Small Deformations of Topological Algebras

Mati Abel and Krzysztof Jarosz

ABSTRACT. We investigate stability of various classes of topological algebras
and individual algebras under small deformation of multiplication.

1. Introduction

By an e-deformation (or perturbation) of a Banach algebra (A,-) we mean a
second multiplication x defined on the same Banach space A such that the norm
of the bilinear map x — - is not greater than ¢, that is

(1.1) laxb—a-b|| <elal|bl], foralla,be A.

We always assume that a multiplication is associative, but not necessarily commu-
tative.

Small deformation of Banach algebras have been investigated since early sev-
enties by R. Rochberg [22, 23, 24, 25, 26, 27, 28], B. E. Johnson [18, 19], K.
Jarosz [10, 11, 12, 13, 14, 15, 16, 17], and others. While some of the results
are applicable to general Banach algebras, the main interest has been in the defor-
mations of uniform algebras in connection with small deformations of holomorphic
structures. There are three basic problems in the field:

1. To characterize stable Banach algebras.

A Banach algebra is called stable if there is an €9 > 0 such that for any

e-deformation x with & < g¢, the algebras (4, -) and (A, x) are isomorphic.
2. To characterize stable properties.

We say that a property P is stable if there exists an €y > 0 such that
for any algebra (A,-) having property P and any e-deformation x of that
algebra, with € < g¢, the algebra (A4, x) also has property P.

3. Characterizing continuous or differentiable structures on the space of all
small deformations.

For example Banach algebras C' (X), A (D), H*> (D), and the properties ’Dirich-
let’ or 'OA = ChA’ are stable [10, 13, 18, 27], while the algebras of analytic
functions of one variable defined on nonsimply connected domains with nonempty
interiors are not stable [28].
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The concept of small deformations of algebras provides a very natural definition
of a small deformation of a Riemann manifold Q: we call 2 a small deformation of
Q if an algebra Ao of analytic functions on Q' is isomorphic to a small deformation
(Agq, x) of an analogous algebra Aq. It turns out that for one-dimensional Rie-
mann manifolds, this approach, with A equal to the algebra of functions analytic
on Q and continuous on , is exactly equivalent to the theory of quasiconformal
deformations [28]. On the other hand, almost nothing is known about small defor-
mations of algebras of analytic functions of many variables [15]. The problem is of
particular importance since an answer may provide a multidimensional quantitative
version of the Riemann Mapping Theorem.

In this paper we extend the theory of small deformations to topological alge-
bras. There are several ways to generalize the definition of a small deformation
into the class of algebras equipped with a topology but without a norm. In the
two sections following the Definitions and Notation we discuss two very natural
extensions, we show however, that both have serious limitations. Under the first
one, almost all non-Banach topological algebras are nonstable (we shall use term
nonstrongly stable). Under the second one, most topological algebras, in particular
all semisimple algebras, are stable (weak stability). Finally, in the main section
(Section §), we arrive with what we believe is the right definition, extending the
concept of stability and small deformations into the class of topological algebras.
We show, that in many cases, the theory is analogous to the theory of deformations
of Banach algebras, while it may provide even better framework for working with
small deformations of holomorphic manifolds. The paper does not provide a com-
prehensive theory of deformations of topological algebras, it is rather intended as
an invitation to this mostly open area of research.

By a topological algebra we mean a topological vector space with an associa-
tive and separately! continuous multiplication. In general such an algebra may be
quite pathological, e.g. all elements other than multiples of the identity may have
unbounded spectrum, the multiplicative inversion a — a~! may be discontinuous,
the set of invertible elements may be nonopen, etc. In this paper we are particu-
larly interested in small deformations of reasonably nice topological algebras, like
topological function algebras, Imc F-algebras, and Q-algebras. We will also often
assume that the algebras under consideration are complete, as several examples
will show that without such an assumption, small deformations even of a normed
algebra can be pathological.

2. Definitions and Notation

Since the terminology concerning topological algebras varies, we state for the
record the definitions of some of the classes and properties of algebras we will refer
to.

DEFINITION 1. By a Fréchet algebra we mean a complete metrizable topological
algebra.

DEFINITION 2. By a Gelfand-Mazur algebra we mean a topological algebra A
such that for each closed two-sided regular ideal M which is mazimal as a left or as

1Some authors assume that multiplication in a topological algebra must be jointly continuous
and refer to algebras with separately continuous multiplication as weak topological algebras [4],
or pseudotopological algebras. Here, we adopt a more general definition; however, in most special
cases we consider, like m-convex algebras, multiplications will automatically be jointly continuous.
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a right ideal, the quotient algebra A/M is topologically isomorphic with the scalar
field.

DEFINITION 3. By an m-pseudoconvex algebra we mean an algebra whose topol-
ogy can be given by a family {px: A € A} of m-pseudoconvex seminorms, that is
seminorms satisfying

pa (ab) < px(a)pxr (b), foralla,be A/X€A,
and
px (pa) = ™ pr(a), for alla € A, and scalars p,
where kx € (0,1]. If kx = 1 for all A € A we call the algebra m-convex.

If A is both a Fréchet algebra and m-(pseudo)convex, then its topology can be
given by an increasing sequence of m-(pseudo)convex seminorms.

DEFINITION 4. By a topological function algebra we mean a closed subalgebra
A of an algebra C (X) of all continuous functions defined on a completely regular
Hausdorff space X ; we assume that the topology of A is that of uniform convergence
on compact subsets of X .

The algebra C (X)) is metrizable if and only if X is hemicompact; it is complete
if and only if X is a kg-space ([5] pp 63-65). Since every locally compact and o-
compact Hausdorff space X is hemicompact and a kg-space, for such class of spaces
X, the topological algebra C' (X) is Imc and Fréchet.

DEFINITION 5. By a Q-algebra we mean a topological algebra A such that the
group G% of its quasi-invertible elements is open.

If an algebra A has a unit e then a € A is called quasi-invertible if and only if
e — a is invertible. If an algebra does not have a unit we call an element a quasi-
invertible if e — a is invertible in the algebra A€ {Ae : A € C} obtained from A by
adding a unit element e to the algebra. Equivalently, a is quasi-invertible if there
is an element a®, called a quasi-inverse of a, such that a + a® = aa®; in the algebra
A@{)\e: X € C}, the inverse of e — a is e — a’.

In spite of the fact that Q-algebras may be noncomplete they share many of the
fundamental properties of Banach algebras; in fact, several of these properties char-
acterize the Q-property. Q-algebras, like for example C*° [0, 1], algebras of rapidly
decreasing functions, algebras of functions with compact support, and others, play
crucial role in the distributions theory, pseudodifferential operators, etc. [8]

For a commutative topological algebra A we will denote by hom A the set of
all nonzero continuous linear and multiplicative functionals on A, by M (A) the set
of all maximal regular ideals of A and by m (A) the subset of M (A) consisting of
closed ideals. By the Jacobson radical of A we mean

RadA = (| M (4),
by the topological radical
radA = ﬂm (A), provided m (A) # 0,
and by functional radical

fradA = ﬂ {kerp: ¢ € hom A}, provided hom (A4) # 0.
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We have
RadA C radA C fradA.

