Automatic Continuity of Biseparating Maps

Jests Araujo and Krzysztof Jarosz

ABSTRACT. We prove that a biseparating map between spaces of vector-valued
continuous functions is usually automatically continuous. However, we also
discuss special cases when it is not true.

1. Introduction

Assume A, B are spaces of continuous functions on a set X taking values in a
normed space E. A linear map T : A — B is called separating if

IFOHgOII=0 = NTFOIITe (Il =0,

and biseparating if 7! exists and is separating as well. The concept has its source
in the theory of topological lattices but is also an important generalization of mul-
tiplicative maps on Banach algebras with application to many other areas. It has
been studied intensively by a number of authors, see e.g. [2, 3, 5, 6, 7, 8, 9, 12].
The most typical questions are whether in a given setting a separating linear bi-
jection must be biseparating, and if such a map must be automatically continuous.
Both questions have positive answers for separating linear bijections between C (X)
spaces with X compact [11], negative in general [1], and are open in some other
cases.

In this note we show that any biseparating map between spaces of bounded
vector valued functions is automatically continuous if and only if the underlying
topological space X has no isolated points. For maps between spaces of unbounded
functions the situation is more complicated but perhaps also more interesting. If X
is metrizable, or connected, or locally compact, or separable, or satisfies some other
simple restrictions, we again get the same condition - no isolated points. However,
there are sets X with no isolated points that admit biseparating maps which are
discontinuous in a very strong sense. Our results are valid in both real and complex
cases.

2. Preliminaries

For a completely regular space X and a normed space E we denote by C' (X, E)
and Cj (X, E) the space of all continuous functions from X into E, and the space
of all bounded continuous functions from X into F, respectively. If E is equal to
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the scalar field, we write C (X) in place of C (X, E). We equip Cj (X, E) with
the topology of uniform convergence on X, and C (X, E) with the topology of
uniform convergence on compact subsets of X. For normed spaces F, F we denote
by L~! (E, F) the set of all linear bijections from E onto F'.

For a function f € C' (X) it may be often convenient to extend f to a continu-
ous function on SX, the maximal compactification of X. In general, for z € BX\ X,
the value of f (z) may be infinite. There are, however, completely regular spaces
X with a point zg € SX\X such that the value of f (x¢) is finite for all f € C' (X);
the set of all points in SX with this property is called the realcompactification of
X and is denoted by rX. Since we have C' (X) = C (rX), the natural domain for a
continuous function on X is X, not X. Hence we will often consider realcompact-
ifications, or alternatively, we will assume that the completely regular spaces under
consideration are realcompact. All compact sets are clearly realcompact, also all
subsets of Euclidean spaces are realcompact, or even more generally all metrizable
spaces of nonmeasurable cardinal are realcompact ([10], p.232).

We will often refer to the following result from [4].

THEOREM 1. Suppose that X and Y are completely regular realcompact spaces,
E, F are normed spaces, and that

e T is a linear biseparating map from C (X, E) onto C (Y, F),
e or E,F are infinite-dimensional and T is a linear biseparating map from
Cy (X, E) onto Cy (Y, F).
Then there exists a homeomorphism h:Y — X and a map J : Y — L~Y(E, F)
such that (T f)(y) = (J (v)(f(h(y)) for every f in the domain of T, and y € Y.

Notice the result can also be applied if E, F' are finite-dimensional and T is de-
fined on Cj (X, E) since in such case we have Cy, (X, E) ~ Cy, (6X, FE) = C (8X, E).
Based on the above Theorem, each time we are asked about continuity of a bisep-
arating map 7', we can compose the map with f — f o h~!, and assume without
loss of generality that X =Y and that

(2.1) (Tf)(x)=(J(z))(f(x)), forevery fandz e X.

Hence, if the normed spaces F, F' are finite-dimensional any biseparating map T
must be automatically continuous. On the other hand, if X contains an isolated
point zy and F is infinite-dimensional then one can trivially define a discontinuous
biseparating map on C (X, E) or Cj (X, E): take any discontinuous linear bijection
Jo from E onto itself and put

(@) st
(Tf)(a:)_{ Jo (f (x0)) if x:xg.

