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Introduction
A uniform algebra A :
[F2]] = [I[|*. for all f € A, (1)

Complex uniform algebras - the most classical class of Banach algebras -
such algebras are automatically commutative subalgebras of C¢ (X)
(Hirschfeld and Zelazko).
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Introduction

A uniform algebra A :

[£2(] = [|]]*, for all f € A. (2)

@ Complex uniform algebras - the most classical class of Banach
algebras - such algebras are automatically commutative subalgebras
of Cc (X) (Hirschfeld and Zelazko).

o Commutative, real uniform algebras - subalgebras of
df Iy
Ccx,n {f €Cc(X):f(t(x)=Ff(x), x€ x}

where T2 = idy. Often X = X; U X, U X3 where A|X1 = complex
uniform algebra,

A|x, = complex conjugates of Ajy,, and

Ax, = Cr (X3).
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Introduction

A uniform algebra A :

[£2(] = ||f]]*, for all f € A. (3)

@ Complex uniform algebras - the most classical class of Banach
algebras - such algebras are automatically commutative subalgebras
of Cc (X) (Hirschfeld and Zelazko).

o Commutative, real uniform algebras - subalgebras of
df Iy
Ccx,n {f €Cc(X):f(t(x)=Ff(x), x€ x}

where T2 = idy. Often X = X; U X, U X3 where A|X1 = complex
uniform algebra,

A|x, = complex conjugates of Ay, and

Ax, = Cr (X3).

@ Noncommutative real uniform algebras.
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Quaternions: a+ bi+cj+dk € H
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Quaternions: a+ bi+cj+dk € H

/ N

i — k

There is no theory of analytic functions of quaternion variables - the
standard definition

fla)=_lim (flata)- f(a)a™

is not useful since only linear functions are differentiable. Hence there is no
obvious example of a nontrivial noncommutative real uniform algebra.
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Quaternions: a+ bi+cj+dk € H

/ N

i — k

There is no theory of analytic functions of quaternion variables - the
standard definition
f(a)= lim fatq)—f(a)gt
(3)= lim  (F(a+q)~(a))q
is not useful since only linear functions are differentiable. Hence there is no

obvious example of a nontrivial noncommutative real uniform algebra.
Test question: Is H a complex Banach algebra?
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Quaternions: a+ bi+cj+dk € H

/ N

i — k

There is no theory of analytic functions of quaternion variables - the
standard definition
f(a)= lim fatq)—f(a)gt

(a)= lim (F(a+q)—F(2)a
is not useful since only linear functions are differentiable. Hence there is no
obvious example of a nontrivial noncommutative real uniform algebra.

Test question: Is H a complex Banach algebra?
Answer: NO!

ik #ij-k
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PROPOSITION. A surjective map T : H — H is linear (over the
field of real numbers) and multiplicative if and only if

T(a,b,c,d):[(l) ,\‘H foratbitctdkeH (4)

Q 0 T W

where M is an isometry of 3 dimensional Euclidean space R3
preserving the orientation of that space. The space of all such maps
forms a 5 dimensional compact connected group M.

If K is a 2 dimensional subalgebra of H (which must be isomorphic
with C) then the set of linear and multiplicative functionals from K
into H is homeomorphic with the unit sphere in R3.
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DEFINITIONS
Df. A C C(X) separates the points of X if
Vx1,x2 € X 3f € A such that f (xq) # f (x2).
A C C (X) strongly separates the points of X if
Vx1,x2 € X 3f € A such that f (x;) # f (x2) = 0.
Df. A real algebra A is fully noncommutative if any nonzero linear and
multiplicative functional F : A — H is surjective.
A is not fully noncommutative iff {F (a) : a € A} is isomorphic

with R or C for some H-valued multiplicative functional F on A.

Df. Let®: M — Hom(X):®(T)= Py be an homomorphism of
the group M onto a group of homeomorphisms of a compact set X.
We define

feCu(X):fodr(x)

df = Tof(x)
C]H(X’CD){ forxe X, TeM }
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Gelfand Transformation
For a commutative real or complex uniform algebra A :
A931—>é€CC(X):§(X)d:fx(a), (5)

A2 AC Cc(X),

where X = M (A) .For a real algebra A and for any x € X also the
complex conjugate X = T (x) of x is an element of X hence the
representation of A as a subalgebra of

Ccx.ne {fe Ce(X): f(T(x) = (%) forxex}.