In general, the inclusions above are proper. The topological radical radA is closed
while RadA may not have this property [29]. For the algebra A = L (H) of contin-
uous linear maps on an infinite dimensional Hilbert space we have RadA = radA #
fradA = @ [6]. However, if A is a Q-algebra [21] or satisfies other conditions [3]
then M (A) = m (A) so

RadA =radA,
and when A is commutative and Gelfand-Mazur with m (A) # (), then
radA = frad A.

DEFINITION 6. A commutative topological algebra A is called

e semisimple if

RadA = {0},
e topologically semisimple if
rad4 = {0},
and
e functionally semisimple if
fradA = {0} .

Any functionally semisimple commutative topological algebra can be identified
with an algebra of functions on M (A) :

Asar—a:homA—C,a(F)=F(a),

though the topology on A may be quite different from the topology of uniform
convergence on hom A.

DEFINITION 7. An element a of a topological algebra A is called bounded if
n

for some nonzero complex number \, the set {(% 'n € N} is bounded in A. A
topological algebra in which all elements are bounded is called a topological algebra

with bounded elements.

If the topology of an algebra is given by a family of seminorms we also have a
related uniform property.

DEFINITION 8. Let A be a topological algebra with the topology given by a fized
family p;, j € J. of seminorms. We say that A is an algebra with uniformly bounded
elements if there is a positive number A\, such that

n
a

Sup sup p; ((_A ) ) < 0.

jeJ n a

An example of a topological algebra with uniformly bounded elements whose
topology can not be given by a norm is algebra Cj, (R) of all continuous bounded
functions on the real line with the seminorms

pa(f)= sup [f()],feC(R), neN.
<t<n
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3. Strong Stability

While the original definition (1.1) of a small deformation of a Banach algebra
is expressed by a formula involving the norm of the algebra, the concept of stability
of the algebra, or stability of a particular property, can be described in topological
terms.

DEFINITION 9. We call a topological algebra (A,-) strongly stable if there is a
neighborhood V' of - € Lo (A) such that for each associative map x € V' the algebras
(4,) and (A, x) are topologically isomorphic.

Here, by Lo (A) we denote the space of all continuous bilinear maps T : Ax A —
A equipped with the bounded-open topology; that is, the topology with a base of
neighborhoods of zero defined by

{Tely(A):T(B?) U},

where B is a bounded subset of A and U a neighborhood of zero in A.

The above definition coincides with the classical one for Banach algebras where
the bounded-open topology is just the norm operator topology. So it may seem to
be the most natural generalization of stability from Banach algebras to topological
algebras. However, in a typical topological algebra, bounded sets are quite small
and rarely have nonempty interior. Consequently, the requirement in the definition
that all associative maps x from V produce an isomorphic algebra is very strong.
So strong, indeed, that even very mnice and rigid looking topological non-Banach
algebras are not strongly stable.

PROPOSITION 1. Let A be equal to the algebra C (C) of all continuous functions
defined on the complex plane C, or to the algebra Hol (C) of all holomorphic func-
tions on C, or to the algebra Hol (D) of all holomorphic functions defined on the
open unit disc D. We equip A with the topology of uniform convergence on compact
sets and define multiplication pointwise. Then A is not strongly stable.

The algebras A above are functionally semisimple, metrizable, complete, and
m~convex. In fact, such algebras often serve as standard examples of the simplest
topological algebra outside the class of Banach algebras. We show that A is not
strongly stable. Indeed, in any neighborhood of the original multiplication of A one
can find a multiplication with very different properties. Similar arguments can be
applied to many other algebras of continuous or holomorphic functions.

PROOF. Let V' be an open neighborhood of - in Lo (A); we shall construct a
new multiplication x € V' such that the algebras (A4,-) and (A, x) are not isomor-
phic.

Let Rp = 1if A = Hol (D), and let Ry = +oo if A is equal to C (C) or to
Hol (C). For a positive number R < Ry we define

llallp =sup{la(2)|:|z| < R}, forae A
Any bounded set in A is contained in a set of the form
(3.1) B={acA: lallg, <kn forn=1,2,3, o}

for some sequence (k) of positive numbers and some sequence (R,,) of positive
numbers such that lim R,, = Ry. Any neighborhood of zero in A contains a set of
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the form
(3.2) U={acA:lalg<r},

for some positive R < Ry, and a positive number r. That means we need to
construct a new multiplication x on A such that

(3.3) la-b—axbly<r, forallabe B,

for some r > 0 and some fixed set B as above.
Assume first that A is equal to Hol (D) or to Hol (C), and put

axb=nyn(a-b), fora,beA
where
0 N
(3.4) mn : A — Ais defined by 7 (Z anz”> = Z anz”,
n=0 n=0
and the natural number N will be defined later. It is easy to check that x is a well

defined associative multiplication on A.
Let

o0
f=2 oz
n=1

be an arbitrary element of
d

AcLifeA:fo)=0}.

Notice that
NI (2) = @V TN () NP2
SO
f x..x f=mn (fN+1) = 0.
N+1 times

The above shows that Ay is the radical of (A, x) - indeed, all the elements of A are
nilpotent. Since the original algebra (A4, -) is functionally semisimple the algebras
(4,) and (A4, x) are not isomorphic.

To show (3.3) let R, be such an element of the sequence (R,,) which we used
to define the bounded set B, that R < R,, < Ry. Let a,b € B, and let

(a-b)(2) = Z anz™.
n=0

We have

1 £ ()] 218 | fllg, _ Fkm
< = de < mo 2
v, | < o /ERm ¢t = orRMY T Rp

hence for any z € C with |z| < R we have

o0
E an2"

n=N+1

RN+1

< Y Fmpe

[(@-b—axb)(z)]= = N1
nivys Tt 1= R/Bm R,

. N+1
Since % — 0 as N — oo we can now fix NV so that

[(a-b—axb)(z) <,
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completing the proof of (3.3).
Assume now that A = C (C) and put

(axb)y=n(a-b), forabe A
where this time
m: A— Ais defined by 7 (a) (2) = a(p(2)),
where ¢ is a continuous retraction from C onto {z € C: |z| < R}. We have
la-b—axblp=0

for all a,b € A, not only for a,b in B.

Notice that any function a € A which is equal to zero on the set {z € C : |z| < R}
is a nilpotent. Since the original algebra A = C (C) is functionally semisimple the
algebras (A, x) and (4, -) are not isomorphic. One could also notice that the max-
imal ideal spaces of the two algebras are quite different: the maximal ideal space
of (A,+) is homeomorphic to C while that of (A4, x) is homeomorphic to the closed
disc of radius R. 1

PROPOSITION 2. Let A be equal to the algebra C* ([0, 1]) of all infinitely differ-
entiable functions on the unit segment, or to the algebra A> (]D)) of all C*°-functions

defined on the closed unit disc D which are holomorphic on the interior of the disc.
We equip A with a topology of uniform convergence of all the derivatives

pi () =sup |£9 (2)] , j €N,
zeX

where X is equal to [0,1] or D, respectively, and define the multiplication pointwise.
Then A is not strongly stable.

