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ABSTRACT. By the classical Banach-Stone Theorem any surjective
isometry between Banach spaces of bounded continuous functions defined on
compact sets is given by a homeomorphism of the domains. We prove that the
same description applies to isometries of metric spaces of unbounded continuous
functions defined on non compact topological spaces.

Let X, X’ be topological spaces and let A (X),A(X’) be metric vector spaces
of continuous functions on X and X', respectively. If A(X), A(X’) consist of only
bounded functions, for example if X, X’ are compact, then, in most cases, we have
a complete description of all surjective linear isometries 7' : A(X) — A(X’). One
may check [2, 3, 4, 5, 6, 7, 10, 11, 12, 13] for descriptions of isometries of spaces of
bounded continuous scalar and vector valued functions, bounded analytic functions,
absolutely continuous functions, bounded Lipschitz functions, differentiable functions,
and many other classes of bounded functions. Usually (but not always, see e.g.[1] or
[9]) any such an isometry is given by a homeomorphism ¢ : X’ — X followed by a
multiplication by a continuous scalar valued function x; that is,

Tf=k-fopforal fe A(X).

Any map of the above form will be called canonical. The most classical result in
this area is the Banach-Stone Theorem which states that any surjective isometry of
the space of all bounded continuous functions on a compact set X equipped with the
usual sup norm, onto the space of bounded continuous functions on a compact set X',
is canonical. In this paper we discuss isometries of spaces of unbounded continuous
functions.

Assume that X is a o-compact topological space and let X;, X, ...be a sequence
of compact subsets of X such that

X1 X6 X, G and X, =X

n=1
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The two most often considered metrics on the space of unbounded continuous func-
tions on X are:

IFl = > aullfll,, and (1)
n=1

o0

i(fg) = Syt =0l @)

= L =gl

where |-||, is the usual sup norm on the set X,, and (a,),—, is a fixed sequence
of positive numbers such that ) > a, < oo; for example we may put a, = 2%
The formula (1) defines a Banach space norm; for fixed sequences (X,,) and (a,) we

will denote this space by C'(X). The space C (X) contains unbounded continuous
functions of restricted rate of growth; it does not contain all the continuous functions.
The second formula defines a complete metric on the space C (X)) of all the continuous
functions on X. In this paper we prove that all surjective isometries of the spaces

<5 (X), H||) and (C'(X),d(-,-)) are canonical. The results are valid both in the

real and in the complex case; however at some crucial points the arguments will be
different in the two cases. We denote by K the set of scalars (R or C), and by K; the
set of scalars of absolute value one.

Theorem 1. Let <5 (X), HH) be a Banach space of continuous functions on a o-

compact set X with a norm given by (1) . Let (5’ (X", HH) be an analogous space

on X'. Assume that T is a linear isometry from C (X) onto C (X'). Then there is a
homeomorphism ¢ of X' onto X with ¢ (X)) = X,,, for n € N, and a unimodular,
continuous, scalar valued function k on X’ such that

Tf=c-k-fopforal feC(X),

where ¢ = (377 a,) / (.02, al,). Moreover, a, = cal,, for n € N.

n=1 n=1"n
PROOF OF THE THEOREM.
Definition 1. We call a nonempty subset (2 of C (X) a peaking set if
fr 4 oot Lol = il + o+ Sl forall fi, ..., f, € Q.

A subset of C (X) is called a maximal peaking set if it is a peaking set and it is not
contained properly in any other peaking set.
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The definition of a peaking set involves only the norm and the addition operation
of the vector space. Since surjective isometries preserve both the metric and the
linear structure they map peaking sets onto peaking sets and maximal peaking sets
onto maximal peaking sets.

Definition 2. For a given peaking set Q) we define the complement Q* of Q0 by
={geC(X):3Ir>0 3fecQ Vaeck, ||f+ragl =[]}

Again, linear isometries map complements of peaking sets onto complements of
peaking sets.

Definition 3. For x € X we define index of x by
ind(x) =min{n:z € X,}.

We will say that (z,),-, is an increasing sequence in X if ind (z1) = 1, and for any
n € N, we have
ind (Tp41) >ind (x,), oOr  Tpy = Ty,

and the set {z,, : n € N} has no limit points.
Lemma 2. A subset Q of C (X) is a maximal peaking set if and only if there is an

increasing sequence (z,),., in X and a sequence (0,,),, of scalars of absolute value
one such that

Q=Q((za), (00) £{f € C(X):¥n €N [If]l, = Onf (2n)}.