An important feature of such representation is that /* maps preserves the
spectrum, that it maps the set of invertible elements of A exactly onto the
subset of A consisting of functions that do not vanish on X. We will
construct a similar representation for a noncommutative uniform algebra.
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Theorem. If A is a real uniform algebra then there is a compact
set X and an isomorphism ® : M — Hom (X) such that A is
isometrically isomorphic with a subalgebra A of Gy (X, ®).
Furthermore a € A is invertible iff the corresponding element 3 € A
does not vanish on X.

If A is fully noncommutative then A = Cy (X, ®).
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Theorem. If A is a real uniform algebra then there is a compact
set X and an isomorphism ® : M — Hom (X) such that A is
isometrically isomorphic with a subalgebra A of Gy (X, ®).
Furthermore a € A is invertible iff the corresponding element 3 € A
does not vanish on X.

If A is fully noncommutative then A = Cy (X, ®).

We have obvious candidates for X, ®, " :

X L oy (A)
= IH-valued real-linear & multiplicative functionals,
dr(x) L Tox, a(x) L x(a). (6)
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For x € X we may encounter three distinct cases - the set
{Tox: T e M} maybe
@ equal to the singleton {x} if x (A) =R, or

o homeomorphic with the unit sphere in IR® if x (A) is a 2 dimensional
commutative subalgebra of H isomorphic with C, or

e homeomorphic with M if x (A) = H.
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Consequently the set Mg (A) can be divided into three parts Xi, X2, Xs:

Xy = {x€X:Tox=x, forall T € M}
{x e X:x(A) =R}

- that set is equal to the subset of X consisting of the points where
all the functions from A are real valued:

o X, = {x € X:dimx (A) = 2} = union of disjoint copies of the unit
sphere in IR3; the algebra A restricted to X; U X, is commutative;

e X3 = {x € X:x(A)=H} = union of disjoint copies of M and the
algebra A restricted to X3 is fully noncommutative.
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To prove the Theorem we need to show that
@ My (A) is compact and the map " defined by (6) preserves the
norm, and

@ any noninvertible element of A is contained in a kernel of a functional
from My (A), and

Q@ A= Gy (X, ®) if Ais fully noncommutative.
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Theorem [Aupetit-Zemanek]. Let A be a real unital Banach algebra. If
lim {/||a"|| = ||al| , a € A then for every irreducible representation
m:A— L(E), the algebra 1t (A) is isomorphic with its commutant Cy in
the algebra L (E) of all linear transformation on E.
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Proof - Part 1. Since Cy is a normed real division algebra it is isomorphic
with R, C, or H. The map " is an isomorphisms of A into the algebra of
H-valued functions on X = My (A) = the set of all irreducible
representations of A. Let ¢ be the strongest topology on X such that all
the functions 3, a € A, are continuous. Assume (X, (T) is not compact and
let xp be a point from BX\ X, the operator A> a — 4(x)) € H is an
irreducible representation on A so xg € X, contradiction.
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Proof - Part 1. Since Cy is a normed real division algebra it is isomorphic
with R, C, or H. The map " is an isomorphisms of A into the algebra of
H-valued functions on X = My (A) = the set of all irreducible
representations of A. Let ¢ be the strongest topology on X such that all
the functions 3, a € A, are continuous. Assume (X, (7) is not compact and
let xp be a point from BX\ X, the operator A> a — 4(x)) € H is an
irreducible representation on A so xg € X, contradiction.

To show that /" is injective we need to show that A is semisimple. Fix

0 # a € Aand let A, be the closed subalgebra of A generated by all the
elements of the form g (a), where q is a rational function with real
coefficients and with poles outside the spectrum of a. Notice that A, is a
commutative uniform algebra such that so radA, = {0} . If b€ A1 N A,
then b~! as given by a rational function is in A,, that means that
A"1NA, = A;l Hence A,NradA C radA, = {0}, so a ¢ radA and,
since a was arbitrary, A is semisimple.
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Part 2. Put
R = {(fg—gf)2 € G (X): f,gez\}
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Part 2. Put
R = {(fg—gf)2 € G (X): f,gez\}

Vwp, = ap + bpi + cpj +dpk,p=1,2

2
(wiwy — wowy)