Notice that C*° (]0,1]) and A> (ﬁ) are complete, metrizable Q-algebras and
their topology can be defined by a family of m-convex seminorms.

PRrROOF. Assume first that A = A (ﬁ) . We need to show that for any non-
negative integer K and arbitrary positive numbers r and R there is a new multi-
plication x on A such that

(3.5) H(axb—ab)(j)H <r forall j=0,1,..,K, and all a,b € A
o0

< R, where s =0,1,..., K + 2,

oo

(3.6) with Ha@

o < R and Hb(s)

but the algebras A and (A, x) are not topologically isomorphic. Here we denote by
a?) the j-th derivative of a € A, and by ||+, the sup norm on the unit disc.
Put, as in (3.4),

(3.7) (axb)=mn(a-b), forabe A,

where

n=0

o) N
(3.8) Ny A — A is defined by mn (Z anz”> = Z anz”,
n=0
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and the integer N shall be fixed later. We notice that if a,b € A satisfy the
conditions set in (3.5) then

K+2
o s] s 3 () o] o
oo 5—0 o0 oo
K42
< ( i ) RE+2 = @R 2 4 ¢
s=0
For any
a(z2)b(z)=f(z)= Zanz” €A,
n=0
with

o] e

applying the Cauchy integral formula for the n-th derivative to

f(K+2) _ i a nilzn—K—Z
o "(n—K—2)! ’

for any n > K + 2, we have

anl! 1 / FEF ()
= [ I e <,
(n—K—Z)' 21 l€]=1 fn-"—l 0
SO
_ —_ |
| < o= K =2t

n!
Hence, for any j =0,1,...K we get

[@xb—ay®| ==y @]

B < i anzn)(j)

n=N+1 o

Since the last expression tends to zero with N — oo, we can now fix IV so that

(axb-— ab)(j)H <rforj=0,1,.., K
oo
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for all a, b satisfying (3.5). Hence x is a small deformation of the original multipli-
cation however the algebras A and (A, x) are obviously not isomorphic since the
first algebra has a unit while the second one does not.

If A = C>][0,1] we need to modify only slightly the above construction by
replacing 7 with the following:

N
N A — Ais defined by my (a) (t) = Z ane™int,
n=—N

where a,, = fol a (t) e~ dt are the Fourier coefficients of a, and keeping the for-
mula (3.7) for the definition of new multiplication.

As before, the new algebra (A, x) contains nilpotents, e.g. e“™", so it is not
isomorphic with A; similar computations will also show that x is a small pertur-
bation of the original multiplication, that is (3.5-3.6) are valid provided N is large
enough. i

2mit

4. Weak Stability

The approach to small deformations presented in the previous section, while
natural, is not fully satisfactory, as even very simple topological algebras outside
the class of Banach algebras fail the property. The main reason is that in the class
of topological algebras neighborhoods of zero are usually not bounded and bounded
sets are normally small. Hence the last definition did not guarantee that the new
multiplication is uniformly close to the original one. If the topology of an algebra
A can be defined by a family {py : A € A} of m-pseudoconvex seminorms, one can
define a class of deformations that are uniformly close to the original one and define
the corresponding stability property.

DEFINITION 10. Let (A,-) be an m-pseudoconver algebra with a unit e, and let
{px : A € A} be the family of all m-pseudoconver continuous seminorms on A. We
call (A,-) weakly stable if there is an € > 0 such that for any associative multipli-
cation X on A with

(4.1) pa(a-b—axb) <epx(a)pxr(b), forallabe A XEA,
the algebras (A,-) and (A, x) are topologically isomorphic.

Notice that the new algebra (A, x) is also m-pseudoconvex, indeed from (4.1)
we get
palaxb) < (1+e)pr(a)pa(b), forabe A NeA,

SO

d
nZ (1+¢€)pa,

are m-pseudoconvex seminorms on (A, x).

Again, the definition is very natural, however this time most complete topo-
logical algebras are weakly stable, while noncomplete algebras may still behave
pathologically.

EXAMPLE 1. Let A be the algebra of all polynomials of a variable t with point-
wise multiplication and the sup norm on the unit segment:

Ipll =sup{lp(t)| : 0 <t <1}, forp,qe A
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Fiz e > 0 and define a new multiplication X on A by

(pxq)t)=0A+et)p(t)q(t), forp,qeA.

It is easy to check that the new multiplication satisfies (4.1) however the algebras
A and (A, x) are not isomorphic, since A has a unit while (A, x) does not.

PROPOSITION 3. Any unital semisimple complete commutative m-pseudoconvex
Hausdorff algebra is weakly stable.

PROOF. Assume A is a unital commutative semisimple complete m-convex
algebra; we denote by e the unit of A. Let X be another multiplication on A that
satisfies (4.1) with an € < 1. Put

M:A— Aby M(a)=exa

and
T=> (Id—M)": A— A,
n=0

where Id is the identity map on A.
For any m-pseudoconvex seminorm p we may assume that p(e) = 1 [31] and
we have

p((Id= ) (a)) =
p(d—m) (@) =

p((Id— M)" (a)) <e"p(a), for all n.

So, since A is complete, the above series above defining the map 7T is convergent.
We have

(a—exa)<ep(a),
((Id—M)(a) —ex (Id— M) (a)) < ep((Id— M) (a)) < °p(a),

MoT=ToM=> (Id—=M)"oM=> (Id—M)"o(Id— (Id - M))
n=0 n=0

Zld M)" Zld M)" =1Id

n=0 n=1

soT =M1
Let F be a continuous linear and multiplicative functional on A, and put

pr (a) = |F (a)], for a € A.

The map pp is a continuous m-pseudoconvex seminorm on A. Let a € A; since
pr (@ — F (a) e) = 0, and since we assumed in Definition 10 that the condition (4.1)
holds true for all continuous m-pseudoconvex seminorms, we get

F((a— F(a)e) xb) =0,
hence
(4.2) F(axb)=F(a)F(exb), forallabeA.
Replacing in (4.2) a with e x a we get
F(M(axb)=F(lexa)xb)=F(exa)F(exb)
= F(M(a)) F (M (b)) = F (M (a) - M (b)) -
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Since A is complete we have RadA = radA [3]. Because it is also a Gelfand-Mazur
algebra we have radA = fradA ([1] p. 125, or [2] Th. 1) hence A is functionally
semisimple. As F' (M (a x b)) = F (M (a) - M (b)) for all multiplicative functionals
F, it follows that

M (a x b) = M (a) - M (b)

so, since both M and M~! = T are continuous, M is a topological isomorphism
from (A, x) onto (4,-). I

5. Stability

Since the last two definitions were not fully satisfactory, providing too weak or
too strong property, let us examine again the original definition of small deformation
of a Banach algebra. The definition involves not only the topology but a specific
norm of the algebra. If we replace the original norm ||-|| on A by an equivalent
norm p (+), then (1.1) becomes

plaxb—a-b) <eCp(a)p(h), forall a,b € A,

where the constant C' can be arbitrarily large or arbitrarily small. Hence small
deformations of a Banach algebra are related not only to particular algebraic and
topological structures on A, but also to a specific norm on that space, rather than a
family of all equivalent norms. Consequently it will only be natural to define small
perturbations not for an abstract topological algebra, but for a concrete topological
algebra equipped with a given set of seminorms.

