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Multipliers in complex Banach spaces
and structure of the unit balls
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Abstract. Let X be a Banach space such that dim Mult(X) = «c. We construct an into
isometry from the space co or ¢ into X; we also prove that the sum of the images of such
isometries is dense in X,

1. Introduction. Let X be a complex Banach space. We denote by B(X)
the closed unit ball in X and by E(X) the set of all extreme points of B(X).
By a multiplier on X we mean any continuous linear map §: X — X such
that there 1s a function ag: E(X*) — C with

S*(x*) = ag(x*)x*  for all x* in E(X*).

Note that ag is uniquely determined, bounded and can be extended to a

weak* continuous function on 4 := E(f*)\{O}, where the closure is taken in
the weak™* topology. Mult(X) denotes the algebra of all multipliers on X. Tt
is obvious that the map

Mult(X) 35 —age C(d)

is an isometric algebra isomorphism from Mult(X) onto 2 closed subalgebra
of C(4).

Multipliers have been investigated in different branches of mathematics
{[1-3, 5-6]). The fundamental result in this field states that any Banach space
can be considered, in a canonical way, as a module over Mult(X). If
Mult(X) is finite-dimensional we have

M) X=X,8X,®..®X, with l[(x,,..., x)| =supllxii: 1 <j<k]

where &k = dim Mult(X) and Muli(X}) = C‘Idxj for 1 <j<k In [3] Beh-
rends proved that if dim Mulit{X)} = co then for any ¢ > 0 there is a linear
map &, from ¢,, the Banach space of all sequences convergent to zero, into
X such that |la|l < ||P,(a)l| < (1 +¢)||a|| for any aec,. In this paper we prove
that there is always an isometric embedding. This result gives an affirmative
answer to the problem whether Mult(X) = C-1d, for any strictly convex
Banach space. To give more information about the structure of the unit
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sphere in a Banach space X with Mult (X} infinite-dimensional we prove that
for any xe B(X) there are, in B(X), isometric copies of B(cq) or of B{c)
arbitrary close to x; by ¢ we mean the Banach space of all convergent
SeqUEnCes.

2. The results.

TuroreM. Let X be a Banach space with dim Mult(X) = oo. Then for any
Xo€ X with ||x¢ll =1 and any £y > O there is an into isometry & from cq or ¢
into X such that ||®(¥)— x,|| < &g for some y of norm one from the domain of
@

CorovrLary 1. Let X be a Bunach space and assume that there is an open
subset U of ¢B(X), the houndary of the unit ball in X, such that U does not
intersect any segment of length two comained in ¢B(X). Then Mult(X)
= C-1dy.

Proof. By our theorem we get dim Mult(X)} -~ oo, and then from the
remark (M) we get dimMult(X) = 1.

CoroLLary 2. Let X be a Banach space and assume that B(X) contains
no segment of length two. Then Mult(X) = C-ldy.

Coroviary 3. For any strictly convex Banach space X we have Mult (X)
= - 1dy.

Remark 1. Note that the theorem cannot be generalized to state that
“... there is an into isometry from ¢ into X such that ...". To get a simple
example put X =c¢ and x; =1.

Remark 2. Neither can the theorem be strengthened to *... ¢(y) = x4
for some y from the domain of ®”. We give two examples of different pature.
The first one is taken from [7].

(a) X = disc algebra, i.e. the algebra of all continuous functions defined
on the closed unit disc D on the complex plane which are analytic in int D,
and x, = 1.

(b) Let /2 [0,1]— R be a C* function such that
fO=1, f(H=0 fHP0M=0frk=12,...,
f is strictly decreasing.

Let X’ be the disc algebra with norm given by
Hglll = sup {f(lz) g (2}: z€ D}

and let X be the completion of (X', |||} X can be represented as a
subspace of Y = {heC(D): hlgp =0}. It is evident that E(X*) < D and
Mult(X) = H*®(D). We prove that there is no into isometry from ¢, nor from
¢ into X such that the image of the unit ball contains 1. To this end assume
that @ is such an isometry and let ae Bicy) (ac B(c)) be such that ¢(a)



Multipliers in complex Banach spaces 199

=1eX'. Let ¢* be the usual Schauder basis of the space ¢* =1{' and put
et c—C, e%(ay,az, ..))=lhma,
We consider two possibilities:
(i) There is exactly one n in Nu{oco} such that |e}(a) = 1.
(ii) There are n# m in Nu{oc) such that |e¥(a)| = |e(a) = 1.
Assume first that (1) holds and let becy, b # 0, be such that

lat+ Ab| <1 for all A in C with |d] =1.

