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(. Introduction

Let 4 and B be function algebras. The well-known Nagasawa theorem [S] stales thal
A and B are isometric if and only if they are isomorphic in the category of Banach
algebras. In | 2] it was shown that this thcorem is stable in the sense that if the Banach
Mavur distance between the underlying Banach spaces of 4 and B is close to one then
these algebras are almost isomorphic, that is there exists a lincar map Tirom 4 onto B
such that |7 (T Tg)— fel|= el £]/||¢|| On the other hand one can get from Theorems
1 and 3 of [3] thal the Nagasawa theorcm can be extended to some operator algebras
as follows:

Theorem. lLet X,Y be real Bunuch spaces with the approximation property and such
that X*, X** Y* Y** are all strictly convex. Assume that T is a linear isometry from
K(X)=X*QX onto K(Y)— Y*®Y then one of the following two possibilities holds

() T=T001, where T\ X*>V* T,0 X oY are onto isometries.

{(h) T=TRT, where 1,: X > Y* T.:X*-\Y are onto isomelries.

Consequently K(X) and K(Y) are isomorphic or anti-isomorphic in the category of
Banuch algebras.

Il X = Y=Hilbert space then this result is a consequence of Kadison's result on
isometrics in C*-algebras.

In this paper we combine the method of [3], [1] and [2] to prove that, in the case of
uniformly convex spaces, the above theorem is also stable.

1. Definitions and notation
FFor Banach spaces U and V

B(U) denotes the dlosed unit ball in {J,
E(U) denotes the set of extreme point of B({/),
U V denotes Lhe injective tensor product of I/ and ¥V,

LU, V) (K(L/, V) denotes the Banach space of all continuous {compact) linear opcrators
from U/ into V. If U — V we wrile 1{U) (K(U)) in place of L{U, U/) (K(U,U)).
121
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the Banach-Mazur distance between U and V is delined by

dp (U V)=

T[T~ 7 is a linear isomorphism from U ento V',

and we put dy_ (U, V)= ou if the spaces U and V are nor isomorphic.

For a Hausdorff space 5 we denote by C(8) the Banach space of all continuous,
bounded scalar-valued functions on § with the sup-norm.

In this paper we often consider a Bunach space V as a closed subspace of C(E(V*))
where E(F*) is cquipped with the weak *topology. The space V®U is regarded as a
subspace of C{E(V*)x E{(U")).

[For a Banach space V.8, denotes the modulus of convexity of V ie. the function
d:R* >R* defined by

Sp(e)— 1 —sup {fiv + vl[:e, 0 e W |jo|| = ||| = 1. ||o—v]| z &}
Also we define §8: R —R* by
r)*[(‘)] =sup lee e 3 T e

Notice that V is uniformly convex il and only if lim, .4 , 8¥(0) —0.

Let A and B be Banach algebras and let T be a continuous map from A onto B. We
say that T is a linear isomorphism or isomorphism in the category of Banach spaces if
T is an isomorphism ol underlying Banach spaces of 4 and B. If, in addition, F
preserves the algebra multiplication we call it an algebra isomorphism or isomorphism
in the category of Banach algcbras.

Finally for a metric space § we put

diam S = sup {d(s,5;)'s,,5, €8]

2. The results

Theorem 1. Let X, X.Y, ¥ he Banach spaces with uniformly convex duals. Then there
is an f0'> 0 such that for any £<e, and any linear isomorphism T from X®X onto YRV
with I“_’ <1 +¢ there are linear isomorphisms ®:X—>Y and V: X7 or & X > ¥
and ‘I’ SY wuh [®[[|® <1 +ete) and [|W]][|]¥ ]| <1 +cle) such that

IT ®RW|=cw).

The constant &y and the function ¢ depend only on the modulus of convexity of the
considered Banach spaces and lim,_, 4. ¢{e) —1.

