Perturbations of function algebras

K. Jarosz
Institute of Mathematics
Warsaw Unaveraty PXIN Op
00-91 Warsaw
Poland

INTRODUCTION

In this pote we discuss the small meuic and the small algebraic perturbations of the function algebras. It is
pot ous aim to present a self contained theory with all details and proofs. This is intended as an inforimal
introduction lo s theory that is starting (o develop. The emphasis on general themes has perhaps been at
some cosl of precision, we usually only aketch or just omit the proofs. To minimize tochnical isrues we
wsume throughout that all algebras considered arc function aigebras which have thar Choquet boundary
oqual to their Shilov boundary. This pote is based on Lhe author's menograph {1}, where one can find all the
technical details, more general farms of the theorems and references, as well a3 & list of open problenus. We
also present here some very recent, unpublished resulls {2-3D.

In tbe paper by A we always denote s function algebra, that is & complex Banach algebra wilh a unit such
that Ilf20 = 0¥ for all feA. By R(A), 34, Chd we denote the maximal ideal space, the Shilov boundary
and the Choquet boundary of A, respectively. We wsually consider a funciion algebrs A4, vis the Gelfand
transforms, as a subalgebra of C(R(A)) or C(34).

A fundamental question in Banach algebra theory is the relstion between the algebraic and the metric
structures of a Banach algebra A and the structure of SR(A). The focus of perturbation theory s on under-
standing the relationship between sinall changes in these struclures as well as on charactenizing the stable
propertica of Banach algebras, that is the propertics which are invariant under small perturbauons.

There are two basic conecpis of & small periurbation of a function algebra: algebraic snd metfic.

Dermvimion 1. By an e-algebraic pertusbation of A we mean any new multiplication X defined on e same
Banach space A such that
Ifxg — f2ll < difilligl for all fg in A. (1)
Notice pleasc that we do pot assume here that the second muluplicalion is commutalive, coDlinuous oot
has & unit, it is by the definition just a bilincar, associative map such that (1} is satisfied. But we will prove
later on that it has all these additional propertics automatically.

Dermnrmion 2, By an ¢-metric pertwrbation of A we mean any Banach algchra B, with a unit, such that there
is a lincar bijection T: A — B such Lhat

"T"“T_l" < 1+¢ D
We do not assume here, of course, that T preserves the algebraic suucture, il preserves only Lhe linear
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structure and *almost prescrves” the meuic structure, We do not wso assume that 8 is & function algebry,
but we will show that it is & function algebra automatically.

In addition to the above two definilions there are several other possible ways to make precise the notion of
a snusll change it 3 uaifaru alpehra. For eaample suppose that we have two algebras 4 and B defined on the
samc compact set X and that there is s lincar map T from A onto 8 such that ilfd — Tl is small. If 4 and

wre close in Wis sense then clearly 2 is an %:-mcu"ic penturbation of B. By seiting

SXg = T W IfTg) torali fgin A ()]

one can also check that X is a S«¢-algebraic perturbation of A.
One of the basic gencral resull is that ail the above definitions are, in some sense, equivalent. First let w
consider some classical results and examples which bear oo this equation and will be of interest 1o us,

TurorEs. (Nagasawa, 1959). Let A and 8 be function algebras and let 7: A -+ B be & linear and surjective
isomeiry between them. Then
s} there is & lincar isometry T from A onto B such that Tl = li,, and
b) if Tli, = iy then T is an algebra isomorphusm.
The theorem suggests two questions CORCETIING Our stustion:
Ql.1 et B be an ¢-metnc perturbation of A, with ¢ suflicienty small. Docs there exist a linear isomorphism
T:A -+ B withTli, = lly and such that

NFmr " < 1+¢?

Ql.Let T he as in QL. In then 7 an algebra isomorphism?
The answer to the first question is positive,

~

ProrosiTion 1. For any ¢-metric perturbation B of A, with «<<0.] there is & linear isomorphism T from A
0010 # such that T1, = 1, and ITHIT "Il < 10x,
However the following example shows that the answer to the second question is negative.

Exampie. For any ¢<0 put P, = {z€C: '}<{x]<l+4},A. = UEC(F’,): Sl », ia analytic} and let us
define T,: 49—+ A by
b ag T -1 0o
Ae3f= ¥ ar*= T a1+ T+ ""ed
we b

e - s =
[t can be check that 7,01 i and that
[F ]
[t can be check that T,1 = 1 and that
HTART, "= 1 a3 e-20.

On the other hand any algcbra isomorphism between A, and A, would be defined by an analytic
homeomorphism between P, and P, but it is well known that such & homeomorphism docs not cxist if
« =0

So we have an example of a non-trivial small metric perturbation of & function algebra. In this cxample
the alpebras Ay and A, are pot isomorphic but they look very similar and are in some sense alman 0
morphic. We will show Lhat Lhis is a general phenomenon.