Proof of the Lemma.
Assume Q = Q((z,),(0,)). For any fi,..., f, € 2, we have

Ifi+ .+ fll = Zan Ifi+ -+ Sl

::Z%nﬁ%w%+b%DﬂWHmHmw

so () is a peaking set. Assume that €}y is a strictly larger peaking set and let f, €
Qo — €. Since fy ¢ Q then we have two cases:

1. there is a positive integer k such that || fol|, > |fo (xx)|, or
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2. there is a positive integer k such that || foll, = [fo (zx)],but || foll, # Orfo (zk)-

Let (y,) be a sequence of nonzero scalars such that for any n, |y,| = 6,y,, the
series >~ | @, |yn| is convergent, and

Yn = Yni1 if Ty = Tpyr and |y,| < |Ynaa| if T # Ty
In the first case we are going to introduce a continuous function f on X such that

f(z) = 0forany x € X, with |fy ()| = || foll, ,and
I fll, = Onf(xn) =0nyy, for any n € N.

To construct such function f we first construct inductively a continuous function f
on X: after it is defined on (Jj_; X; we extend it to Jj_, X; U {z,11} by putting

f(an) = Yn41, and then extend to U;L;rll X; with the same sup norm [8]. Put

K ={z e Xy :[fo(x)|=foll,}-

K is a closed set and does not contain xy, nor any z, for n > k; since (x,) is an
increasing sequence neither it contains any z, with n < k. Let g be a continuous
function on X with norm one and such that g =0 on K and ¢ =1 on {z,, : n € N}.
Put f = gf. The function f belongs to Q; however ||f + fol| < |I£]| + Il fol since
If+ foll, < Ifll. + 1lfoll,, so ©ois not a peaking set. N

In the second case using the same method, and the same function f we construct
a continuous function f on X such that

f(x) = 0 forany x € X with|fo(x) + f(m)’ =|foll, + H
Ifll, = Onf(xn) =0y, foranynecN.

Again 1 + foll < 1711+ [lfoll since 1 + foll, < 1l + [ foll 50 Qo s not a peaking
set.
Assume now that € is a maximal peaking set. For any f € C' (X) put

My = {(2,.6, eHXx&wm of (@)},

The sets M are compact and, since ) is a peaking set the family {M; : f € Q} has
the finite intersection property; consequently

M = {(x, 6, eHX X Ky o[£l = 60nf (x,) forall feQ}
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is not empty.

Let (z,,60,) be a point in M. Assume (z,) has a subsequence (xy, ) convergent to
a point yo in X, and let ny be such that yy € X,,,. Since the sequence (6,,f (z,)),—, =
(NI, is nondecreasmg, the function f continuous at yo, and

tim |, = i |, = 17 (90)| < IF (2a)| = £,

it follows that (0,f (z,)),—, is constant for n > ny. Hence, € is a proper subset

of a peaking set €2 (in,én>, where <fmén> = (xp,0,), for n < ng, and (fmé’n> =

(Zng, Ony) for n > ng. The contradiction shows that {x, : n € N} has no limit point.
Assume now that M contains two distinct points (z,6,) and (22,62). Since

n?n TL’TZ

the sets {z! :n €N}, i = 1,2 do not have a limit point we may select a function
f € C(X) such that (z} 91) € M; and (22,02) ¢ M;. Then QU {f} is a peaking

n'’n nr’n
set contrary to our assumption that €2 is maximal. Hence M is a singleton, M =

{(zn,0,)}, consequently (z,,)is increasing, and € is contained in

Q((),(00)) = {f € C(X) :Vn N ||f], = O f (xa)}.

Again from the maximality of (2, since by the first part of the proof Q ((x,), (6,)) is
a peaking set, we have Q = Q ((z,,),(6,)). R

Lemma 3. For any maximal peaking set Q2 ((z,,), (0,)) we have

ﬂ ker 5% C Ql ((fn) ) (‘971)) )

n=1
where the functional 6, on C (X) is defined by 6, (h) := h(z) for h € C (X).

Proof of the Lemma. Let g € (), kerd,,. For any n € N let U, be an open
neighborhood of x,, and k, a continuous function on X such that for all n,m € N

U,NU, =0if z, # x,,, and 0 < k,, <1, kp(z,) =1, and k, =0 on X \ U,.
Put

Zk 0n (lgll,, = lg(x)]), for = € X,

It is clear that f € Q((z ),( n)). For each n € N and z € X,, we have
k() (lgll, = lg(2)) < llgll, = lg ()],
s0 k() (lgll,, = lg(2)]) + lg(2)] < llgll,,, hence

[f @)+ lg(@)] < 1f (@)l = £,
which proves that g € Q* ((z,),(6,)). R
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Lemma 4. Assume K = C. Let f, g be elements of C (X) such that
Ir>0 VaekK|f+ragl=I|f|

and let (z,) be an increasing sequence in X such that || f||, = |f (z,)| for n € N.
Then
g (z,) =0 forn € N.