Any element of X can be viewed as an analytic, possibly unbounded function
defined on int D, Hence there is Aae C, |Ag] = I, such that the first nonzero
derivative at the point O¢ D of the function G, = A, ®(b) is positive. We have
also

gol(z) = Mag+zh(z)) Tor z in D,

where & is a nonnegative integer, oy > 0 and h is an analytic function on int D.
By our assumption we have

lla+dgbli <1, @{a+lyb)=1+g,.
To get a contradiction we show that |||[1 +gglli > 1. We have
1T +golll = sup {f (2Dt +gol2)l: zeDj
= sup {11 —f{|z|)])| 1+2*(ag +zh(2))|: ze D}
zsupil +azi—¢(2): ze D}
where
e() = hEI+(1—f (D1 +lag %)  for zeD.
By our assumption about f there i1s C > 0 such that
e < CI iz < d
Hence
1L+ golll > sup {11 +ao 2 —Cl**Y: Jzl< 4} > L.

Assume now that (ii) holds and let n # me N U {co} be such that |} (a)]
= |eX(a) = 1. Let F,, F, be the norm one functionals on X, given by the
Hahn-Banach theorem, such that

enb) =Fo (@(B)), €7 (b) = F.(®(D))
for all b from the domain of &. We have
[Fo(D)] = lex (a)l = 1 = len(a)l = |Fn (1),
and on the other hand ¥ = X3¢ —F(g) =¢g(0)e C is the umique norm one
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functional on X such that F(1) == 1(0) = 1; hence F, and F, are proportional
which is absurd.

Remark 3. As was mentioned in the introduction, any Banach space X
is a module over some function algebra, and if X is actually a function
algebra, we get a trivial representation, i.e. Mult(X) = X. In this situation it
can be deduced from the Theorem of [7] that our theorem can be extended
as follows.

For any function algebra X

) X = C(S) for some compact set S, or

2) For any compact merric space K there is an isometric embedding of
C(K) into X.

The above resuit does not hold in general. That is, there is a Banach
space X such that Mult(X) is a function algebra not of the form C(S) but
X* is separable, so X contains no C(K) space with K uncountable, An
example of such a space X is the space from Remark 2b. In order to prove
that X* is separable it can be shown that for any countable dense subset A
of int D the set of all linear combinations of evaluations at the points from A
is norm dense in X*.

Finally, we note that we only consider the complex case since in the real
case all the results presented here are well known (and easy).

3. Proof of the theorem. Before proving the theorem we need some
definitions and notation.

For a Hausdorfl space § by a function algebra on § we mean any
algebra of bounded functions defined on S, which contains the unit and
which is complete in the usual sup norm topology. For any bounded
function f defined on S and any subset S’ of S we define

Iflls- = sup {|f(s): seS}.

For any bounded subset G of the complex plane C we denote by G the
polynomially convex hull of G, i.c.

G =lzeC: |p(z) < |lpll for any polynomial p}.

For any such G we denotc by A(G) the closure in the sup norm on G of the
algebra of all polynomials. We obviously have A(G) = A(G).

By ChA and 34 we denote the Choguet and Shilov boundaries,
respectively, of a function algebra A.

For a complex number w and a positive number r we put

and we write D in place of D(0, 1).
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For any w # zeintD we define
Ay ={feAD): fW=f(wp=f(1)=0=f"(z) = f"(z) and f(2) = 1}.

For any weint D we denote by B, the corresponding Blaschke factor,
ie.

B, (z)=(w=2)/{1—-zw) for z in D.

Our proof is rather technical so we divide it into a number of steps.
We will use the following propositions; the first three are well known.

PropositioN 1. Let A be a function algebra on a Hausdorff space S. If
dim A = oo then there is an fin A such that the set f(S) is infinite.

ProroSITION 2. Let G be an open, bounded, connected subset of the
complex plane and assume that 0G, the boundary of G, is homeomorphic to a
circle. Then there is a homeomorphism g from G onto D such that gl is
analytic.

