Local Isometries of Function Spaces

Krzysztof Jarosz and T.S.S.R.K. Rao

ABSTRACT. We show that for a large class of function spaces any isometry
that coincides locally with a surjective isometry must be automatically surjec-
tive. This class includes finite-codimensional subspaces of C (X) and spaces
C (X, E) of E-valued continuous functions for finite-dimensional or uniformly
convex and algebraically reflexive E.

1. Introduction

A linear map T from a Banach space A into itself is called a locally surjective
isometry if for each a € A there exists a surjective isometry T, : A — A such
that T'(a) = T, (a). A Banach space A is called algebraically reflexive if any locally
surjective isometry on A is automatically surjective. Clearly not all Banach spaces
are algebraically reflexive, for example an infinite-dimensional Hilbert space fails
that property. On the other hand any separable Banach space can be renormed
so that the group of isometries is trivial [12]. Reflexivity problems for subalgebras
of the algebra of all bounded linear maps on a Hilbert space have been among
the most active research areas in operator theory. Similar study concerning sets of
linear transformations on a Banach space was initiated more recently by Kadison
[14] and Larson [15], and continued in a series of papers by Molnar and others [5, 7,
17, 18, 19, 20, 23]. Since we have a precise description of surjective isometries for
most of the classical function spaces (see for example [2, 3, 6, 8, 11, 12, 16, 21]),
one has a good idea of how T locally looks like; getting global conclusions from
local hypothesis is a very basic problem.

In this paper we concentrate on locally surjective isometries of spaces of con-
tinuous scalar and vector-valued functions. In the first section we prove that any
finite-codimensional closed subspace of C (X) is algebraically reflexive provided X
is first countable. This extends a result of Molnar and Zalar [20] on locally surjec-
tive isometries of the C' (X)) spaces for first countable X. If the space X is not first
countable, then even C (X) need not be algebraically reflexive [20].

In the following sections we study locally surjective isometries of spaces of
vector-valued functions. We show that C (X, F) is algebraically reflexive for any
compact first countable set X and any finite-dimensional Banach space E as well as
for any uniformly convex and algebraically reflexive space E. We next investigate
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algebraically reflexive spaces E with trivial centralizer. Under the assumption that
e*(e) # 0 for all extreme points e of the unit ball of E and for all extreme points
e* of the dual unit ball , we show that any locally surjective isometry on C(X, E)
whose adjoint preserves the extreme points, is surjective. We derive a similar result
for @y FE.

In the concluding part of the paper we consider the space A(K, F) of affine E-
valued continuous functions defined on a compact convex set K. If K is a Choquet
simplex such that the set 9.K of the extreme points is a closed set then A(K, E)
is isometric to C(0. K, E) via the restriction map. Thus these spaces are a natural
generalization of the ones considered before. For a metrizable Choquet simplex
K and for a Banach space E satisfying the conditions imposed in the previous
paragraph and such that E* is strictly convex, we show that any locally surjective
isometry whose adjoint preserves extreme points is surjective. This gives the vector-
valued version of the main theorem in [23].

Unless otherwise stated our results are valid only over the complex scalar field.

2. Notation and Introductory Results

Our notation and terminology is standard. For a convex set K by 9. K we
denote the set of extreme points of K. For a Banach space F, Eydenotes the closed
unit ball and Z(F) the group of all surjective isometries of E. By D we denote the
closed unit disc. For a function space A C C'(X) and = € X we define §, € A* by
d. (f) = f(z), we put eX = 0. A5 N{d,: 2z € X}.

For a family of Banach spaces {W;},_; we denote by ;. ; W; the [°°-direct
sum of the spaces W;; that means, e W; is the Banach space of all bounded
functions w : J — ;¢ ; E; such that w (j) € Ej, where

[wll = sup{[jw ()]l : 5 € T}

For a compact Hausdorff space X and a Banach space E by C (X, E) we mean
the space of all continuous F-valued functions on X with the sup-norm: || f] =
sup{||f ()] : « € X}. In this setting we denote by 4, the operator from C (X, E)
into E defined by d, (f) = f ().

We will frequently refer in our proofs to the following result from [10] concerning
finite codimensional subspaces of C' (X).

THEOREM 1. Let X be a compact Hausdorff space and let A be a finite-codi
mensional subspace of the complex C (X) space. Assume that any function in A
has at least n > 1 distinct zeros. Then there exists a point x1 € X such that A C
{feC(X): f(z1)=0}. Moreover if X is first countable then there are distinct
points x1, Xz, ...,y i X such that AC {f € C(X): f(z1)=..= f(x,) =0}.

We may notice that a compact space X is first countable if and only if for each
point x € X the set {z} is G5. We will also refer to the following theorem (see [6],
page 147) which describes surjective isometries of C (X, E) spaces.

THEOREM 2. Assume that X is a compact Hausdorff space and E is a Banach
space with a trivial centralizer. Then any surjective isometry ¥ : C (X, E) —
C (X,E) is of the form

Vf(x) =7()(f () (2), forze X, feC(X, E),

where v is a homeomorphism from X onto itself and 7 : X — Z(E).
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3. Finite-codimensional subspace of C (X)