In the next section we show that, except for some very special sets X, this is
basically the only way one can get a discontinuous biseparating map.

Recall that a point zy in a topological space is called a P-point if for each
sequence (U,) of neighborhoods of x, the intersection ﬂio:l U, contains again
a neighborhood of zg; if a topological space is first countable, for example if it
is metrizable, then only isolated points are the P-points. A completely regular
topological space is called P-space if each point of the space is a P-point. Among
the metric spaces, P-spaces coincide with the discrete spaces. We will need the
following properties of the P-spaces ([10], p. 63).
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PROPOSITION 1. For a completely reqular space X the following conditions are
equivalent

e X is a P-space,
e any real-valued continuous function on X is locally constant,
o any Gs subset of X is open.

3. Results

THEOREM 2. Assume X,Y are completely reqular realcompact spaces, E, F' are
normed spaces, and T : Cy(X, E) — Cp(Y, F) is a biseparating map. If Y has no
isolated points then T is continuous.

PrOOF. By Theorem 1 we may assume without loss of generality that Y = X
and that T is of the form (2.1). Suppose that T is not continuous and let (f,)5,
be a sequence of elements in Cy(X, E) such that

n—1
[ full < 1/n* and ||T fo > n+ Z ITf;ll, forneN.

j=1

Let 1 € X be such that ||(Tf1)(x1)|| > 1. Since z; is not isolated, then there
exists an xo # 1 with ||(Tf2)(x2)]] > 1+ ||Tf1]]. Continuing the process, we can
inductively construct a sequence (xn)zozl of different points in X such that

n—1

T ) @)l =n+ Y T, forneN.

j=1

Let (U,)22; be a sequence of open subsets of X and (g,,) a sequence of continuous
bounded real-valued functions on X such that for any n € N

xn € Uy, and z ¢ U,, for k <n,
and
gn (zn) =1=gal| and supp g, C U,.

Since ||gn.frll < [|fnll < 1/n? we can define a function f in Cy(X, E) by

f=> gl

JEN
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From (2.1) and since g, (z,,) =1 and g; (z,,) = 0 for j > n we get

I(Tf) (@)l = (T (zn))(f (za)) ]| = ) [ D_9i (@) £ (2n)

JEN

= Zgj (2n f] (n) + fr (zn) H

7j=1

= i 95 (@) (J (2n) (fj (20)) + (J (20)) (fn (20))
j=1

S0 @) @ () @) + @ (1)) )
j=1

= T () )l = Y I (55) o)
> ne sl - STz n

j=1

Since our space contains only bounded functions, the contradiction shows continuity
of T. 1

THEOREM 3. Assume XY are completely regular realcompact spaces and E, F
are both infinite-dimensional normed spaces. Then
(1)  if the interior of the set of P-points of Y is empty then every biseparating
map T : C(X,E) — C(Y, F) is continuous,
(il) if the interior of the set of P-points of Y is not empty then there is a dis-
continuous biseparating map T : C(Y, F) — C(Y, F),
(iii) if dim F = dim F' then all points of Y are P-points if and only if for any
linear bijection J from E onto F (continuous or not) the map T (f) Y7o f
is well defined and biseparating from C(Y, E) onto C(Y, F).

COROLLARY 1. For completely regular realcompact spaces X,Y and normed
spaces E| F there is a biseparating map between C(X, E) and C(Y, F) if and only
if X andY are homeomorphic and

e F and F are isomorphic, or
e dimFE =dimF and Y is a P-space.

REMARK 1. There is another useful way to think about these results. Notice
that if J is a linear bijection from a normed space E onto itself, then we can phrase
the usual definition of continuity of J as follows:

J is continuous iff transformation f — J (f) maps C' (N*, F) into itself,

where by N* we denote the one-point compactification of the set of natural
numbers. Now, based on our results we can replace the set N* in the definition
above with a set X if and only if X is not a P-space.