Ia all the paper we will merely assume Lthat ¢ in the definition of a small perturbation is close to zero, 3@
by Proposition | we can always assume thal an «metric perturbation it defined by & map T which preserves
the wat. It can also be casily proved that any e-algebraic perturbation X of (¢ < 1) bas & unit, and thst
without loss of generalily we can assume that X has the same unit as the original multiplication of A.



1. General Results
Ouoe of the fundumenta! gencral results is that the definitions of small perturbations we have are equival nt

TuEOREM 1. Let A be a function algebra with 34 = Chd and let X be a pew multiplicauon defined «n the
same Banach space A sucl thet the units of 4 and (4, %) coincide. Then the following five conditions are
equivaent in“the sense thatall ¢, 7 =1, - - - 3 tend to zero simul tancously:
@ g - fei<qifiligit forall £ g an A
@ LI Xgll = I gl <qlflligl for all f.g in A,
() L Xglh < (1 +eliflhgll for all f g in 4.
(iv) there is & Banach algebra 8 and a lincar isomorphusm 7°: 4 + B with T1, = 1, and ITHIT "< 1+
and such that multiplication X is defined by
fxg = T\ (IfTg) torall fginA; (]
(v) there is a function algebra B contained in €(34) and a lincar map T: A —+ B such that the mulirplica-
uon X is given by (*) and such that
(£ () — TF )| Solifil forall s €34, feA
Notice please that we do not claim that conditions (i} - (v} arc equivalent in the scase that ¢ =« T4,
we mean only that there is a function a: R* »R* with ll.l';l‘ a(t}=0 and such that ¢, <afc) for
4 —
ti=1t .5
A moment of refiection shows that the fullowing implications are trivial
(i) ~e (i} = (eri) and (v) = (iv) = (iid}.

The proof of the implications (ui) we (i) = (v} i1 the hard part of the theorem. In fact the condition (ui)
scems 1o be much weaker than (i) and the implication (1) = (1) is & little surprising. For «=0 it means that
there is only one muluplicaion X on A (the oniginal one) such that (4, X) is a Banach algebra with the
same unit, this means that the algebraic structure of a function algebra A is 1otally described by its norm!

To give a [eeling of the methods in our ficdd we present a proof of (u) = (i) and skeich bricfly s proof of

() == (v).
(i) = {i). Replace f in (ii) by the element exp(Af) where A is & complex number and exp is the expones-
Ga! function in the Banach algebra A, and replace g by exp(—Af)g. We get

{hgll = Neap{ — ALY == ligh - lenp( — A )il - llexpAfll <
< dligllexp(Z | AL-1LA).
This gives
Ngil(d + eexp(2 | A |-ILAN = DexplAf) X (exp{ — Af)g)ll =
= UYI+A LN 220+ - Ix(g Mg /A g s 20— ol =
=g —(fXg—fER/ M- W /24 - L
Now let F be any lincar funclional on the ,anch space A of norm one. We have
[ F@EY = AFUXg ~fo) t MFC- )/ 2t - | s
< g li-€eexp2 | A |-AD + 1.
This shows that the modulus of the entire funclion
¢ = Flg) - F(fXg-fgpRh/IN+F(- - W /204 - -

on the unit disc D = {AeC: |A[ < 1} is not greater than flgli{eexp(2i1) + 1}, hence the first denvanuve mt
the point zere of this funcuon has the modulus not greater than this constant Loo. Because £ is an arbitrary
functional of norm one, i follows that
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Iifxg — fgll < lght-{eexp2IlU) + 1} for any f.g in A 4
Fix elements f and g in A both of norm ooe, and leta = - '%log( > 0. From (4) we get

Urxg—fegll = Waf)x(g /a) ~{af g /2l <
= a Yeexpla v 1) = —4/ loge

for 0 < ¢ < 1, and since 74/log¢—-0uc-a0 we are done.

(i) ~ (v). By (i) for any fin A we bave

(- < XAl < (1+aIA%

S0 by induction we get
(=07 AT XS s ini®

and kence we can estimate the spectral norm of f ia the algebra (4, X)
(1= QI < spectral radius () < (1 + Il

Hence by the theorem of Elirschfcld and Zelazko the multiplication X is commutative (if «<<1) and the spec-
tral radius p,{) is an oquivaleat, uniform norm on A. Now we denote by T the identity map between the
Banach space A and the Banach space {4, p,(-)) and by our estimation of the spectral radius p, () we get

(T < 1+eand IT Y < (1 -7

$o we bave proved that (iv) holds for some function algebra 8 = (4,x,p,()) and to end the proof of (v) we
have 1o show that there is & homeomarphism ¢ from 38 onto 34 such that