Corollary 1. Let X, Y be Banach spaces with the approximation property and such that
X.X* Y and Y* are uniformly convex. Then there is an 1,0 such that if the Banach
Muazur distance between K(X) and K(Y) is less than 1+, then K(X) and K(Y) are
isomorphic in the category of Banach lgebras. The constant ¢, depends only on the
maodulus of convexity of Bunach spaces X, X*, Y, Y*.
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Proof. It is an immediale consequence of Theorem |, of the fact that any uniformly
convex space is reflective and that K(X)— X*0X whenever X has the approximation
property.

Corollary 2. Let X, Y, he finite dimensional Banach spaces such that X, X* Y. Y* are
strictly convex. Then there is an £, =0 such that for any £ Ze, and any linear map T’ from
L(X) onto 1Y) with WTHT || =1 +e and T(1dy)=1dy there is an algebra isomorphism
T from L{X) onto L(Y} such that

H T-— TH =c'(&).

where lim, L, . ¢'(£) =

Proof of Theorem. Wc assume, without loss of pencrality, that {|T
[ Y=ty

AL various points of the proof we shall use the incqualitics involving & which are valid
only is ¢ is sufficicntly small, in those cases we will merely assume that « is near 0 and
this assumption gives rise to the constant «,.

<1+« and

Lemma 1. Let U and V be normed, linear spaces, let 8 be a positive number and
assume that

|y @0y +u, @0, 4 1y 60 0yl = a1 {n

where

gty el v oy,05e

and

| = flull =1 =l ll = floall =lles]l

(N
Then there is a number A of modulus one such that
|ty — Ay = 3\/(5 or |lo, — Av, || =3/,

Proof. If inf,,; ||Ae;—0y]| =3,/ for both i=1 and 2, then we get ||vlf/1vl||;23ﬁ
for some 4 of modulus one, so we can assume that

inl ||Ae, — oy =% 3. ()
1A -1

Assume there is an ae C with |jv, - avy|| £3./8. We get

I+3/ozlrlz1 3/6=0
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and we have

iVul—ua =|le, — * || = %y +||o, —ans|[= = M, +1 /<10
Jod o lo o
The above contradicts (2) and we get
inf ||v, -—rquH':_wi\ﬂi (3)
ael

We define a functional ¢* on span{y,,v;) by

(o + flvs) =§ﬁa.

From {3) we have Hv“'“gl. Let 6* be a norm preserving extension of »* from
span{v,,r,) to V. From (1) we get

ey % (0,) iy 5% ,) || <6,

SO

Hence, in the same manner as before we get

*(1,) ﬁ*(”l”
T*(v,) [F*(0,)|

:24./0<3./6.

uy+u,

1A

For the next lemmas we nced the following observations. The first onc is casy 1o
check by a direct compultation.

Proposition 1. Let V be a Banach space with uniformly convex dual and let ve V, ||UH =1
then

diam {o* € B(V*):Re(v*(p)}= 1 — 3} < 47.(20).

Proposition 2. Let V.UU be Banach spaces with uniformly convex duals and let
ve Vue U, ||| = 1=|u|| then

diam [t* ® u*e B(V*) ® BIU*):Re((v* @ u*) (0 ® 1)) 2 1 — 5} < IF(20) + 88.(20).
Proof. Fix v* @ u} e B(V*) ® B(L/*) such that

Re(vF @ uFfe®@u)=1 -8 for i=12
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let a,i=1,2 be complex numbers of modulus one such that apf(v)eR*. By our
assumption we gel

1
aofp)=z1—35 and Re- uMw)=1 o for i=12
o

Hence by Proposition 1 we get

Zof20)

e . ] 1
a0 — oy 0| =d3d258)  and H—u‘{‘——u;‘
%y

)

S0

1 |
arf® ot —aet @ —ul
&,y o)

Hn‘}‘ ®@uf—v¥ @uf|=

+ < SF(28) + OR2(H).