_{ 2(bi— ba)ij+2(bidy — bydh) ik )
+2 C1d2—C2d1)_]k

= 4((bicy — by ) k — (bidh — bydy) j+ (c1dh — cady ) i)
= - <<b1C2—b2C1) +(b1d2—b2d1) +<C1d2—C2d1))
€ CIR<X)
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Part 2. Put
R = {(fg—gf)2 € G (X): f,gez\}

Vwp, = ap + bpi + cpj +dpk,p=1,2

2
(wiwy — wowy)

_{ 2(bi— ba)ij+2(bidy — bydh) ik )
+2 C1d2—C2d1)_]k

= 4((bicy— byc1) k — (bydy — bydh) j+ (c1dh — ) i)?
= - <<b1C2—b2C1) +(b1d2—b2d1) +<C1d2—C2d1) )
€ (r (X)

Let ~ be an equivalence relation on X defined by

x1 ~xp iff h(x1) = h(x2) forall he R,

let Xo = X/ be the quotient space, and let 77 : X — Xy be the natural
projection.
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Forxe X, IfeR f(x) #0 <= x€ X3
X1 ~ xp<=>ker x; = ker x»

X1 NX2<:>{TOX1 : TGM}I{TOXQ : TEM}.
Let Ax be the closed unital subalgebra of A generated by R. By the
Stone-Weierstrass Theorem
Ar = {g€e r(X):g=conston {Tox:T e M}}
~ Cr(Xo).
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Forxe X, IfeR f(x) #0 <= x€ X3
x1 ~ xp<=>ker x; = kerx,

xirvxp <= {Tox: TeM}={Tox: TeM}.

Let Ax be the closed unital subalgebra of A generated by R. By the
Stone-Weierstrass Theorem

Ar = {g€ Cr(X):g=conston {Tox:T e M}}
~ Cr(Xo).

Suppose that 7 € A does not vanish on X and put

h = m € Cr (X). Since M consists of isometries h; is constant on
the sets {Tox: T € M} so h;! € Agx C A. Put h, = Re (fh;'!);
again h, is constant on the sets {Tox: T € M} so h,! € Az C A.
For any quaternion w = a + bi + c¢j + dk of absolute value one the
reciprocal w—! of w is equal to its conjugate w = a — bi — cj — dk.
Since fhl_1 is unimodular function in A with its real part also in A the
inverse of fhfl and consequently the inverse of f are in A as well.
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Part 3. Fix xp € X and let f1, h, 3, f4 € A be such that
filxo) =1 hH(x0) =if(0)=]h(xo) =k
Let Uy be an open neighborhood of xg such that
|fp (x) — f, (x0)] < 1/4 for x € Uy

and p=1,2,3,4.
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Part 3. Fix xp € X and let f1, h, 3, f4 € A be such that
filxo) =1 hH(x0) =if(0)=]h(xo) =k
Let Uy be an open neighborhood of xg such that
|fp (x) — f, (x0)] < 1/4 for x € Uy

and p=1,2,3,4.
Let go € Crr (X, @) and assume the support of gy is contained in

Vo & 1 (7t (Up)). For any x € Up, the numbers

fi (x),f(x),f(x),fs(x) can be seen as linearly independent vectors in
H ~ R* so there are unique real valued functions h, defined on Uy such

that
4

g (x) =Y hy(x) £, (x) for x € Up. (7)
p=1
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Let x € Up and let x' = T o x be another point of 771 (77 (x)), where
TeM

go( )—Togo Z x) Tofy(x)= th(x)fp(x/).

Hence h,, p = 1,2, 3,4 are constant on the sets of the form a1 (1t (x))
and consequently can be naturally extended to Vj, furthermore they can
be extended to the entire set X by assigning value zero outside Vj. Since
the coefficients with respect to a fixed basis in IR* are continuous
functions of a vector in IR*, the functions hp,p=1,2,3,4 belong to

Cu (X, ®)NCr (X) = Ag C A. Hence gy € A.
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Let x € Up and let x' = T o x be another point of 771 (77 (x)), where
TeM

go( )—Togo Z x) Tofy(x)= th(x)fp(x/).

Hence h,, p = 1,2, 3,4 are constant on the sets of the form a1 (1t (x))
and consequently can be naturally extended to Vj, furthermore they can
be extended to the entire set X by assigning value zero outside Vj. Since
the coefficients with respect to a fixed basis in IR* are continuous
functions of a vector in IR*, the functions hp,p=1,2,3,4 belong to

Cu (X, ®)NCr (X) = Ag C A. Hence gy € A.