/¥4~ T (5)| < €1l for all f€A, 538, ®

The idca is the following We fix a point 55 in 34 = Chd and a soquence (nel) (f,)2% ) CA which peaks at
the puint 54, this means such that

Il = 1 = fylsg) forall ain N and
Jo — 0 uniformly on compactsubscts of 34 {10},
By our estimation of p,(7) there is a sequence (F, )7, in 0(&) such that
[Fu(f)| > V—¢ foralln in N,
Then we prove that any such sequence (F,):'.& converges to a point Fg in CA8 CY(B) and we conclude the

proo! by showing that the map ChBDFy — sq€dA s s well defined homeomorphism and that (5) is
satisfied

2. Susbllity
Let @ be & class of all function algebras modulo the equivalence relaion: A is equivalent to B if the Banach-
Musur distance between A and & is equal to one (it can be shown that this relation is not trivial). We bave
two pictrices on o which are the natural measures of closedness of two function algebras A and 8:

D(4.8) = infle: B is algehraically isomorphic 1o an algebraic ¢-perturbation of £},

d(A,B) = inf(logl TULT ~')i: T is & lincar isomorphism between Banach spaces of A and B).
It can be proven (compare Theorem 1 (i) w (v)) that the topologics defined on & by D and J coincide, We
can get even shighdy more.

PropasiTion 2. Thete are pasilive constants ¢ and ¢ such thal for any function algebras A and B we have

Yd(A.B) < D(A,8) = cd(4,8)
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wheneves min{d (A, B), D{A.B)) = «.
In the previous section we studied ihe global properties of the complete metnc space ' (L d), now we
ipvestigate the Jocal propertics of this space. We arc mostly interested in properties which arc called stalle.

purmimon  Let # be w property which i defincd for every function alpcbra, We call 9 stable (or npd)
for any function algcbra A which has ¥ there is 3 positive number ¢ such that for any «metnc perturbation
B of A the algebra B has the property 9.

Notice that a property & is stable 1f and only if the subset of & consisting of all function algebras which
have 7 is an open wubset of & By Thoorem 1(v) for any compact Hausdorfl space § the propertics:

$1, "84 is homeomorphic to 57, and

§2. “A = C(5) (in the category of algebras”
arc stable. To prove that $2 is stable we have only to notice that for any ¢<(] the following imph.ation
holds:

if there is a linear isomorphism T from C{S) onio a subalgebra B of C(S) such that lifd — T ||« then

B = C(S)

The stability of the property “4 = C(5)” mecans that the algebra C(S) is an isolated point of &, that i
any suffidendy small perturbation of C(S) produces & new algebra which is isomorpbic, a3 an algebm to the
original onc. A Banach algebra with this property is callod stable. It is intcresting to mention that we koow
very few examples of stabie function algebras. Namely C{S), H*={D) = the algebra of all boundad ana-
lytic funclions on an open unit disc D2D, A(D) ;= H=(D)N C(LD) snd the trivial, finite combinatons of
these three. R. Rochberg [4] proved that A(D) is the only stable algcbra among the algebras of the form
A(R), where R is a connected, finile bordered one dimensional Riemann surface. He also proved that say
small perturbation of the algebra A (R} is of the form A (R7 and that this porturbation is definad by &
quasiconformal homeomorphism between R and R’. The proofs concerning small perturbations of the alge-
bras A (R) or H*(D) seem 10 be tochnical and oo long 10 prescnt here. The basic idea is to extend the
slgebra B, given by Theorem I(v), (rom C(34) 1o a subalgebra B of C(R(A)) = C(R) and then to prove
that functions from 8 are "almost analytic” on R.

To present an idea of our method we give a sketch of the proofs of the stability of the following two
imporant properucs:

§3. “A is » Dinchlet algchm”™;

“A i3 antisymumetric”. _

Let us recall that A is called Dinchlet if Red = Cg(dA), where Red = {Ref: feA€C(34)} and A is
called sntisymmetric if there is no pon constant real valued function in A CC(3A).

To prove that the property 53 is stable we put

A7V = (fed: fTlea), ef = (fed: dpedsdf = apg)
and we first prove the following lemma. -,
Lesdaa. Let B be a function slgebra contained in C{34) and ler 7 be a lincar map from A onto B such that
T1 = 1land I'7 —Jdil <0.]1 then we have
3) if fed " and UL/ A < 10 then TeB 7
b} if fee? and LA ' << 10 then Tfeet.
Paoor. By our assumplion |7 - Jd1l << 0.1 we have
W7 =10 < 100l <
a0d hence T(f}¥T{f "Ye B ' To prove b) recall that ¢* is the connected compooent of & -} which contains

1. Stricty wpeakiog d ia DOt & MeLAE Ipace ENCE itis & cdass bul not & scL On the other hand it hocoows & st oo any subdas
o of @ vuch thal J(A,B)< w0 fof A, 8 0 dy. Honar, from our pant of view, thert 13 Do danger of ambiguity in treating £ o1 &
EMCLNC TP
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1. Assume f = e*¢e” and I/ ' <10, For 0 <t < | we have
lle* e ~*11 < 10.

