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A Banach algebra B is a metric J-deformation of A if there is
T:A— Bsuchthat |T||||T7!| <1+6 (and Te =e).

v

A new multiplication x defined on the same Banach space A is an
algebraic J-deformation of (A, ) if || x — || < J; that is, if

lla-b—ax bl <é|all b, fora,be A

(and ex =e).
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Example (trivial)

Put T =S+ A where S : A — B is an isometric isomorphism and
A : A — B has small norm and

axbZL T-1(Ta- Tb).

Put P, ={z:1<|z| <2+¢}, and define T, : A(Py) — A(P:) by

[e) 0 00 2 n
T, anz" | = anz" + a( )z”.
g<z : ) L'+ Ya (5

n=—oo n=—0o0

We have | T|| || T Y| — 1, as e — 0.
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o A~ B> A=B(Ais stable).

@ Describe all small deformations of A. Is there a continuous (analytic)
structure on that family of small deformations?

o A~ B = Aand B share the same properties (e.g.: Dirichlet,

logmodular, finitely generated, has analytic structure in the spectrum,
etc.).

@ Deformation of complex manifolds and multidimensional Riemann
Mapping Theorem.

@ Almost multiplicative functionals.
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Early History (metric case)

Theorem (Nagasawa, 1959)

Uniform algebras are isometric iff they are isomorphic as algebras.

Definition

Ais a uniform algebra iff |a?|| = l|a||® or equivalently A C C (X).

Example

Not true for Banach algebras in general: (/1,-), (I*, %) .

Theorem (Cambern, 1963)
CX)=C(Y)=X~rY
dg_m (C(X),C(Y)) <2= X,Y are homeomorphic.

A\

Definition
dg—m (A, B) = inf{||T|| HTfl ] :T: A— B}.

Krzysztof Jarosz (Southern lllinois University) Perturbations of Banach Algebras 5/19




Early History (algebraic case)

Theorem (B.E. Johnsom and I. Raeburn & J. Taylor, 1977)

A Banach algebra B is algebraicly stable if Hochschild cohomology groups
H? (B, B) and H3 (B, B) vanish.

H" (B B) = ker5 /Imé,_1, where
510 (A, A) S L (A, A) 2 is defined by

On (T) (alv caey an+1)

= ay- T(ag, e a,,+1) + Z (—1)j T(al, soag &) © EJjdkily ooo a,,+1)

+ (=)™ T (ay, ..., an) - 3nt1.

Among uniform algebras only C (X) is known to satisfy this condition.
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More recent history - uniform algebras

Theorem (KJ, 1985)

Metric and algebraic deformations coincide for uniform algebras.

Let A be a complex uniform algebra then the following conditions are
equivalent

Q |la-b—axb| <eall|bl, fora,b e A
Q [[la-bll —llax bl <elall bl forabe A
O [lax bl < (1+e) all b, forabe A

Q@ axb=T71(Ta:- Thb) where T : A — B is such that
ITIHITH < 1+ e

it follows that B is a uniform algebra and that the Chouquet
boundaries of A and B are homeomorphic.

(we assume that all multiplications have the same unit).
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More recent history - algebras of analytic functions

Put P, = {z:1<|z| <2+¢}, and define T, : A(Py) — A(P:) by

[e) 0 %) n
Te ( Y. an2”> = ) az"+) a ( 2 ) z".
n=1

n——oo n—=-—oo 2 + 3

We have || T¢| || T Y| — 1 as e — 0.

Theorem (R. Rochberg, 1985)

If A= A(S), where S is a 1-dim Riemann surface, and

dg_m (A, B) < 1+¢€ then B = A(S') where S, S’ are ¢'-quasiconformly
equivalent.

The disc algebra A (ID) is the only stable A(S) algebra.
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Deformations of complex manifolds

Describe small deformations of Banach algebras of analytic functions
defined on n-dim manifolds.

For n > 1 a small deformation of an n-dim manifold Q) (e.g. a ball or a
polidisc) is not holomorphically equivalent to Q).

d(Q,Q) =inf{|T||TY: T:A(Q) — AQ)}.

Can the Rochberg’s result be extended to domains in C", n > 1 to provide
a quantitative multidimensional Riemann Mapping Theorem?

Practically nothing is known about the multidimensional case. There are
only partial results concerning A(ID") (KJ, 1992).
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Almost multiplicative functionals

Definition
F € A* is -multiplicative iff |F(ab) — F(a)F(b)| < 5| a| ||| -

- F = G + A where G is multiplicative and ||A]| <&,
- F=GoT where G is multiplicative and || T|| | T7!|| < 1 +e.