CoROLLARY. Let G be a bounded infinite subset of the complex plane. Then
there is a homeomorphism f in A(G) which maps G onto a set G* such that
G cintDuU {1} and 1 is a cluster point of G'.

Proof. By an appropriate translation of the complex plane we can
assume, without loss of generality, that O is a cluster point of G and that
there are no cluster points of G in the set C, = {ze C: Rez > 0}. The set K
of all isolated points of G is at most countable so there is a half-line L such
that L~ K = {0}. By moving G again we can assume that L= {ze C: Re:
20,Imz=0!. We define y: R—R by () =dist(r, 0), G} Then x is
continuous and

GnlzeC: [Imz| € x(Rez), Rez 2 0] = {0].

Hence using y, —y and some arc we can define a Jordan curve J such that
0eJ and G\[0! is contained in S, the bounded component of C\J. By
Proposition 2 there is a homeomorphism g, in A(S), from § onto D and we
can assume that g(0) = 1. To end the proof we put f =glg.

ProposITION 3. Let A be a function algebra on a Hausdorff space S, let
JeA and let ge A(f(S)). Then gofeA.

ProposiTioN 4. For any woyeint D and any sequence {(w,) = in int D with
limw, = 1 there are a sequence f,e A“’n'"’o and a sequence g,e A, W, such that
im| S| = lim|lgJl = 1 and f, — 1 and g, — O uniformly on compact subsets of
D\ 1},

Proof. We need the following statement, which is an immediate conse-
quence of Lemma 1| of [4]:
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For any ¢ = 0 and any open neighbourhood U of 1 in D there is a p in
A (D) such thar

pll =1+4¢, p{hy=1, Ipwl<ec for weD U,
lip—Re™ pll < ¢
where for a complex number w we put Re® w = max(0, Rew).

Let wy be as in our proposition and fix any open neighbourhood U of 1.
Without loss of generality we can assume, in the above statement, that
wo it U and then, by putting (p—p(wo))® in place of p. we cun also assume
that

plwe) = p'{wp) = p"{wg) = O

Fix now ne N such that Rep(w, = |l —¢. By the samc argument as
above there is a g in A(D) such that

lall < L+e, q()— 1. llg—Re" gl < «.
lgiw) < ¢ for all we D such that Rep(w) < Rep(w,).
4 (wo) = ¢'(wo) = ¢"(wo) = 0.
Put
o= (p—aflplwd—q(w)).  fo=1-(1=1)".

By a direct computation it is easy to verify that fie A, ., and J|f]| <1
+ 100¢.

The construction of a sequence (g,).%, is analogous.

ProposiTion S. Let A be a function algebra on a compact Hausdorff space
S, let ' < S be a peak set for A and let p be a lower semicontinuous and
strictly positive function defined on § with plg = 1. Then there is an f in A such
that f(s) =1 for se€§ and |f(s)| < p(s) for seS\S"

Proof. The above proposition is very well known in the case when p is
continuous [9, p. 611

Let p be as in our proposition and let g: S — R be defined by
1 for se¥§',

Q(S) = M [} . wl r

inf{p(s): seS} for seS\S".

We have g < p and ¢ is upper semicontinuous, so by the theorem of Tong
[10] there is a continuous function p’ defined on S such that

0<g<p<p

The function p’ is continuous, strictly positive and p'ls = 1, hence there is an
fin A such that flg =1 and |f (s}l < p'(s) < p(s) for se5\§"
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For the proof of our theorem we also need the following lemma.

Lemma 1. Let f be a real, nonnegative function defined on a ser G

comtained in the complex plane. Assume that 1e G < intDU I, || fllg = 1 and

f(w)-+0 as w— 1. Then for any £ > 0 there are fe A(D), 756G and § > 0
such that

(i I ~flic <e,  1FI=1,
(ii) | (W) + 1B (W)l €1 for weG.
Proof. Assume without loss of generality that £ < 0.1. Put
to =inf{t > 0: t(1 —eRew) > f(w) for all weG!,
and let z,e G be such that

to(I—eRezy) = limsup f(w).

