictly convex . Then any locally
surjective isometryΦ : A(X,E) → A(X,E) whose adjointΦ∗ preserves
the set of the extreme points of the unit ball is surjective.

Proof (sketch). The theorem can be proven by combining the arguments
used in the proof of Theorem 8 and of [23] and using the description of
surjective isometries ofA(X,E)mentioned before.
We first notice that

∂eA(K,X)∗
1 = {δk ⊗ e∗ : k ∈ ∂eK, e∗ ∈ ∂eE∗

1}
and thatE statisfies the condition b of Theorem 8. SinceΦ∗ preserves the set
of the extreme points of the unit ball we haveΦ∗(δk ⊗ e∗) = δk′ ⊗ Υ ∗

k (e∗),
where as in the proof of Theorem 8, we can check that the pointk′ ∈ ∂eK
depends only on the choice ofk ∈ ∂eK but not on the choice ofe∗ ∈ ∂eE∗

1 .
Still following the same line of arguments we verify that the functionφ :
∂eK → ∂eK defined byk �−→ k′ is a bijection. SinceK ismetrizable,φ is a
Borel isomorphism (see [4]).WhenE is the scalar field, sinceΦ∗ can also be
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assumed to preserve the state space, the functionφ has an affine continuous
extension to a homeomorphism fromK onto itself which concludes our
proof. If E is an arbitrary Banach space satisfying our assumptions then,
sinceK is a metrizable Choquet simplex, for anyk ∈ K there is a unique
probability measureµ on K with µ(∂eK) = 1 representingδk. Define
φ(k) = µ ◦ φ−1. It is fairly routine to verify thatφ is continuous, affine,
and surjective. The fact thatφ is injective onK can be proved by using
arguments similar to the ones given in [23]. Thus, we conclude thatΦ is
surjective. ��
In general the adjoint of a locally surjective isometry may not preserve

the set of extreme points; to get the simplest example one may take a non-
surjective isometry of a Hilbert space. We do not know if such a situation
may happen for function spaces considered here. The following example
illustrates a situation where the adjoint of a locally surjective isometry of an
A(K,E) space must preserve the set of extreme points.

Example 1.LetA =
{
g ∈ C(N ∪ {∞}) : g(∞) =

∞∑
n=1

µng (n)
}
, where

µ = (µn)
∞
n=1 is a probability measure onN, that is

∞∑
n=1

µn = 1 and

µn > 0. The state space ofA, which we denote byK, is a Choquet sim-
plex with ∂eK = {δn : n ∈ N} . Let E be an algebraically reflexive Ba-
nach space with trivial centralizer and note thatA(K,E) is isometric to{
f ∈ C(N ∪ {∞} , E) : f(∞) =

∞∑
n=1

µnf (n)
}
. We claim thatA(K,E)

is algebraically reflexive, in particular for any locally surjective isometry
mapΦ : A(K,E) → A(K,E) the adjoint mapΦ∗preserves the set of ex-
treme points. One can verify this claim following almost exactly the proof
of Proposition 1. The only difference is that we need to replace the functions
that are supported by a single point of the setN by functions supported by
two points - a function of the formχ{n}⊗emaynot belong toA(K,E) how-
ever for anyn1, n2 ∈ N and anye ∈ E we can always find numbersα1, α2
not both equal to zero and such thatα1χ{1} ⊗ e+ α2χ{2} ⊗ e ∈ A(K,E).
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