DEFINITION 11. Let (A,-) be an algebra and = = {px : X € A} a family of m-
pseudoconver seminorms. Assume that the set = separates the points of A, so
that (A, -, Z) is an m-conver Hausdorff algebra. We call (A,-,Z) stable if there is
an € > 0 such that for any associative multiplication X on A with

(5.1) pla-b—axb)<ep(a)p(), fora,beA, andpeE,

the algebras (A,-) and (A, x) are topologically isomorphic.

We call a property P stable (or stable in a given class of topological algebras)
if for any algebra (A, -, Z) having the property P there is an € > 0 such that any
e-deformation x of that algebra defined as above, the new algebra (A, x,Z) also has
the same property P.

We notice that, as in the case of the weak stability, the new algebra (A, x) is
also m-pseudoconvex, with m-convex seminorms defined by

q,\g(l—i—e)p,\, for X € A.

5.1. Basic stable properties. The next Proposition shows that, for a large
class of topological algebras, a small perturbation of an algebra with a unit is again
a unital algebra.

PROPOSITION 4. For the commutative sequentially complete m-pseudoconver
algebras the property “algebra has a unit” is stable.

PRrROOF. Assume A is a unital commutative sequentially complete m-pseudoconvex
algebra; we denote by e the unit of A. Let x be another multiplication on A that
satisfies (5.1) with an & < 1.
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Put
M:A— Aby M (a) =e X a.

As in the proof of Proposition 3 we can check that

(5.2) pa (Id — M)" (a)) < e"py (a), for all n, and X € A,
and that
M~ =Y "(Id-M)",
n=0

where Id is the identity map on A.
Since M is surjective there is an element ey = M ! (e) in A such that
M (eg) =ex ey =e.
Hence, for any b in A we get
M(egxb—b)=exegxb—exb=exb—exb=0,
since M is injective it follows that
eg xb—0b=0, for all b € A,

S0 eg is a unit of (A, x). 1

REMARK 1. Based on the last Proposition we may always assume that for a
commutative sequentially complete m-pseudoconvex algebra a new multiplication has
the same unit as the original one. To justify this we need to show that there is a
third multiplication x on A such that the algebras (A, x) and (A, %) are topologically
isomorphic, x is a small deformation of (A,-), that is there is an £ =0 (e) such
that

(5.3) p(a~b—a*b)§5/p(a)p(b), fora,be A, andp € ZE,

and the algebras (A,-) and (A, ) have the same unit.

To this end assume that x is a new multiplication on A satisfying (5.1) with
e < 1, denote by e the unit of the original multiplication on A, and by eq the unit
of the x-multiplication. Put

P:A— A by P(a) =a-ep.

Arguing exactly as for the map M in the proof of the last Proposition one can check
that ® is an invertible map from A onto itself with

oo

ol =>"(Id-9)".

n=0
Moreover, as before

(5:4) pa (27" (a)) = pa <Z (Id— )" (a)>
n=0

< Zz—:”pA (a) = ]i)‘ (ag)’ for alla e A, and )\ € A.
n=0

We define a third multiplication x on A by
axb=o"1(®(a) x ® (b)), foralla,bec A.
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Notice that

o O is an algebra isomorphism from (A, *) onto (A, X), so the algebras (A, *)
and (A, x) are isomorphic,

e since
) (Id— ®)"
n=0
then from (5.4) we get
1
pa (eg) < T—2 and px(e—eg) < %, for all A € A,

so, by (5.4) it follows that for all a,b € A, and A € A we have
pr(a-b—axb)=py(a-b—2 ' ((a-ep) x (b-ep)))

< 1igm(‘1’(a'b—(a'€0)x(5'60)))

iepA(a-b-eo—(a-eo)x(b-eo))

1

= 1_Ep)\(a-(b'eo)—a><(b~eo)+a><(b-eo)—(a'eo)><(b~eo))

1

IN

T2 [era(@)pa(b-eo) +pa((a—a-e) x (b-eo))]

7 i - [epa (@) (A (B) pa (eo) + (1 +€) pa (@) pa (€ — o) pa (B) pa (0))]

< ée'pa(a)pa (D),

IA

withe' L L p, (e )[5+(1+€)p,\(€—€0)]Sﬁ(&f"‘(lfr_?s):(lzﬁi)-.

Hence x is an €'-deformation of (A,-).
e the algebras (A,-) and (A, *) have the same unit e.

PROPOSITION 5. Assume (A,-,Z) is a topological algebra with the topology
given by the family = = {py: A € A} of m-pseudoconvex seminorms, and let x
be an e-deformation of (A,-,Z). Then kerpx, A € A are closed two-sided ideals in
both algebras (A,-,E) and (A, x,E), and for any A € A and ay1,a2,b1,b2 € A we
have

pA(al—ag):O:p)\(bl—bg) E=4 p)\(a1Xb1—a2Xb2):0,
PROOF. Fix A € A and assume a1, as, by,by € A are such that
pa (a1 —az) =0 =px (b1 — b2).

We have
pa ((a1 — az) x by) pa ((a1 — ag) x by — (a1 — a2) b1) + pa (a1 — az2) pa (b1)

epx (a1 —az) pa (b1) =0,

IAIA

0]
p>\(a1 Xbl—ag Xbl):O.
By symmetry we also have

pa (az X by —az X by) = 0.
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Hence

pa (a1 X by —az X by) = 0.

REMARK 2. Assume (A,-,Z) is a topological algebra with the topology given by
the family = = {px : A € A} of m-convex seminorms, let X be an e-deformation of
(A,-,2), and let Ay be the completion of the quotient algebra A xerpy- Based on
the above proposition we can define two multiplications on each of the Banach space
Ay - one, -5, induced by the original multiplication, and another one, X, induced
by x. We have

1Fxg—fxxglly <ellfllxlglly, for all f.g € Ay,

where |-, is the quotient norm. Hence (Ax, x ) is an e-deformation of the Banach
algebra (A_,\7 -,\).

5.2. Stable algebras. The next Theorem states that the simplest topological
function algebras, that is the algebras of all continuous functions, are stable.