, wtIg
Note that 1-2¢ <t; < 1+ 2¢ and that by our assumptions z, # 1. Let
hiw) = kiw—ay)*  for weC

where k > 0 and aye C are such that the plane in C xR given by wit,(1
—& Rew) is tangent to the surface w]h(w)| at the point (zy, ! —Rezy). By a
direct computation we get

k=¢e’ty(l —Rezy)™ /4,
ay = Rezy+2{(1 —-Rezy)/e+ilmz,.
Hence we have
[l—h(w)| <4¢ for any w in D.
Put
W) =k|w—ay|®*—1,(1—sRew) for weC.

The map ¢ defines a rank two surface in R? = C x R which is tangent to the
plane C x {0} at the point z,, so for any sufficiently small & we have

p(w) € 28 lw—z4/2  for weD.
Hence

to(1—&R
o =EREM) 1 et for web
klw—ayl

So to end the proof of the lemma it is sufficient to put f = 1/h and to take
o = 0 such that

O1B, (W)? < 6'|lw—zo)® for any win D,
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Now to prove our theorem, fix & > 0, xo€¢B(X) and assume
dim Mult (X) = 0. By Proposition 1 there is a T in Mult(X) such that the
set G = ap(4) is infinite. For any x in X and any w in G we define

%(w) = sup {{x*(x)|: x*e 4, ar(x*) = w}
and we extend % to G by

£(wo) = limsup %(w) for woe G\G.

weli,w—wh

Note that £ is an upper semicontinuous function on G and that x|l = ||xll¢-
Mult (X) is isomorphic to a function algebra on 4 so, by Proposition 3, we
have [ (T)e Mult(X) whenever f € A(G). Moreover, for any such f and for any
x* in E(X*) we have

x* (£ (1)) = £ (ar)(x*) x* ().
Hence, for any f¢ A(G), we have
(%) (f(T)(x) (W) = |f| £(w) for all w in G.

The above observation (x) will play a fundamental role in the whole proof.

The idea of the proof is the following:

Using “peaking” functions of the algebra A(G) we construct a sequence
X,, X3, ... of norm one elements of X and a sequence w,, w,, ... of elements
of G such that £,(w,) = 1 and the supports of X, are “almost disjoint”, i.e. the
sets {zeG: %,(z) > ¢} are pairwise disjoint. Then, using (#), by the same
method as in Lemma 1 we perturb x, slightly to obtain a sequence X}, X, .00
of norm one elements of X also with “almost disjoint™ supports and such
that we can estimate their behaviour near their peak points w, = w,’

") L (w) < 1-8|B5 (w) for all w in G.

Next, by Proposition 4, we find, for each ne N, a function g, from A(G) such
that |ig,l| s very close to 1 and

ga(wa) =1,
gu(wp) =0 for n#m,
g (W) = gu{w,) =0 for all n,m in N.
We put v, = (g.(T))(x;). By the Schwarz Lemma, for all w in G we have
lg. (W)l < (1+2)|BL; (W)l for n#m,
g (W) — 1] < (L+2) B3 (w)l.
Hence for any w in G we get

() Falw) S 1=0"{BZ (W),  Fa(w) <&'|By (W for nsm.
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Finaily, using the “almost disjointness” of the supports of 7, and (!) and
(") we prove that

Y awy <1 for any weG.
n=1

The above inéquality, together with |jy,|l = 1, is equivalent to the statement
that

o

Co3(ay, Az, .. ) Y a,y,

n=1
is an isometric embedding of ¢, into X and will end the proof.

We divide the proof into two parts according to the following condi-
tions:

A. There is a cluster point a, of ¢G such that

lim %4(w) = 0.

W dg
B. For any cluster point a of éG we have

limsup xo(w} > 0.

w =g

Part A. By the corollary from Proposition 2 and by Proposition 3,
composing 1, at the very beginning, with an appropriate analytic map we
can assume that

G cimtDu {1},
1 is a cluster point of &G,
f(w)—0 as w—1,

Let (w),2, be a sequence of complex numbers and let (r,));>, be a
sequence of positive numbers such that

(1) w,eéGnintD for all nin N,
(2) limw, =1,
(3) Dwy,r)nDw,,r,)=0@ for all n £ m.

To simplify the notation we will write D, in place of D(w,, r,).

Put f = %, £ =¢¢/2 and let f, & and zoeG be as in Lemma 1.