1 !
¥ @ —ut o vy 0 —ud
oy o

Proposition 3.  Let § be a compact Hausdorff space, let A be a closed subspace of ({3)
and Let F be a norm one functional on A. We denote by S, the subset of S consisting of all
points s from S such that the norm of the functional A5 f— (s} is equal to one. Assume
that for any €S and any number A of modulus one there is exactly one s, €S such that

f)=A4f(s)) forall [eA

Then there is a probability measure p on § which is a norm preserving extension of F from
A to C(8). Furthermore for any such j we have p(Sy)=p(S) =1

Proof. l.cl v be a norm one extension of F from A to (!(8). Denote by K, the subset
of § consisting of all points se§ such that the norm of functional A= f— f(s} is not
greater than r. For any f e A with ||f]|=1 we have

y|< sup {|f(9)]:se K} M(K,)

|F{f‘)\‘[fdv = [fldl[+ { [f]d
s Kr S\Kr

SV = 1= (K (L —r).
Hence |v|(K,}:0 for any r < 1, because F has norm one on A. Since $\85 is the union of
S\K, for 0=r=1, [¥|(S)— .

Put h=dv/d|vl. We can assume [h|=1 on S. By our assumplion there is the map
@S »5 such that

hs)f(s)=f+pl{s) for [feAd,seS
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If h is continuous, then the corresponding function ¢ defined by the above cquality is
also continuous. Hence it is standard to prove that if fis a Borel function then ¢ is also
Borel. To end the proot we define g by p(K) = |v|(rp '(K)) for any Borel subset K of S.

Lemma 2. Let X, X, Y. ¥ be Banach spaces with uniformly convex duals and let T be a
linear isomorphism from X & X onto Y&V with ([T||=1+&||T "|=11c Then for any
Y e E(Y*), 7% E(Y*) there are x* € E(X*), ¥* € E(X'*) such that

|T*(* ® 7*) — x* ® S| S afe):

where ale)—=0 as =0 and the function depends only on the modulus of convexity of
X* R* v T

Proof. Fix v¥eE(Y*), J2=E(Y*) and lct g be a measure on B(X*) x B(X*) which is
a norm preserving cxtension of the functional T*(vd ® 7f) from X & X to C(B(X*) x

B{ ¥*)). By Proposition 3 we can assume that g is positive and we have
]| = s BOX*) 5 BOE*Y = (X *) > ELX*))
anmd
1—:;;—i||y||;—11 + &
The spaces Y and ¥ are reflective so there are v, € B(Y), ¥y € B(¥) such thal

.V:I‘(_VU) —1- ':‘3“"(1 ).

Put
S={{(x* §*) e K(X*) x K(T*):Re (T Uy ® fox* @K% =1 e},
We have
[ <0, [T My @ Fo|[£1 +e
and

IT 'y ®@ P)du=1
50, by a dircet caleulation

r
L.

HEX) X BT\S) =2y (4)
We shall show that

diam ({{x* @ £*):(x* £*)e8)) Za'(c) (5
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where (2} =0 as =0, and a° depends only on the modulus of convexity of
XH Ny ¥+

For this purpose let (x*,£¥)e S for i=1,2, The spaces X and X arc reflexive so there
are x;€ B(X), ¥,¢ B(X) such that x*(x;)=1=¥¥x,) for i = 1,2. We¢ have

@&+ T My @ o) [Z[(x, @ Z)+T g ® Fo)x* @ 9|22 e,
henee, if £ =}, we get
706, ® £) 430 ® ol 22— )/ (1 +0) =22 2/ Tor i=1,2,
Let v* 6) 7* e E(Y*) & E(Y*) be such that
Re(y?F @ PN ® )ty ® Pl 22 2,/e.
Hence
Rey* & ¥ (T (x, @ X)) = | 2\/?:. Rep¥ 6o 7F(vy 60 Fol o 1 — 3\/2.
By Proposition 2 we get
|[vE 6@ 5% — v @ §¥|| = dh(6/0) +03.(6/1)
which in view of previous incqualities feads to
Re(Tlx @ TNOE®@TEZ1 3/ 311 ald3.06/5) +07(6,/2) ] —pte) for i-1.2
hi8]

[|¥) ® %, 4+ x, @ %, Z 2900

Hence there is x* 69 % ¢ E(X*) ® E(X*) such that
Rex; 69 X,{x* 6 ¥*) = 2¢(e)—1 for both i=1 and 2,
By Proposition 2

[¥F @ Xt X360 %] [5%(4— 4+ 05.(4— dy(e)) | = 2'(e).