THEOREM 1. Let A = C (X) be the algebra of all continuous functions defined
on a completely reqular Hausdorff k-space X with the usual pointwise multiplication,
and let IC be a cover of X consisting of compact sets. Put

Ifllx =suwp{lf(2)|: 2 € K}, for fe A, K €K
Then the algebra (A, {||-|x : K € K}) is stable.

PROOF. Assume X is another multiplication on C (X)) such that
(5.5) 1f9=F > gllx <elflixllgllg, forall f,ge C(X), K €K
It follows that

If9—f >xglx <ellfllx llglly, forall f,g € Cy(X),

where (Cy, (X), ||| x) is the Banach algebra of all bounded continuous functions on
X equipped with the sup norm. Since (Cy (X), ||| x) is isometrically isomorphic
with stable Banach algebra C (3X) of all continuous functions on the Cech-Stone
compactification SX of X, there is ([10], Ex. 17.3)

v C(8X) = C (6X)
with
V]| < ce,

where c is a constant, and such that

7L1d+ 0
is an algebra isomorphism from (C (8X), x) onto C (8X), that is,
(5.6) T(f>xg)=T(f)T(g), for f,g € Cp(X).
Hence for any x € X there is a regular Borel measure v, on X such that

var (v,) < ce

and

Tf(w)—f(fc)Jr/ﬂdevm for f € C(5X).
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Let K¢ € K be such that x € Ky. We show that the support of v, is contained in
Ky. Assuming the contrary there is an fy € C' (6X) with fo = 0 on K and such
that

1
fodvy =1and |[folly <1+
Vel

X (X\Ko)

Let go € C (8X) be such that
lgollx =1
and
go=1lon Kandgo=0on {t € X :|fo(t)] > ¢},
so that
[fogollx <.
By Proposition 5, since || fol|, = 0 we have
fo % go =0 on Ko,

and

1
1o x goll < fogollx + 1 follx lgollx < &+ & 1ol <e(2+7).
X X X X X |l/x|(X\K0)

Hence

T (fo x g0) ()] = \(fo < g0) (&) + /ﬁ (o <o) o

/ (fo X go) dvy
BX\Ko

< Ival (X\KD) o % gl
1
< lval (X\Ko)e (2 Tl (X\Ko>>
e (2|ve] (X\Kp) + 1)
€(2ce +1).

<
<

On the other hand
1T (fo x g0) ()| = |T (fo) (x) T (g0) ()|

= ‘ fodv, <1+/ godl/x>‘
BX BX

> (1 —var (vy))

>1—ce,

SO
e(2ce+1)>1—ce,
which is impossible provided ¢ is small enough. We proved that

supp(l/x)cﬂ{K:meKelC} for any x € X.
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Since any continuous function is bounded on a compact set, [ 5x fdv, is well
defined for any f € C'(X), and we can extend the map

Id+U =T:Cy(X) — Cy(X)

to a map defined on all of C'(X). We shall use the same symbol T' to denote the
extended map

(5.7) T(f) () = f (2) + /ﬁ fdv., feC(x).

To end the proof we shall show that T is an algebra isomorphism from (C (X), x)
onto C (X); we need to check that T'is an algebra homomorphism, that it is in-
jective, and that the range of T consists of all continuous functions on X and only
continuous functions.

Let f,g € C (X). To show that

T(fxg)=T(f)T(g),
fix x € X and a set K € K with z € K. Denote by f1, g1, h1 arbitrary bounded
continuous functions on X that coincide, on K, with f, g, and f x g, respectively. By
Proposition 5, since || f — fillx = lg — g91llx =0, we have || f x g — f1 X g1]|x =0,
so since the support of v, is contained in K, by (5.6) we get

T(f % g) (x) = (fxg)<>+/ (f x g)dva

= (i x ) (@) + / (% 1) dvs
=T (fy x 91) () =T () (&) T (g1) ()

(o ) (i f )
(e o) )

=T(f) ()T (g)(x).
Now, to show that T is injective, assume f is a nonzero continuous function on X
such that T (f) = 0. Select any compact set K from K such that f is not equal

constantly to zero on K, and let y € K be such that | f||, = |f (y)| > 0. Since
var (vz) < ce, we get

0=Tf(y) = 2 f Wl =cellfllxe = 1fllx (L =ce) >0.

F)+ [ sav,

The contradiction shows that T is injective.

It is clear that for any f € C'(X) the function 7' (f) is continuous on compact
sets from K. Since according to our assumptions X is a k-space, it follows that
T (f) is continuous.

Define

S =D (=0)"(f);

n=0

the map S is an inverse of T' on the Banach algebra Cy (X) = C (6X). It is easy
to check that for any f € C (X), the function S (f) is well defined, that the value
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of S(f)(xz) depends only on the behavior of f on K, for any z € K € K, so
S (f) € C(X) and consequently S = T~! which proves that T is surjective. I

The last Theorem shows that the algebras C'(X) are stable with respect to
the most natural set of seminorms - maximum on compact subsets of X. As the
next example shows, the same algebra with the same topology may not be stable
however with respect to some other less obvious, set of seminorms.

EXAMPLE 2. Put A= C (R) with the usual pointwise multiplication, and
pn(f)=n sup |f(®)], forfeC(R) andn eN.
<t<n

Fiz e > 0 and define a new multiplication X on A by
(fxg)(t)=QQ+et) f(t)g(t), teR.

It is easy to check that the new multiplication is an e-deformation of the original
one, however the algebras A and (A, X) are not isomorphic, as the first one has a
unit while the second one does not.

In the remaining portion of this section we will deal mostly with perturbations
of topological algebras of analytic functions. The next two lemmas will provide us
with technical tools, the first one gives a detailed analysis of small deformations of
the disc algebra. We denote by A (Dg) the Banach algebra of all functions that are
continuous on Dp & {z € C: |z| < R} and analytic on int (Dr), we equip it with
the standard sup norm: ||f|| =sup {|f (2)|: |z| < R} and pointwise multiplication.

LEMMA 1. There is an €9 > 0 such that for any positive ¢ < g9, any R > 0,
and any multiplication x on A (Dg) with

If-g—F>xgl <elflllgll, feADr),

there is an algebra isomorphism Tr from (A(Dg), x) onto A(Dg) and a homeo-
morphism ¢ from Dr onto itself such that

1
1—¢’

(5.8) ITel <1+e |73 <

(5.9) T (f) (YR (2)) = f(2)| < 2¢, for z € DR, and

(1—e)lzl <[Tr(Z) (2)| < (1 +¢) 2, 2z €Dg.

Moreover, if the functional A(Dgr) 3 f — f(0) is x-multiplicative, we also
have

(-9l < |T7 (2) ()| <(1+2) |2, =€Dn,
and if fo € A(Dg) satisfies
(I=g)lz <[fo(H) < (M +e)lz[, z€Dg,
then
(5.10) (1-)lz < Tr(fo) (2)l < (1 +€)°|z],  =z€Dg,
where Z is the identity function: Z (z) = z.
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PROOF. Since the algebra A (Dg) is isometrically isomorphic with the stable
disc algebra [27], there is an algebra isomorphism T from (A (Dg), x) onto A (Dg).
We show that any such a map satisfies the remaining properties listed in the Lemma,
or may be modified to satisfy them. The property (5.9) follows directly from the
proof of stability of the disc algebra: Lemma 3.3 of [27]. Based on Remark 1 we
can assume that both multiplications have the same unit 1.