By Proposition 4, taking an appropriate subsequence of (w,)7., we can
assume without loss of generality that there are f, in Aw, .z and fom in A o,
such that

@ I flle <140/4, |I] fam =1 <c i Zw) e,
n= n=1
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| =2

E)

S (11 fom

(6) inf (B (wll: we U D} > 172,
=1

M 1 Zow) << 0015 for we ) D,.
1

n=

Taking r, smaller if necessary, we can also assume that
(8) sup ||B (w): zeD,} = $5-001/2"  for all nin N,

where s an absolute constant which we will define later on.
We will now define an isometric embedding ¥ of ¢ into X in two steps.
In the first one we define a sequence (x,)75 o of elements of X such that

o

l’l -

co g, ay, ay, . Jrr ) @, xE X
=0

is an isomorphic embedding of ¢, into X with 111 close to one, and
in the second step, using the functions f,, f,» and f we slightly modify our
sequence (x,),=, to get a sequence (y,).., in X which defines an isometric
embedding of ¢, into X.

We now define by induction a sequence (x,),., of clements of ¥ and a
sequence (z,),%, of clements of G such that

(N x| =1 = %,(z) for neN,
(10) X, (w)+1o|BI (W)l <1 for neN, weG,
(11)  £,(w) <0015/ for weG\D,.

Assume we have defined x,, ..., x,_, and 2, ..., Z,-; (if n =1 there is
no assumption). Put G, = B, (G) and let pe A(G,) = A(G,)} be such that

(12 p(O) =1=llpllg,. Ip(w) <0018/2""* for weG,\ By, (D).

Such a p exists since 0 = B, (w,), w,€ 6G and ¢G, = Bwn(?’@), and moreover
the Choquet boundary of 4(G,) is equal to the topological boundary of G,
By Proposition 5 we can also assume that

[p(w)] <w—1"? for win B, (D).

Hence we can put the function wip(w)(1—w)® in place of p to get a
function in A(G,) such that (12) is still satisfied and moreover we have

{13) lp(w)] < 1—Rew for we G,\D(0, 1/2).
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Let x§e E(X*), v B(X) be such that
[poB, (ar(x9) =099, |x§(x)| > 099.
Put
y=(poB, (T)(x)
We have
=|poB, |X, 1Z|yl= Vlar(x)) = 0.98.
We have B, oB, =Id, and we can define g: G, R by
g=yoB, =IpixoB,,
Put
to =sup{t = 0: 1 —Rew = tg(w) for all win G,}
By (13) we have t, < o. Put g, = t,¢ and let wye G, be such that
1 —Rewy = gol(wohi

such a wy exists since g, s upper semicontinuous. From (12) and (13) we
have

(14) woe B, (D), 09=<t <1l
Put
-2
h{w) = (Wt %o ) for weC.
4(1—Rc Wo)

Note that the plane in € x R given by w—1—Rew is tangent to the surface
wr—|h(w) at the point (wg, 1 —Rew,). We put

1
X, = (;z > Bw"(n>“0 ¥h

we have
1 -
(15) X, =|70B, |tey = P oB, 1pX
h " h ?
(16) X, 0B, = go/lhl.
Hence we get
i = l%ltg = 12,0 By flg, = sup 2 ()

Ifl
l—Rew 1—-Rew,
|h(w)i |71 (wo)l

< sup
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and
-\:n(Bw"(w())) = 1
so we can put z, = B, (wg) and (9) is fulfilled. Inequality (11) is a consc-

quence of (15), (12) and (14). To check (10) it is sufficient, by (15), to show
that
(17) do{w)

[h(w)

and since by the definition of ¢ and g, we have go(w) < 1 —Rew for any w
in G,, it is sufficient to show that
4(1--Rew)(1 —Rewy)

18 ST Y KIBL (w) €1 for D.
(18) I+ vig 2 16 1Bug (W we

+r'g]Bi0(w)| <1l for weG,

Note that for wy = 0 we have

4(1~Rew)

w2 +dwr <l for weD.