Fix (x},85)€S. To end the proof we observe that for any fe X & X with || f]|= 1, it
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follows from (4} and (5) that
FXE QX8 — THys @ FENN| |/ (x8 @ 23) [ f d

A4 e+ f|f— fIxE @ H)|dp+ |1 —utS)|
Ay

= 4\/1: +a(e)(] + )+ 4\/1: — ().

Lemma 3. fet X, X, Y. V. T.c,a be as in Lemma 2. Assume yECE(Y™®), . PE, P e E(YH),

x¥ x¥ x¥e F(X*), % 3% ite F(X*) are such that

[F¥)

[ T*yE @ 7F) xF@ 3| =ale) for i=1,2,
then there are numbers 4, | for i, j=1,2.3 of modulus one such that
|x¥ =2 x| =B for i j=1,23
or
|F— &, xF[<pe) for @ j=123
where
f(e)=24./x(c).

Proof. Sincc ¥* is uniformly convex, by lemma 2, there are x%c K(X*} and
e E(X") such that

|T(vs ® (7 +53)  kxt ® 25| <ke).
where

=2

kf”ﬂ[*jz

Hence
[T 6 %1+ x3 0 £ kx¥ & X < (hole) + 20(2)) < da(e),

and by Lemma | we have

(x¥ Axt<12/a(e) or ||&F Ax3=12/ae)

for some A of modulus one.

Considering successively the pairs of indices (1,2),(2,3) and (1, 3} we obtain the assertion
of the lemma.
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I'rom Lemmas 2 and 3 we deduce that for any ydek(¥Y™*) we have exactly two
possibilities:

{a) there is an x*e E(X*) and a function ¢:E(Y*)— E(X*) such that
[1*(vs ® 7*)—x3 @ @3*)|| Sa(e) + pe)=7(e) for all j*e k(¥

or

(b) there is an %2 € E(X*) and a function : E(7*) +E(X*) such that
[T*(v8 @ §*)—w(7*) @ £¥||=y(e) forall j*e E(Y*). (7)

By the same arugments applied to the map T ! in place of T, we gel by symmetry
{replacing the space X by X and ¥ by ¥) and by Lemma 3 that

sup Jinf {||@(*) — *||:7* € E(V*)}:2* e E(X*)} <7iz)
(8)
sup {inf {||y (5% — x*|: 7% C (V%)) e E(X)) = (0.

For any y}e E(Y*) we define, depending on which of the above possibilities takes
place, a function ®: X ¥ or ¥: X > ¥ as follows:
{a) fix xpe B(X) such that x%(x,)=1 and define ® by y*{®(x))=pd ® I*(T{x, ® )
for p*e Y, xe X;
{b) fix o€ B(X) such that £¥(x,)=1 and define ¥ by 7*(¥(x))=yE ® 7 {(T{x ® %))
for j*e *,xeX.
The above definitions may depend on the choice of x,(xX;} and we assume that we

have fixed some ®('F) as above, for any y%e E(Y*).
We have ”lD” <l+s, ‘i-'“ =1+4¢, and

[FHDR) — (7 HD) | Zpe)||R]| for all j*eE(F*), e,
|f*(‘l‘(,\‘])*l!l(f*)(){)!E}'(!I]“Xll forall e KE(Y*).xe X,

so from (8) we infer that @ and ‘¥ arc one (o one, onto isomorphisms with ||(D 'H#
P yle), W l“ < 1+ y() and

[R*5*) @(p*)| = pe) and  [F*(7*) ()| <yte) forall jre E(Y*).