Proof of the Lemma. We have
e - T - L) df
1+ 0] = S an £ + ], 2 3 anlf () + g )| LE@). ()
n=1 n=1
By a simple computation one can check that for any nonzero scalar y we have

1
/ ‘1 + e2m9y} e > 1.
0

It follows that if g (x,) are not all equal to zero then

/0 s<e>d9:2an/0 I (@) + 2% (2,)] 40 > 3 an | f (2)] = I

Hence & (69) > [|f|| for some real number 6y. From (3) || f + e*™g|| > ||| which
contradicts our assumption. W

From the last two lemmas it follows that in the complex case

Q((xn), (0n) = ) ker g,

The above formula is not true in the real case in general . However, the next lemma
shows that it remains true if (z,,) is constant.

Lemma 5. Assume Q = Q((z,), (6,)) is a maximal peaking set, and assume that
the sequence (z,,) contains only one value, that is z,, = x1 for every n € N. Then

QF ((zn), (0,)) = ker 8, .

Proof of the Lemma. Suppose that g € C (X) satisfies g(z;) # 0. Then given any
f€Q((z,),(6,)) we can find an arbitrarily small a € K such that

|f(z1)] < lag(zy) + f(21)].
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Hence

A= anllfll, <D anllag+ fll, = lag+ £,
n=1 n=1

so g ¢ QF ((x,),(0,)). This implies that O ((z,), (0,)) C kerd,,. The other inclu-
sion follows from Lemma 3. W

Lemma 6. Assume that K = R and that Q = Q((z,,), (0,)) is a maximal peaking
set. Then

O ((2) 1 (0n)) = ker() _ anfnda,).

Proof of the Lemma. If the sequence (x,,) is constant the lemma follows from the
previous one so we may assume that (z,) is not constant. For each n € N, let U,, be
an open neighborhood of x, such that U, NU,, = 0 if z,, # z,,. Let g € 5’(X) be
such that

lgll,, = lg (x,)| for n € N, Zanﬁng (z,) =0, and g =0 on X\(U Uy).

n=1 n=1

If (x,,) contains at least two values then we can always find a g that is not equal to zero
at these two points. Moreover, if h € C (X)is such that Yoo anbnh (x,) = 0, then
we can always find a function ¢ that satisfies all the above conditions and a function
g €N, kerd,, such that g + ¢’ = h. From Lemma 3 we know that Q* ((z,,), (6,,))
contains [~ ker d,,, so to prove the lemma it is sufficient to show that the function
g is contained in QF ((z,), (6,,)) .

Let f € Q((z,),(0,)) be such that for some sequence of numbers (c,) with
absolute values equal to one, we have

f(x) = cug(z) ifzel, and g(x,) #0,

f(x) = 0 ifxeX\(DUn).

n=1

Notice that ¢, is positive if and only if g (x,) 0, is positive. For any 0 < r < 1 we
have

T .
7 £rgl, = (1£2)If @), it () #0, and
If £rgl, = If], otherwisc,
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hence

Iftrgl = S aullf £rgl, =3 anllfll, £ awsgn () lg (2.)
n=1 n=1 n=1

o0

= 17 anbng () = 111,

n=1

so g€ Ot ((w,),(6,)). 1

To finish the proof of Theorem 1 notice that the isometry 7" maps maximal
peaking sets onto maximal peaking sets. We shall show that T maps the maximal
peaking sets Q ((x,,), (6,)) that correspond to the constant sequence (z,) = (x1) onto
the same type of maximal peaking sets: T (Q ((z1),(61))) = Q((2}), (0})) . We shall
also show that x] does not depend on the value of 6, but only on z;.

In the complex case, by the previous lemmas, Q* ((,), (6,,)) is of codimension one
if and only if (x,) is constant. Since T preserves the codimension and the maximal
peaking sets and their complements, it maps maximal peaking sets that correspond
to constant sequences in X onto the same type maximal peaking sets. For a constant
sequence (z,,), O ((x,), (0,,)) is equal to ker d,, hence and it does not depend on 6.