By a direct computation it is easy to deduce from the above inequality that
there is a constant f' such that (18) is satisfied whenever jwo| < f'; on the
other hand, from (8) and (14) we have |wy| < B2 so to get (18) it is sufficient
to define 8 to be cqual to £

Now we slightly modify the sequence (x,).2o, which satisfies (9} {11),
and we get a sequence (y,)72 o in X which defines an isometric embedding of
¢o into X. To this end we put

fo= n oo Gn= H j}.m
n=1 J=0,j=n
Vo= fof (N(x)),  ¥u=ga(Dlx)s n=12,...
We have
Yo =/of1 %0, ¥a=1gal %o
By (4) and Lemma 1 we have

10— Xoll = o= xo) llg = lI{fo /= 1) Xolle < o

So to end this part of the proof we have to show that the map @: ¢, — X
defined by

an

$((ag, ay,..0)= 2 ay; for {ao, ay, . )eC,

j=0
is a well defined into isometry. We have

lyal = Fulz =1 for n=0,1,2,..,
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so we only have to show that

a0
(19) Y suw)<t for any win G.

From the Schwarz Lemma and by (5), for any n # m, we have
(20) lg.(w)l < 2|BZ (w)] for win D

and by (8) we get

(21) lga(w)— 11 < 3B (W)l <~ 2(w) for weD,.

From (4) and (6} we also get

22) folw < 1+43BZ Wl for weG\ U D,,
a= |

(23) [foWi < 21BE (W) for weD.

Let w be any point of G\({J;%, D,. By (11), (20), (22} and Lemma 1 we
get

- . - il - N z 0014
2 Falw) = Jo(w)+ Z g, (W)l (W) < fol 11 %0+2 3 |BF (W) IF
r=0 =

L

< 1ol (1S 1B2, (w))) + 0.018 | BZ, (w)
< (1418182, (W) (1 — 8 [B2, (w)) +0.015|B2 (w)f < 1

Assume now that we D,; successively by (23), (7}, (20), (11) and (21) we
get

Falw) = 1ol |1 0+ Z |G, (W) X, {w)

gl

n=0
. = 0.016
S2UBL (001542 Y BR ()] 7505 g (9] &l
n=1.nxk

< 0038 1B (W)l +(1+0.035 B2 (w)|){(1-0.11B% (w)l) < 1

Part B. For this part of the proof we nced the following two auxiliary
results. The first one is an immediate consequence of the Michael-Pelczynski
theorem [7, § 4].

TueoreM (Michael-Pelczyaski). Let G be a compact subset of the unit
disc D and let () o be a sequence of distinct points from 0G such that z; — z,
as j— o0. Then, for any £ > 0, there is a sequence (f);2 in A(G) such that
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=1 = f(z or RUNE
(24) WAl =1 = jjlz)  Jor all jin !
IZ f}(“'}*ll g for all win G,
=

and

¢alay, da;. .} Z ajfjeA(G)
j=1

is a well-defined into isometry.

LemMa 2. Let G be a subset of D, let p he an upper semicontinuous
nonnegative function on G and let § — ’G D be a peak set for A(G) such
that pl¢ = K = 0. Assume that there are an ¢ >0 and a wye G mint D such
rthat A

(25 llpilg = L = plwel plw) = 1= 26(BL 0] for w in G.
Then there are fo. go in A(G) such that

(2600 fos=1. lfotgo— e = 4z,

27y {Hipgolic = 1 = pgolweh

(28) |P90(W)|+¥|fo(w)| =1 forall winG.

Proof of Lemma 2. Let ke A{G) be such that
kil =1, kls=1, Jk{w) <1 [forall win G\S.
Fix a positive integer n and define
U,=zeC: 1=z < (1+e){1—-]=")}.

U, is an open set which contains the segment [0, 1) on the real axis, so by
the same argument as in the proof of the corollary of Proposition 2, there is
an [ in A(D) = A (k(G)) such that

i =1, =1, HkGN\1))=U,.

Composing ! with an appropriate Blaschke factor we can also assume that
I(k{wg)) = 0. Put f =(lok)". We have

Ifl=1 fls=1, SO =Uy,
flwo) = S (wg) = ... = [M(wg) = 0.
Hence, by the Schwarz Lemma, we get
Lf(w) € [ch(w)r'+I for all w in G.

Note that the sequence (B} )iz tends uniformly to zero on any compact
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subset of int D so, taking n sufficiently large and since p is upper semiconti-
nuous, we can assume that
(29) [/ (w)l < Ke|By (w)l  for any we G with p{w) > (1+2)K.