Henue, by a) we have T(e™)e B and [0,3]%7 -+ T(¢™} is a continuous function so T'(e*)ee”.
Now to end the prool of tic stability of we property “A is Dinchler” it is sufficient, by the above lemma

and Theorem (v), to prove that;
If B s & closad subalgebra of C(d4) and there is & lincar map T A — 8 such that

Tt = 1and lId- Tl <005 ®
then for any Refe Red with [[Ref|l = ] there is an Regr ReB such that |iRef — Regll = *;-
To this end fix feA with [[Refll = 1. We have
le* Il = sup{e ™% yeda) < e

lleflllie fll < e? < 10,
By our Lemma there is a g < 8 such that T(ef) = ¢f. From (6) we get

0.05¢ > IT(eN—efll = lleT—-&/Il = ||.f(1f.rf)u:-%lnu.rfu.
Henor

llef fj < 1+ — 005 and e “#| < (1-005¢7) !
and this pves

IRef — Regll < max{Ia(} +0.05¢?), — In{1 -0.05¢%) < .

The proof of the stability of the praperty “A4 is antisymmetric” is much harder 30 we only sketch it very
bricfly The proof can be derived into three sieps.

STEr | We gencralize the so-called Bishop %—% critenion and prove that & closed subset X of 34 is an
"almost peak sct” if and only if it is » peak set. We mean;
If for any open neighborhood U of X there is an fin A such that
<2 |f(s}-1j = torseX and

IS ()] < forseddU
then K s an intersection of peak sets of A

STPP 2 Wce assume that 8 C C{34) is & small perturbation of 4. Then we prove that K T34 is a peak st
for A if and only if il is & peak set for B,

We wssame that A is antisymmetric and that there is a non constant, real-valued function g in B. Then we
notice that for any compact subset X of R the set g 7'(X) is & peak sct for B, so it is also a peak set for A.
On the other hand, to gel a contradiction, we prave that an antisymmetric algebra A can not have so many
peak sets.

We conclude this secuon by the Decomposition Theorem which restricts the investigation of these small
perturhations of function algebras to the investigation of the perturbations of the antisymmetsic algchras. We
first recall the well-known Shilov-Bishop theorem.

TheOREM. Let A be a function algebra. Then 34 is & sum of & family of dispin,, maximal sels of
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antisymmetry (5,},, of A and
feA M feC@A)and f |5 ed g foralliel

Decomposition Theorem. Let A, 8 be scpaable funcuon algebras dehned on & compact st 5 =34 =38
and assume that |lJd - Tl < ¢ < ¢ (an absolute constant). Then Lhe peak scls and the maxumal sets of
antisymmetry for A and B coincide. Moreover for any maximal set of antsymmetry §¢C § there is a haear
map Tg: A |5, — 8|5, such that Tgl = T and |ITo -~ /dll < 10¢.

3. Approximately Multiplicative Functiooals
Let x be an ¢-algebraic perturbation of & function algebra A. Then for any Fin “R{A) we have

|FUXE)—F()F) < cdlflligh for all £ g in A.
One of our main mcthods in the previous sections was to show thal for any such F there is a G €M 4, x))
with [[F - Gll = ¢.
This suggests the lollowing problem, which seems 10 be of its own interest.

ProsiEM. et F be a lincar functiona! defined on s Banach algebra 4 which is approzimately multiphcative

in the sense that the bilinear functional Ff.g) = F{g)— F(/)F(g) is small in norm. Is then F a sum of a
multiplicative functional and a amall functional? And, when it fails, whether any of the properties of mult-
plicative linear functionals carry over Lo approximately multiplicative ones.

An example of this is the following result.

PROPOSITION ). Let A be s Banach algebra and let F be a linear funciional on A such that 1Al < ¢ < o0,
Then £ is continuous and [IFll &< 1 +¢

B.E Johnsan is his rccent paper [3] concerned with algebras in which every approximalely multplicauve
functional is near s multiplicately one (AMNM algebrus). He proved that vanous Banach algebras arc
AMNM, but that it is pot 30 in general for some radical Banach algebras. For function algebras situation is
pot clear. Two most typical function algebras, namely C(5), S-compact and A(D) - the disc algebia, are
AMNM (3]. The Arst result is casy but the socond one seems 10 be quite hard. 1t has been alsa proven that
any finite injective tensor product and a finite sum of AMNM funclion algcbras is AMNM. But it 12 an open
problem whether all function algebras are AMNM, for example it is pot known whether X =(D) is AMNM
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