For any f € A(Dpr) we have

(=) 17 < If < fll < (L+e) I fI7

so for any k € N

A=) AP < ||f x o x £ < @+ 1
N——

2k times

and consequently the spectral radius p, (f) of f in (A(Dg), x) satisfies

(L=l <p () <@ +e)|fIl-
Since py (f) = |ITf1], we get
1
1—¢

We now show that Z x A (Dg) is a closed maximal ideal in A (Dg). Let S :
A(Dgr) — A(Dg) be defined by

IT| <1+4e, |77V <

s =1 (=0

7@+ 0.
Notice that since the function f — f(0) vanishes at zero, ffo(O) is a well defined
element of A (Dg); furthemore since ||f — f(0)|]] < 2| f||, and |Z] = R on the

boundary of Dg, we have ‘%ﬂo) (z)‘ < %, for z € ODg, and consequently for

all z in Dg, soH ffo(O) H < %. As both multiplication have the same unit we have
T(1)=1and

o8y -1l = [ (7 (E50) 72)) - L0

= X Z — ZH

2
<e2Wlg_ oeypy.

Hence, provided 2¢ < 1, the map T~ ! o S, and consequently S, are invertible.
Since ZA (Dg) is a codimension one closed subspace of A (Dg), its image under S
is also a codimension one closed subspace. So T'(Z x A(Dgr)) =T (Z) A(Dgr) =
S(ZA(Dg)) is a maximal ideal in A (Dg). Consequently, there is a zgp € Dg such
that T (Z) A(Dg) = {f € A(DRr) : f (20) = 0}, and the point zy can not be in the
boundary of Dg, since the corresponding ideal is principal. Put

Rzy — z
BZO (Z) = 2

R— 2z,
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and define Tg : A(Dg) — A (Dgr) by
TR(f):T(f)OBzov feA(]D)R)

The new map T still has all the properties of T, that is satisfies (5.8) and is an
algebra isomorphism from (A (Dg), x) onto A (D), in addition

Tr(Z x A(DR)) =Tr (Z)A(Dg) = {f € A(Dg) : f(0) =0}.

Hence Tg (Z) has only one single zero so go el Tr(Z)/Z is an invertible element of
A (Dgr) . Since

loll = TR <1+e

H Tr (2) H _ TR _ I1TRIZ1 _
Z R - R
we get
TR (Z)(2)| < (1+¢€)|z|, =z€Dg.
Since Tr (Z) /Z is invertible it attains minimum of its absolute value on the bound-
ary of Dg. Assume there is a point wy € 0D g such that ‘%‘ =|(Tr(Z)/Z) (wo)| <
1—¢ and let hg € A(DR) be a norm one function such that ||heTr (Z) /R| < 1—c¢.

We have
Tr (Z _ Tr(Z
o o (242
Z Z Z Z
= | I | Z _hlll>1—e.
[rox 2|2 o] - o < o] 21

The contradiction shows that
Z 1
'l = |75 < 7=
so (1 —¢€)l|z| <|Tr(Z)(2)| for z € Dp.
Assume now that the functional A (Dg) > f — f(0) is x-multiplicative and
put hy = Tlgl (gal). We have

T (2)(0) = Tx* (95 'Tr (Z)) (0) = ho x Z (0) =0,

and

e s,

Z
hence
‘Tgl (2) (z)‘ <(1+¢)|z], ze€Dg.
Using very similar arguments as before one can now show that T ' (Z) A (Dg) is

a closed maximal ideal in A (D), so ng(z) is invertible with ‘ T#(Z)H < 1;

)

consequently
(1—-e)lz] < |T§1 (Z) (z)‘ , 2z €Dpg.
Assume fy € A (Dpg) satisfies
(I—e)lz[ <|fo()| < (1 +e)[z], 2€Dg
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If we replace Z with fj in the first part of our proof we will get

Tr (fo) Z
Z

Tr (fo)

’ <(1+¢)? and H

pE
(1-¢)

so (5.10) follows. I

LEMMA 2. Let F be a free ultrafilter on the set of natural numbers N, let r < R
be positive real numbers, and let f, be a sequence of holomorphic functions on
Dr such that sup, ey ||fullg < 00. Then limg f, (z) is holomorphic on Dgr and

lig [| full, = [limz foll,.

Notice that if we only assumed that f,, were continuous then the limit limz f,, (2)
could be discontinuous and ||limz f, ||, could be strictly smaller than limg || f, |,
We refer to [9] for a review of basic applications of ultrafilters in the Banach space
theory (see also [7]).

PROOF. Let zo be a point in Dg, we show that f ¥ limg f,, (2) is holomorphic
at zg and limg || f,.||,, = |[lim# f,||,. To simplify the notation we can assume without
loss of generality that

e z9 = 0 (compose all f,, with a suitable holomorphic transformation of Dg
onto itself mapping 0 onto zp),

e f,(0)=0, forneN,

e f/(0) =0, for n € N (subtract the bounded sequence f;, (0) z )

e R>1>r, and sup, ey || fnllgp < 1.

1 1)
2 jI{£|=1 (€ - 2)? ¢

S0 |fn (2)] < ﬁ |z|, hence |limg f, (2)] < ﬁ |z| and (lim# £,)" (0) = 0.
Assume s is such that ||limz f,[|, < s < limgz || fn], and let U = {Uy,...,Up}
be a finite cover of D, consisting of nonempty sets with the diameter less than

For any z € D, we have

__ 4
T (-

[ (2)] <

Y

% (s — |limg frl],). For any j fix w; € U;. For arbitrary n € N and w € U; we
have

[fr (w5) = f (w)] < sup [} (2)] [w; — w]
z€Uj

4 (1—7)?
S (1_r)2. 3 (5—

s — [limr foll,
5 :

)

i
im In

Put N; = {k; € N:sup.cy, [fr (2)] > s} Since U§:1 N, contains all but finitely
many natural numbers and F is a free ultrafilter there is a jo such that N;, € F.
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We have

[t | = im £ Gag)| = tim | ()

211]1__11( sup |f (w)] — sup |fn(wjo)_fn(w)|>

weUj, weUj,
_ 8= limz full,
- 2
The contradiction shows that limz || f, [, = [[limz fy[,. 1

>

i
1}__nfn )

THEOREM 2. Let A = Hol (D) be the algebra of all holomorphic functions on
an open unit disc D with the usual pointwise multiplication, let r,, be an increasing
sequence of positive numbers with limr, = 1, and let

£l = sup {|f (z)] = [2] <7}
Then the topological algebra (A, {||-||, : n =1,2,3,...}) is stable.