To end the proof we show that for all y¥e E(Y*) one of the two possibilitics (a) and
(b) takes place and thc map assigning to v¥eE(Y*) a OeL(X. V) (WYeL(X.¥) is “&
almost™ constant.

For this end, assume that yp¥ y¥ek(Y¥*), x*ek(X*),i*ek(X*), o, e (X, V),
W, e L(X,Y) are such that, for all j*< E(¥*),

[7*(y* @ 7*) —x¥ @ OIFM)|| £ 25(2) (9
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and
|72 @ 7)) —W3(E*) & 31| = 2940, (10)

Since  [[(dF) || =1 }y(c) H(‘I‘*) l||"'l+y(.&] there are §*. 7¥eE(Y*) such that
[ ¥ =0, 50 we get

||x‘f R -T*y'® f’l*)H S 4ayp(e) +2p(e) for i—1.2

and hence

=

[yr 6 it ¥ @ 73| <200+ 23+ e)y(e) = THe)

lcading to the inequality
[yt — vl = 73te)

which contradicts (9) and (10).
Thus without loss of generality we can assumc that it is the first possibility that
always holds.
Fix yXeF(Y*) and e E(V*). There is an xfe E(X*) and O, 14X, V) with
(|0 ]y, | = (1 + &)1 +3¢ep such that

7% 0 ) & GX*)|| = 29(e), forall p*e E(Y™). {(n

By symuuctry there is an £3e E(X*) and Woe L(X, V) with [|[W| [[¥s 1| S +e)(1 1 3(2)
such that

[T ® FH—YI* & S5 =20(e) for all  y*c E(Y™. (12)

Moreover, replacing 2y(z) in {I1) and (12) by 4y(¢) we can assumc X% —®3(i¥) and
\U = t( vE

lLet us u)mposc T with @' ®@ ¥ '. To complete the proof it is sufficient to show the
following lemma:

Lemma 4. Let X, X be Bunach spaces with uniformly convex duals, then there is an
£n =0 such that for all £ <&, the following implication holds:

if 1 ix a linear isomorphism from X ® X onto itsell with || T[T '\ =11 & and if there
exist X} e E(X*) and %€ E(X*) such that

THxX @ $*)=x2 ® * forall *eX*
and

THx* @ I3)—x*®@ Y forall x*eX*

then ||T - |d|| =2y(x).
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Proof. Lcl x*c E(X*), e £(X*). It follows from the assumptions and our previous
considerations that there are isomorphisms ® e L(X) and ¥ ¢ L{X) such that

[ 7*xF ® %) —xT @ d*(%)|| =2(e)  for all $*e E(E"
and
| 1*(x* @ %F) WHx*) @ xF||=2p(e) forall x*e E(X*).
Substituting x* — %% and x* =x¥ we get
[ T*xt @ &) —xt @ O*(ED|| < 29()
and
[ 7*(xF & ) WHx) &0 X F| = 2300,
Hence

[D*(EF) —X¥||=2pte) and [T = 200,

so [|[T*(xF @ ) xT @ 3| = 2p(2) as required.

REFERENCES
I. K. Jarosz, A generalization of the Banach-Stone thearem, Studia Mark. 73 {1982). 33-39,

2. K. Jarosz, Metric and algebraic perturbations of function algebras, Proc. Fdinburgh Muath.
Soc. 26 (1983), 383-391.

3. K. Jaross, Isometries between injective lensor products of Banach spaces, Pacific J. Math.
to appuar.

4. M. Nacasawa, Isomorphisms between commutative Banach algebras with application 1o
rings of analytic functions, Kedai Math. Sem. Rep. 11 (1959), 182 188,

InstrrtreyE OF MATUEMATICS
Warsaw University, PKIN
00 901 Warsaw, Porann