Problem
Must any almost multiplicative functional be near a multiplicative one?

Definition
A is functionally-stable or f-stable (or AMNM algebra) if

Ve>036>0VF e Ms(A) 3G € M(A) ||F— G| <e¢,

where MM5(.A) is the set of d-multiplicative functionals on A.
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Almost multiplicative functionals

C(X) algebras are f-stable.

Theorem (B. E. Johnson, 1986)
The disc algebra A(ID) is stable.

Example (B. E. Johnson, 1986)
The convolution algebra L2(0, 1) is f-stable, while L1(0,1) is not.

If fy € L1(0,1) is "near" the Dirac measure then f —— f * fy is almost
multiplicative. O

Example (S.J. Sidney, 1997)

There exists a non f-stable uniform algebra.
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Almost multiplicative functionals - recent results

- The ball algebras A(B,) are f-stable.

- Any uniform algebra with one generator is f-stable.

- If K C C is such that C\K has finitely many components and the
closures of the components are disjoint then R(K) is f-stable.

Let B(z) =TI 22 22-2 be a Blaschke product. Then

lan| 1—&pz
- if B is an interpolating Blaschke product then H® /BH® is f-stable;
- if B is not a product of finitely many interpolating Blaschke product
then H*® / BH® is not f-stable.

Problem
Is H®(ID) is f-stable? (Does H®(ID) have an almost corona?)
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Almost multiplicative functionals - proof

The ball algebras A(B,) are f-stable.

Proof. Let F € M (A(B,)). We show that F is near a multiplicative

functional.
Step 1. Show that (without loss of generality) F may be represented by a

probabilistic, nonatomic measure y, on 9B,.
Step 2. For w = (wy, ..., w,) € B, define ®, : B, — B, by

2
w—P— /1 |w|’ (2P

1—(z,w)

Dy (z) =

where
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Almost multiplicative functionals - proof

Step 3. Define ¢ : B, — B, by
p(w) = /cpdeF-

Bn > WJ — WO € aan
then
®,,;(z) — wo pointwise on B,\ {wo} .

Since iy has no atoms, ¢ extends to a continuous function on B, such
that p(w) = w for w € dB,. Hence ¢ is surjective and there is a wy € B,
such that ¢(wp) = 0. Replacing F with f —— F (f o @) we may
assume without loss of generality that wy = 0, so that

¢(0) = /‘Dodﬂp I/’ddﬂp =0

hence
F(zx) =0 fork=1,..,n
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Step 4. Put Ao(B,) L {f € A(B,) : f(0) = 0} and define

T:(A(By)" — Ao(By) by T(A, . f) L izkfk-

k=1

T is surjective and there are continuous linear selections Sy [E. Stout]

Ao(Bn) 3 ) 2k LI A(B,).

k=1

k=1 k=1

F(f) = F (f(o) - iZkSk(f—f(O))> =f(0) - i F(zSi(f — £(0))

Q

Z F(z)- F (Sk(f —£(0))) = £(0).

Hence
F ~ 50. ]

As a special case, for n = 1 we get Johnson's theorem.
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Open problems - deformations of uniform algebras

Problem

For bounded pseudoconvex domains () in C" describe small deformations
of algebras A(Q)) and H®(Q) and characterize these domains for which
the algebras are stable.

Is the injective tensor product A Q B of uniform algebras stable iff the
algebras A and B are both stable?

Does there exist a nonstable uniform algebra with only countably many
small deformations?

Problem

Is the property "A is logmodular" stable?
Is the property "A has n generators" for n € N U {co} stable?
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Open problems - almost multiplicative functionals

Problem

Let Q) be a bounded pseudoconvex domain in C", are A(Q)) and H*(Q)
f-stable? Is H* f-stable?

Problem

Is any uniform algebra with two generators f-stable?

Problem

Let A be an f-stable uniform algebra. Is an ultrapower of A f-stable? Is
I°(A) f-stable?

Let B be a product of finitely many interpolating Blaschke products. Is
H*® /BH®* f-stable?
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More open problems - separating maps

Definition
S: A — Bis separating iff f-g =0=S5(f)-S(g) =0.

Theorem
For compact X, Y and a separating S : C (X) — C(Y)

@ S may not be continuous (even if Y is a singleton),

o if S exists then S is continuous and S—1 is separating.

| A\

Problem

Assume S : C (X) — C(Y) is a separating bijection, does it follow that
S~ is separating?

Theorem (J. Araujo & KJ, 1999)

Yes if X C R.
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THANK YOU!
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