PROOF. Fix an € > 0 and assume X is another multiplication on A such that
forallm € N

(5.11) If-9=F>xgl, <elfl,llgl,, f.9€A

Put A, g AD, ), n € N, A g A (D), and let |||l 4 sup ||-||,, be the usual

d . . . NRTE o
sup norm on D, YD, Since A is dense in A, and the multiplication x is jointly
continuous, it can be uniquely extended to a multiplication on A,, n € N; the
extension still satisfies (5.11). We also have

If-g=F>xgl<ellflllgl,  f9€Ax.

Let T,,, n € NU{oo} be an isomorphism from (A, x) onto (4,, ), given by Lemma
1. We shall show that To, can be extended to an isomorphism from (A4, x) onto
(Aa )

Let ny < ny € NU {oc}. The composition map T}, o T),.' : A, — Ay, is a
homeomorphism between two uniform Banach algebras so it must be given by a
continuous map ¢, ,,. : Dr, ~— Dy, between the maximal ideal spaces of these

algebras:

(Toi o T,,1) (F) = FoPuymys [ E A,
Hence
(5.12) Too (f) (Pny,o0 (2)) =Ty (£) (2),  fEAx,z€Dy,,.

Since A, is dense in A,,, (Tn, o T,.') (Ay,) is dense in A,, and must separate
points of I, - the maximal ideal space of A,,, so ¢, ,. is injective, moreover
Prymy = (Tny 0 T,1) (Z). Notice also that

sonl,oo (Z) = (@nz,oo © @nz,nl) (Z)’ fOI‘ z € ]D)Tnl .

We show that intD =J;” ¢, o (D).

Assume again that n; < ng. Since Dy, is a compact subset of intD and

Tng
©ny n, 18 injective it follows that ¢, (]D),,nl) is compact and contained in intD;.,

SO P oo (Dml) = Py .00 (gom,m (Dml)) C intD. Hence Uiozl P00 (D) C intD.
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To show the other inclusion let zg € intDD. Put

zZo —w
B, (w) = 20w’ z € D.

Let 9,,%,, be as in Lemma 1, we have

H (Tk o Tozl) (BZO) -t (BZO) ° wr_le <2

o0

and
1+¢
T
Hence, assuming ry, is close to 1, the function B,, o1, o wr_kl is a homeomorphism
from D),, onto a subset of the plane very close to D,,. Such a set must contain 0,
so there is wg € Dy, with (T} 0 T5') (B.,) (wo) = 0.

We have

HT(;I (BZO) ot — Bzo o 'Lpl o w;klu < 2¢

Tk

{f € A 1 Teo () (20) = 0} = Tc;l (B2pAso) = T(;)l (Bzy) X Ao
C Ao NT; (ThT! (By)) x Ay
= A NT, M (TWTL (Bs,) Ak)
CH{f € Aso : Tio (f) (wo) = 0}
Since the codimension of the first and the last ideal above is the same, they must be

identical and consequently the corresponding x-multiplicative functionals on A,
must coincide, that is

T (f) (20) = T (f) (wo) for f € Acc.
By (5.12) we get
Pk, o0 (wo) = %0,

which shows that intD C (J;”; ¢, o (Dr, ).

To end the proof fix ng and let jg,j1 be such that Dr,, C @jo.00 (]D)G‘o) and
Do .00 (Drno) C Dy,,. For any f € Ag we have
1Too (F)llng = sup {|T0 () (2)| : 2 € Dy, } < sup {|Too (f) (2)] 1 2 € 9y 0 (D) }

=sup {|T}, (f) ()| : 2 € Dy } = 1 T5 (NI, < A+ (I, »
and
£l =sup{|f (2)] : 2 €Dy, } <sup{[f (2)| : 2 € 9, o0 (Dr;, ) }
=sup {|T;, o T' () (2)] : 2 € Dry, } = ||T5 (T (D)), < 1Tt (]

The above shows that T, and T' are continuous in the topology of
(A, {IIll,, : » =1,2,3,...}) so T can be extended to a homomorphism from the al-
gebra (A, x, {||||,, : » =1,2,3,...}) onto (A, -, {||-|,, : n =1,2,3,...}) as promised.

1
1—¢

g1’

THEOREM 3. Let A = Hol (C) be the algebra of all holomorphic functions on C
with the usual pointwise multiplication, let k, be an increasing sequence of positive
numbers with lim k,, = oo, and let

£l = sup{[f (2)] : 2] < Fn}.
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Then the topological algebra (A, {||||,, : n =1,2,3,...}) is stable.

Notice that unlike in Theorem 2 this time the subalgebra { f € A : sup,, || f|,, < oo}
is trivial and can not be helpful in the proof.

Proor. Without loss of generality, discarding some of the norms ||-||,, if nec-
essary, we may assume that
kn
kn+1
Fix an € > 0 and assume X is another multiplication on A such that for all
neN

(5.13) If-9=F>xgl, <elfl,llgl,, f.g9€A

Since A is dense in A, 4 A (D, ), n € N, the new multiplication x can be uniquely
extended to a multiplication on A,; the extension still satisfies (5.13). Let T, be the
isomorphisms from (4,, x) onto (A,,-) given by Lemma 1. By the same Lemma

there is a x-multiplicative functional F' on A; defined by F (f) I (f) (¢, (0))
such that ||F'— dg|| < 2e. Let 4 be a measure on Dy, such that

S(l—e)z, for n € N.

var (p) < 2e and fdu=F(f)— f(0), for f € A;.
Dy,

Putd:A—- A
S(f)=f+ | fau

Dkl

and define another multiplication x’ on A by
fx'g=a (@7 (f)x 2" (9)).
Since @ (f) (0) = F (f) and F' is x-multiplicative we get
(fx"9)(0)=F (@' (f) xd ' (9) = (Fod@ ') (f)Fod ' (g)
=2 (271 (f)) (0)@ (271 (9)) (0) = £(0)g(0).

Hence the algebras (A, x) and (A, x’) are topologically isomorphic (& is an iso-
morphism), the new multiplication x’ is a small deformation of x, so it is also a
small deformation of the original multiplication - on A, and the evaluation at 0
is x’-multiplicative. Consequently it is enough to show that the algebras A and
(A, x') are isomorphic; in order to simplify the notation we will just assume that
the evaluation at 0 is already Xx-multiplicative.

Let F be a free ultrafilter on the set of natural numbers N and define T : A — A
by

T(f) )= (T () (), fea

We need to show that limz T, (f) is a well defined element of A, and that 7' is a
bijective algebra isomorphism from (A4, x) onto A.