In the real case the situation is more complicated - by the previous lemma

QL ((2n), (0)) = ker(D_ anbnds, ). (4)

for any increasing sequence (z,,), so the codimension of Q* ((z,,), (6,)) is always one.
Since T preserves the maximal peaking sets and their complements, as well as the
norm from (4) we get that for any ((x,), (6,)) there is a ((z),), (¢,)) in X’ x K; such
that

T*(i a,0,0,,) = ¢ i an6,0,r
n=1 n=1

where c = (37 a,) /(D7 al,), and T™* is the conjugate of T'. Denote by = the set of
all functionals of the form Zzozl an0,0,., . We shall say that functionals F, F;, € = are
orthogonal if

[E3 ]+ 12l = 1+ Bl = (1B — Fl
For F' € = we put

F+={F, € Z: F and F are orthogonal} .

Since the definition of orthogonality involves only the norm and the linear structure it
is preserved by T*. On the other hand F} = 7 | a,0,0,, and Fy, = > >°  a,0,0z,are

n=1 n=1
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orthogonal if and only if the corresponding sequences (x,,) and (Z,) do not have any

common point. Put

Ey={F":Fe=}.
The set = is partially ordered by inclusion, F'* is a maximal element of =, if and
only if F' is defined by a constant sequence (z,) = (z1). All this is again preserved
by T so T maps ker d,, z € X, onto ker d,/, 2’ € X7.

We proved that in both the complex and the real case there is a bijection ¢, from
X7 onto X7 such that

T (ker by, (2)) = ker d,, for z € X7,

equivalently
T (64) = K1 () 0y, (2), for z € X7,
or
T (f) () = k1 (2) f (1 (x)), for z € X, (5)
where x; has the constant absolute value equal to ¢ = (>, a,)/ (>, al,). Since

T* is continuous in the weak* topology the functions o, and k; must also be continuous.
We proved that T' has the canonical form on X; C X, and

ITfll = el fll, for f € C(X). (6)

Now we need to extend ¢, and x; to the entire set X. Because of the symmetry we
may assume that

and define new norms on C (X) and C (X) by
p(f) = Ifll=aillfly =" anlfl, for f € C(X), and
n=2

a1 ay > ~
P9) = llgl=llgll = (ai = =) gl + D al llgll, for g € T (x).
n=2

By (6) T is an isometry of (C'(X),p(-)) onto (C (X'),p (-)). If a} — “# 0,
then, based on what we already proved applied to this new isometry, there is a

homeomorphism ¢, from X onto X, and a scalar valued function ko such that

T (f) () = k2 (x) f (pq (x)), for z € X7,
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but this contradicts (5). Hence a} — % = 0 and ¢, and k3 are extensions to X3 of ¢,
and k1, respectively. Continuing this process we extend ¢, to a homeomorphism of
X’ onto X.

We also get
x x
7 o0 I - o0 R
oo
_1 Q
hence for ¢ = Z’;o—l * we have
n=1 n

a, = ca,, forn € N.
|

Theorem 7. Let (C(X),d(-,-)) be the metric vector space of all continuous func-
tions on a o-compact set X, where the metric is given by (2). Let (C (X'),d(-,-)) be
an analogous space on X'. Assume that T is a linear isometry from C' (X) onto C' (X') .
Then there is a homeomorphism ¢ of X’ onto X with ¢ (X)) = X,,, for n € N, and
a unimodular, continuous, scalar valued function x on X' such that

Tf=c-k-foypforal feC(X),

oo
_1 Q
where ¢ = 220—1 =. Moreover a,, = cal,, forn € N.

n=1"n

Proof. Let T : C(X) — C(X') be a surjective isometry. For a fixed f € C (X)
we define a function ay : RT — R* by

p L& &
ar () Z A (1,0 = D any i = 2 n g A

n=1

It is easy to check that

d o
ﬂzzan Hf”n 5 fortzo
b= (el

For ¢ = 0 the value of dsl—tf is > 07 ay || f||,; it may by finite or may be equal to +oo.
Since the function oy is defined only in terms of the metric and linear structure it is
preserved by the isometry. Hence oy = apy and T preserves the quantity

d o
=LO=11=>anlfl,.

n=1
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Consequently T restricted to the Banach space

C(X)={feC(X)=> anllfll, < oo}

is an isometry, with respect to that Banach space norm, onto

C(X)={geC(X):llgll=)_a,lgll, < oo}

By the previous Theorem there is a homeomorphism ¢ of X’ onto X with ¢ (X)) =
X,, for n € N, and a unimodular, continuous, scalar valued function x on X’ such

that

Tf:mfowforallfeé(X).

Since C (X) is dense in (C (X),d (-,-)) the above formula holds for all functions from
C(X). m

1]
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