Put
g(w) = K/pw)—|fWI{1 -2t —K(1+¢))~-K(l+¢) for weG.
Then g is a lower semicontinuous function such that

gls = 2, q(w) ==& for any we G such that p(w) < (1 +¢)K.
By Proposition 5 there is an h in A(G) such that

Wy =26, bl = 26,
(30) N G
thiw) < g(w} for weG with p(w) < (1+e K.

We define go = 1 —f and f, = (1 —2¢) f+ ht. Now (26) is evident. From
(29) we have f(wg) =0 hence pgg(wy) = gglwg) =1 and [Ipgglle =1 will
follow from (28). We have to check (28). To this end let we G and assume
first that p(w) > (1 +£) K. By (25) and (29) we have

plw) . 5 : B2 :
|P90(W)|+?|.IU(W)| < (1=2 (B (wWI)(1 + Ke{BL (W)l +elBi,(wl) < 1.

Assume now that pf{w) < (l+c)K. Since f{(G)= LU, we have [go{w)
< (1+e)(1 ~|f(w)]). hence by (30) and the dehinition of g we get

Ipgo (W)l + p(wW) | fo (WH/K
< pw)[K (L= ML +e)+(1=28) | f )+ fhwI]/K
< pw)[If W (1 =2~ K1 +el+K(1+8)+q(w)}/K <

and this ends the proof of Lemma 2.

Now to end the proof of part B let x, and £y > 0 be as in the Theorem
and assume that T and G are such that the assumption of part B is fulfilled.
Note that

(31) If limsupXqo{w) =0 then wyeCG

W Twg
50 by our assumption we gel G <= G and
inf {%,(w): w is a cluster point of &G} > 0.

Since X, is upper semicontinuous there is a cluster point zy from oG
such that |, is continuous at this point. By the same argument as in the
proof of the corollary of Propositiom 2, and by Proposition 3, composing T
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with an appropriate analytic map we can assume that
(32) Gc D, 1 is a cluster point of G, Xl amp = 1

Let (z))j%, be any sequence of distinct points of G N 3D such that z; — 2o = |
as j— . Put §=1z;0 )= 0.1,2,...1. Any countable closed subset of ¢D
is a peak set for A(D); what is more, S is a peak set for AlG).

Put G = e C: 2z G} w1, define k: G — R by k(1) =0 and k(2)
= %o(2:) for 2z G, put £y =& and let f be as in Lemma 1. Define k, eA(D)
by k,(2z) = f(z). We have

ik, (T)(xo)ll = 1 = [ky (wo)l Xalwo)s Ik, (T){xa) = Xoll € tas
ikllio(w)-%élBE,o(w)l <1 for all win G.

So, by taking k,(T)(xc) in place of x,, we can assume without loss of
generality that there are a 5 >0 and a woe G ~int D such that Xolwe) =1
and

(33) So(w)+3[BE (W) <1 for all win G

by (31) we have woe G.
Let (f)%, be as in the Michael Pelczyniski theorem and put

f= 3 S (K=5o(z)BL )

We have fe A(G) and
flz)Bi ) = K~Rolz) forj=12 ..,
ILf1l = sup {|K —Rolz)l: je N}

Put x' = ((1+fo,0)(T))(x0). We have ||x'—x|| < [If]l and X'(z) = K for all j
in N. Since K ~Xg(z)) — 0 as j— o0, taking an appropriate subsequence of
(z;j2, we can assume that

i —xolt <&0/2,  1flle = 9/2,
hence by (33) and the definution of x’ we have
Z(w)+isB2 wl <1 for all w in G.

So, to simplify the notation, we can assume without loss of generality (by
putting x’ in place of xg) that

Put now p = Xq, ¢ = min{d, £)/4 and let f;, go be as in Lemma 2. Put

Yo =go(T)(xe), ¥ = fo AT (xo)/K
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and define &: ¢ — X by
®((ap, ay, ..)) = 2 4y,
j=0
By (27) we have ||yoll =lgol Xo(we) =1 and by (26) and (34) we
have |lyjll = 1fo fl{z) X (z;)/K = 1. On the other hand, from Lemma 2 we get
Z;';llfj(w)l <1 for weG and so, by (28), for any w in G we have

o()

| fo(w)l Z 1wl <

=1

L 55000 = lgo o) 2o )+

We have shown that @ is a well-defined into isometry; to end the proof note
that by (26) and (24) we get

[xo—@((1, K, K, K. - M| <{lgo+Sol T S)-1l <&
j=1
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