PROOF OF THE THEOREM. (i) Assume that the interior of the set of P-points
of Y is empty and T : C(X,E) — C(Y, F) is a biseparating map. As before by
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Theorem 1 we may assume without loss of generality that Y = X and that T is of
the form (2.1).

First we are going to prove that J(y) : E — F is continuous for every y € X.
Assume that there is a yg € X such that J (yo) is discontinuous. If yg is not a
P-point we put z & yo. If yo is a P-point we put V,, = {z € X : || J (z)| > n}.
Since the map ||-||oJ : X — [0, +0o0] sending each y € X into ||J(y)| is continuous,
all of the sets V,, are neighborhoods of yo, and so is (), V,,. Moreover for any
z € (o, Vi, the map J (z) is discontinuous. Since the interior of the set of P-points
is empty, the set ()7, V,, contains a point which is not a P-point. We denote by
xo one of such points.

Let (e,,) be a sequence in E such that

llenll < 1/n2 and ||J (x0) (en)|| > n, forn € N.

Let e, be the constant function equal to e,. Since xy is not a P-point there is a
sequence of open neighborhoods U, of zy with

Un C{z e X [[(Ten)()|| = |7 (2) (en) |l > n}

and such that the intersection of all U, is not a neighborhood of xg; we may also
assume that U,4+1 C Uy, for n € N. It follows that ¢ belongs to the closure of the
following set:

A= U Un-‘,—l - Un+2.
n=0

For each n € N, let g,, € Cp(X) be such that
lgnll =1 = gn (x), for & € Uy,41, and supp g, C U,.
Put

o0
9= (gn = gnt2)ent1;
n=1
since ||gn — gnt2| < 2 and |le,|| < 1/n? the series is convergent and g € C(X, E).

For any k € N and any xg1 € Ugy1 — Uk42 we have

1-1=0 if n<k
(Gn — Gna2) (Th1) =¢ 1—-0=1 if n=k
0-0=0 if n>k

Hence

I(Tg)(zns1)]l =

(J (k1)) <Z(gn = gnt2) (Tp41) €n+1>

n=1

= [I(J (z41)) (exr)ll = [(Tert1)(@rra)l| > &k + 1.

Since z¢ belongs to the closure of |J;—, Up+1 — U2 we get [|[(Tg)(zo)| = oo,
and this contradiction proves the continuity of J(y) for every y € X.

Suppose now that T is not continuous. Then there is a compact subset K of
Y and a sequence (f,,) in C(X, E) with px(fn) < 1/n? and pr (T f,) > n.

Let y, € K be such that ||(T fn)(yn)|| > n, for each n € N. Notice that the
set {y, € K : n € N} is infinite since otherwise there would be a point y,, € K
with ||(T fn)(Yne )|l > n for infinitely many n € N, contrary to the continuity of
J (Yny ). Without loss of generality we may assume that y, # ¥, when n # m,
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and take a sequence (Up)S2; of pairwise disjoint open subsets of X such that

Yn € Up C {we X :||fn ()| <1/n?}, for n € N. Let (gn)52; be a sequence in
Cy(X) such that supp g, C U, and g,(y,) = 1, for n € N. Tt is easy to see that

FELS gifr € C(X,E)
k=1

while, by 2.1, |[(Tf)(yx)|l = (T fr)(yn)|l > n so Tf is not bounded on K. Since
this is not possible we conclude that T" must be continuous.

(ii) Assume now that the interior Z of the set of P-points of Y is not empty and
let ho be a continuous real-valued function on Y such that hg () = 1 for x € X\Z,
and hg (20) = 0 at some point zg € Z. Put A = hy'(0). By Proposition 1 A
is an open subset of Z, and consequently of X; clearly as a zero set A is also

closed. Let J be a discontinuous linear bijection from F' onto itself and define
T:C(Y,F)— C(Y,F) by

[ f@) i xga
(Tf)(x)—{ T(f(@) if zed

The map T is obviously biseparating but we need to check that it is well defined,
that is, that T'f is continuous for any continuous f. It is of course true on the
clopen subset X\ A. Let f € C(Y, F) and let z € A. By Proposition 1 the function

A3 z— ||f(z) - ()

is constant on a neighborhood of z, hence f, and so T f, are both locally constant
and consequently continuous.