Assume ny > my > ng. The composition map T, o Tn_z1 D Ap, — Ay, s
a homeomorphism between two uniform Banach algebras so must be given be a
continuous map ¢, . : Dy, — Dy, between the maximal ideal spaces of these
algebras:

nq

(Tnl © TTL;l) (f) = f © spnl,nga .f € AnQ'
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Hence

T’ﬂz (f) (@nl,nz (Z)) = Tnl (f) (Z)v f € Anzaz € ]D)knl :

Since Ay, is dense in A,,, and T, are isomorphisms, (T,, o T};.!) (Ay,) is dense in
Ap, and must separate points of Dy, - the maximal ideal space of A, , so ¢, .,
is injective.
Since @, ., = (Tn, 0 T;,,)') (Z) by Lemma 1 with fo = T;,' (Z) we get
2 2
L= |2l < |, m (D) <A +€) 2], z€Dy

Let f € A and |z| < kp, < (1 — €)% ky, so that z € @y g (Dk,., ), then
[Tz (Nl < 8D [Ty (f) (@4 my ()| = sup Ty (F) () < (A +2) 1], 5

W€Dy, W€D,

Tz (Dlly = sup [Ty (F) (0, (W))| = sup [Ty () () =2 (A=) [If],,, -

W€Dy, W€Dy,

Hence by Lemma 2 limz T, (f) is a well defined analytic function and
A=)l < |Jim T ()] <A+ I lesa-
k41

So T is a topological isomorphism from (A, x) onto a closed subalgebra of A. To

show that T is surjective it is enough to notice that Z € T'(A). Indeed % is a
bounded entire function by Lemma 1, so it is constant. 1

THEOREM 4. Let 0 < r < R < oo, let A = Hol (P) be the algebra of all holo-
morphic functions on P = {z € C:r < |z| < R} with the usual pointwise multipli-
cation, let (k) —>"__ be an increasing sequence of positive numbers with lim,, ., _ oo ky, =

n—=——oo

r and lim, . k, = R, and let

[fll,, = sup {[f (2)] : ken < [2] < R}
Then the topological algebra (A, {||-||,, : n =1,2,3,...}) is not stable.

Proof (sketch) . Fix ane > 0, put P. = {z€C:r <|z| < (1+¢)R} and
define T': A — Hol (P:) by

oo

00 0
T( Z anZ”>— Z anZ"™ + Z an (RJ—T— >Z" for Z anZ"™ € Hol (P).

n—=—oo n—=——oo n—=—oo n—=—oo

It is obvious that 7' is a well defined linear bijection and that the algebras Hol (P)
and Hol (P.) are not isomorphic since their maximal ideal spaces are not holomor-
phically homeomorphic. Hence

Fx gL T ()T (9)

defines a new multiplication on A such that A and (A, x) are not isomorphic.

(4, )
Put P, {z kon <|z| <kn}, P’— —n <z < (1+¢€)ky}, and

A, ={feC(PR,): fe€Hol(inthk,)}, A, ={f € C(P,): f € Hol (intP,)}.
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Notice that for each n, T maps A (P,) onto A (P). One can verify that the norms
of these maps, as well as the norms of their inverses tend to one uniformly as ¢ — 0,
and hence by Theorem 3.1 of [10]

I xg=fall, < @+e)fll, gl for all f,g€ Aandn €N,

where &/ — 0ase — 0. 1
THEOREM 5. The property of being a Q-algebra is not stable.

Proof. Let Abe equal to the space C (C) of all continuous functions on the

complex plane with the topology defined by a family
E= {””n ‘h= 1; 273a }a
where
1, =sup{lf ()| : |2] < n},
and let - be a zero multiplication on A, that is
a-b=0forall a,b € A.

It is immediate to check that A is a Q-algebra.

Fix an € > 0 and define a new multiplication x on A by

(axb)(z)=¢ea(z)b(z), fora,be A,z € C.
We have
la-b—axbll, = llaxbl, <elal,lbl,

so X is an e-perturbation of the original multiplication of A. However (A4, X) is not
a @-algebra since it has a unit (the constant function %), but any neighborhood

{feA: <5}

of of that unit contains functions equal zero at some point of the plane and such
functions are not invertible in the algebra (A, x).

Notice that all the elements of the algebra (A,-) considered in the last proof
are bounded however function a defined by

P
3

a(z)=zforall zeC
is not bounded in the algebra (A, x), hence we get the following Proposition.

PROPOSITION 6. Property of m-convex algebras of having bounded elements is
not stable.

On the other hand related uniform property is stable.

PROPOSITION 7. Property of m-convex algebras of having uniformly bounded
elements is stable.

PROOF. Let (4, -, Z) be an m-convex algebra with uniformly bounded elements,
where Z = {py : A € A} is a family of m-convex seminorms defining the topology
of the algebra. Let x be an e-deformation of A, and let a be a fixed element of A.

Let p,, M be positive real numbers such that

p)\<<i> >§M,foralln€N, and A € A.

a
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Since the norms
o= (1+e)pr, A€A

are x-convex for alln € N, and A € A, we get

N | S0 (m)]

n times
_ 1 a\" < 1 <1
T\ ) )1 ST

Hence elements of (A4, x) are uniformly bounded. I

Px

6. Almost multiplicative functionals and other problems

Small deformations of multiplication is not the only aspect of the deformation
theory of Banach algebras that one may try to extend to topological algebras. We
would like to mention briefly some other very natural problems.

The first one concerns almost multiplicative functionals. By an e-multiplicative
functional on a Banach algebra A we mean a linear functional F' on A such that

|F (ab) — F (a) F (b)| < ellal| ||p]|, for a,b€ A.

Such functionals play crucial role in the investigation of small deformations of mul-
tiplication but they are also interesting on their own right. To get an example of an
almost multiplicative function one need only to take a multiplicative functional G
and any linear functional A € A* with sufficiently small norm, and put F' = G+ A.
A Banach algebra is called functionally stable if this is the only way to obtain an
almost multiplicative functional; that is, if any almost multiplicative functional is
close to a multiplicative one. In 1986 B. Johnson proved [19] that the Banach
algebras C' (X), the disc algebra A (D), and some other related uniform algebras
are functionally stable. He also constructed a commutative radical Banach algebra
which had no multiplicative functionals but had e-multiplicative functionals for any
€ > 0. The first example of nonfunctionally stable uniform algebra was given by
Sidney in 1997 in [30]. More recently the problem was investigated in [17], however
a number of important questions remains open even for Banach algebras. For ex-
ample we do not know if the algebra H* (D) is functionally stable - in view of the
importance the corona theorem it would be particularly interesting to know if the
algebra H> (D) has an almost corona consisting of almost multiplicative functionals
far from the maximal ideal space of H* (D). The concept of almost multiplicative
functionals can be easily extended to topological algebras along the same line as the
extension of deformations of multiplication. There is an abundance of interesting
natural open problems here, for example: What topological algebras are function-
ally stable? Is multiplicative stability of an m-convex algebra (A, -, p,) equivalent
to functional stability of the completions of all quotient algebras A/ ker p,? etc.

To move even further one can ask about almost multiplicative maps between
two topological algebras or about continuous/analytic structures on the family of all
deformations of an algebra; partial results are again available only for very special
Banach algebras ([20], [10], [28]).
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