We proved that for any point xp in X there is a neighborhood V{ of

1 (7t (x)) such that Ay, = Gu (X, D)y, Let

Ve =771 (7t (Us)),s € S be a finite open cover of X consisting of such
sets. Let Y .5 as = 1 be a finite partition of unity in Cr (Xp)
subordinated to the cover 7t (Us),s € S of Xy. For any g € Cy (X, P) we
have g (x) = Y5 &s © 7T (x) g (x) where suppas o g C Vs so g € A.
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Corollary.  Assume A is a fully non commutative closed subalgebra
of Ciy (Y). Then A = Cy (Y) if and only if A strongly separates the
points of Y.

We do not assume here that A contains all constant functions; if we
assume that the constant functions i, j, k are in A then the above version
of the Stone-Weierstrass Theorem easily follows from

Ref = (f —ifi— jfj — kfk) /4.
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For a fully non commutative real uniform algebra A its maximal ideal
space My (A) consists of disjoint copies of M, and at any point is locally
homeomorphic with a Cartesian product of M with another set. Quite
often we also have a global decomposition: Myy (A) = Y x M. However
such global decomposition can not always be achieved neither its analog in
the commutative case.

September 27, 2006
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EXAMPLE.

In the commutative case when A C C¢ (X, T) and we can divided X into
three parts X1, X, and X3 such that A‘X1 is a complex algebra, A‘X2
consists of complex conjugates of the functions from A|x,, and Ay, is
equal to Cr (X3). It is easy to select X3 = {x € X : T(x) = x}, we may
also easily select one point form each equivalence class x; ~ xp iff

T (x1) = x» to get X; and we can form X, from the remaining points.
However we may not be able to make the sets Xj, X5 closed so

Aix,, Ajx,may not be uniform algebra.

For example

A={feCe(s):f(e) =F () foro<t <}

where S! is a unit circle.

This is the reason we represent a real commutative uniform algebra as a
subalgebra of C¢ (X, T) rather then, what may seem more appealing, a
direct sum of Ajx,, A|x,, and Ajx,.
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QUESTION

We proved that the algebra IH has the following property:
Any subalgebra A of Cpy (X) = Cr (X) ® H that strongly
separates the points of X and such that {f (x) : x € X} =H
for all x € X is equal to Cgy (X).

We also know (Stone-Weierstass Theorem) that the algebra R has the
same property. It would be interesting to find other algebras with that
property.
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Corollary.  Assume A is a real m-convex Hausdorff algebra with the
topology give by a family {p, : « € A} of m-convex seminorms. If

(pa(a))® = po(a?), forac AacA

then A isometrically isomorphic with a subalgebra A of Cp (X, ®).
Furthermore a € A is invertible iff the corresponding element 3 € A
does not vanish on X.

If A is fully noncommutative then A = Cy (X, ®).
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Questions

e What about real semisimple subalgebras of Cyy (X)?
@ What about real algebras A with

||ab|| = ||bal|, for a,be A?
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Lemma. For a complex unital Banach algebra A if
[labl| —[[ball < e][a]l [[b]l[ for a,b€ A

then
|ab — ba|| < & ||a]|||b]|, for a, beE A,

I _ 4
where ¢ = e
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Proof. Put
¢ (A) = exp (Ab) aexp (—Ab);

we have
|[[all — llexp (Ab) aexp (—Ab)|||
< ellexp (Ab) 2| [lexp (—AD)||
< ellallexp (2]A] ||b]]) -
Hence
|exp (Ab) aexp (—Ab)[| < [|a]| (1 +eexp (2|A][[b]]))
o)

|a+ (ba—ab) A+ () A%+ .|| <|la]| (1 +eexp (2]A][|b]))
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Taking the first derivative at 0 and estimating on the unit disc [A| <1

lab — bal| < [|af| (1 +eexp (2][b]])) -
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Taking the first derivative at 0 and estimating on the unit disc [A| <1

lab — bal| < [|af| (1 +eexp (2][b]])) -

For t = — "€ we get
2[5 W€ 8

1
||lab— ba| < Hta (14+eexp (2||tb]]))

4
= - b||.
a1
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