(iii) As above we assume without loss of generality that X =Y and that h is
the identity map. Suppose that dim E = dim F' and that there is a point g € X
which is not a P-point. We well see that there exists a linear bijection J from F
onto F' such that the map T (f) 7o f is not well defined.

Since J is not continuous, then there exists a sequence (e,) of norm-one ele-
ments of E such that || Je,| > n?, for n € N. On the other hand, since zg is not
a P-point, there exists a sequence (U,,)5%; of neighborhoods of xy such that the
intersection of all U, is not a neighborhood of 2. We may assume that U, 11 C Uy,
for n € N. Consequently xg belongs to the closure of at least one of the following
sets:

Al = U Uzn — U2n+2 or A2 = U Uanl - U2n+1'
n=1 n=1

Without loss of generality we may assume that zo € As.
For each n € N, let g, € Cp(X), 0 < g5, < 1, be such that

9n(U2n—1 — Uzny1) = 1 and supp g5, C Uzpn—2 — Uzn 2.
It is clear that the map

af = 1
f= Zﬁgkfk
k=1

belongs to C(X,E). Also, according to the description of T' and to the fact that
xo € Ag, we deduce that ||(T'f)(zo)|| = oo, which is absurd. Consequently, X is a
P-space.
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To prove the other implication we just repeat the above argument in (ii) with

A=X.1

As for the proof of the Corollary, notice that if Y is not a P-space, then it
contains a point yg which is not a P-point, and consequently, as in the proof
of Theorem 3 (i), J(yo) is continuous (and bijective). On the other hand, by
Theorem 1, (T~ 1g)(z) = (Kz)(g(h~!(x))), for some K € L~Y(F, E). In particular
K (h(y)) is the inverse of J(y) (see the proof of Theorem 2.4 in [4]), which implies
in particular that h(y) is not a P-point and, consequently, F and F' are isomorphic.

The P-sets without isolated points are rather unusual, they can not be locally
compact or metrizable. An example of such a set can be found in [10], below we
provide another one.

EXAMPLE 1. Let 2 be an uncountable set and put X = {0, 1}9, We say that
a function f on X depends on countably many coordinates if there is a countable
subset Qo of Q such that

f(z) = f(2') whenever z (w) =2’ (w) for all w € Q.
Notice that f depends on countable many coordinates if and only if f = fo o pa,
where Qg is a countable subset of Q, pa, is a natural projection from {0, 1}Q onto
{0,1}™ and fo is a function on {0,1}*. We denote by Cy, (X) and Cg, (X)
the set of all scalar valued functions that depend on countably many variables, and
bounded functions with that property, respectively. We introduce on X the coarsest

topology such that all functions in Cy, (X) are continuous. That topology T of X
has a base that can be described as follows

{Pac () : A C {01}, card (Q) < No } -

Since a uniform limit of a sequence of functions depending on countably many
coordinates each, has also such a property, C’go (X) is a self-adjoint uniform algebra
so X can be seen as a subset of the maximal ideal space of that algebra. Since any
subset of a compact Hausdorff space is completely reqular, so is X.

Suppose that f is a continuous real-valued function on X and fir vy € X.
Without loss of generality, we assume that zo(w) =0, forw € T' C Q, and xo(w) =
1, forw € Q\T. Since, for anyn € N, the set U, = {z € X : |f (z) — f (z0)| < 1}
is open, it contains an open set of the form

Vo={re X :z(n) C{0},z(Qn) C{1}},
for some countable sets O, C I',Qo, C Q\T. Put Q = UZO:1 Qip, Qe =
UZO:1 Qo clearly Q1,8 are countable and disjoint. Now
Uy = {J) eX :x(Ql) C {0},1)(92) C {1}},

is a neighborhood of xog and f is constant on Uy.
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