We first need to get a description of surjective isometries of finite-codimensional
closed subspaces A of C(X) that can be used to investigate locally surjective isome-
tries. Notice that the set X is not uniquely determined by A. Indeed, if A C C' (X1)
then we can take any functional F' on A with ||F|| < 1, put Xo = X3 U {z¢} and
define an isometric embedding J of A into C' (X32) by

 f(2) for feAzreX;
J(f)(x){F(f) for feAx=u.
Hence to get a reasonable description of a surjective isometry 7' : A — A in terms

of maps on X we need to assume that the set X is not artificially large. We say
that X is the smallest possible for A C C' (X)) if

dim (C' (X) /A)
= inf{dim(C (X')/J(A)):J: A — C(X') is an isometric embedding} .
One can show that such a smallest set is unique up to a homeomorphism, however
we will not need the uniqueness property here.
Notice that if X is the smallest possible then A separates the points of X since
otherwise we could replace X with an appropriate quotient space and lower the

dimension of C'(X) /A. For an x in X we denote by [z] the set of points 2’ in X
such that

f(x)=nf(a'), forall feA

for some complex number 7 = 7 (x, 2’). Since A is of finite codimension only finitely
many of the sets [z] are nonsingletons and all of the sets [z] are finite. Also none
of the numbers n = n (z,2') for z # 2’ has the absolute value one. To show this
assume x1, T2 are two different points of X such that there is a real number 6 with

fx1) =€?f(x3), forall feA.

Let h be a unimodular continuous function on X such that h (z1) = 1 = e7"h (22).
Define S : C(X) — C(X) by Sf = hf. For all g in the range of S we have
g (z1) = g (z2) hence S (A) and consequently A can be isometrically embedded in
C (X'), where X' is obtained from X by identifying the points x; and xo. This
contradicts our assumptions that X is the smallest possible.

THEOREM 3. Assume A is a finite-codimensional closed subspace of C(X),
where X is the smallest possible compact set. If ® : A — A is a surjective isometry,
then there is a surjective homeomorphism ¢ : X — X and a continuous unimodular
function x € C(X) such that

(3.1) (f)=xfop, forfeA
PROOF. For any subspace A of C (X) we have
0e.AT = {N\d; € eX, |\ =1},

where eX = 0. A5 N {0, : € X}. Since X is the smallest possible, eX is dense in
X, as otherwise we could replace X with the closure of eX. The conjugate map ®*
is a homeomorphism of d. A} onto itself so

(3.2) Q" (02) = X () 0y (), for z € eX,

where x () is a complex-valued unimodular function on X.
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To show that (x,¢) : eX — 0D x X is continuous and can be extended to a

continuous function on X let <xi/)ver ,© = 1,2 be nets in eX convergent to a point

o € X and such that x (x;) — xb, and ¢ (x

o* (5%) — ®* (§,), and x (J?%Y) (5@(%) - X%%ga

i

A/) — yi. We have

SO

X(l)(sycl) = X(Q)(Syg'
Hence the functionals (5yé and 5y§ are not only proportional on A but have the same
norm which as we noticed earlier is possible only if yé = y% ; consequently X(l) = X(Q)

as well. We will use the same symbols y, ¢ for the extended functions.
To show that ¢ is injective assume that ¢ (z1) = ¢ (z2). We have

0ay = (@) (X (1) Fp(any) = (%) (;EZ;X(”W“)) B iggém’

hence as before the functionals d,, and §;, are not only proportional on A but have
the same norm, so x; = .

The map ¢ is clearly surjective since it is continuous on a compact set and its
range contains eX which is dense in X. i

THEOREM 4. Assume X is a first countable compact Hausdorff space and A a
finite-codimensional subspace of the complex space C (X). Then A is algebraically
reflexive.

ProoOF. Without loss of generality we may assume that X is the smallest
possible for A C C' (X). Put ng Y dim (C(X)/A). We show that card (X\eX) <

ng. Assume to the contrary that x1, 2, ..., Tn,, Tny+1 1S & sequence of distinct points
in X\eX and let y,, be a sequence of Borel measures on eX such that

[t = @), o e
X

Notice that
no+1
AC ﬂ ker (5xj —uj) ,
j=1
and that the functionals 6., — p; € C'(X )" are linearly independent; indeed, if

no+1

Md:f Z )\j (5;57 _M]) :07
j=1

then 0 = p ({z;}) = A;, for all j. This is a contradiction since ng = dim (C (X)) /A).

Hence eX is dense in X. Otherwise the finite set X\eX would contains an
isolated point T and the restriction map f —— fix\(z3 would be an isometric
embedding of A into C' (X\ {z}) with codimension ng — 1.

To finish the proof of our theorem assume T : A — A is a locally surjective
isometry. Since A separates the points of X there is at most one point in X where
all the functions from A vanish; we define kg to be 0 if such a point does not exist,
and to be 1 if there is such a point in X, which we would call zq.

For x € X\ {zo} let

Ay =kerd,oT ={fe€ A:Tf(x) =0},
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let k; be the minimum number of zeros in X for the functions from A, and let g, be
any function in A, such that card (g5 ! ({0})) = ko. Put ¥ (z) = gz ({0}) \ {zo };
we have card (¥ (z)) = k; — ko. Since T coincides locally with a surjective isometry
by Theorem 3 T'g, € ker§, has the same number of zeros in X as g, so k, > 1+ ko.

Since A, is finite-codimensional, by Theorem 1 there are exactly k, points in
X where all of the functions from A, are equal to zero. Notice that for any y € X

d, is proportional to T (¢,) iff y € ¥ (z),

hence for any x, ¥ (z) is an equivalence class of the relation [-] so

(3.3) A (@) : card (¥ (2)) > 1} € | J{[2] : card [2] > 1} £

Notice that € is equal to the set of points 2’ in X such that §,/ is proportional to
d for some z'" # 2, so Q) is finite. By (3.1) T'g, has exactly k, zeros in X. Since
Tg, is equal to zero at each point of [z] it follows that

card [z] < card (¥ (x)),

hence
(3.4) card (U{ : card [z] > 1}) < card (U {T (z) : card (¥ (x)) > 1}) .
Combining (3.4) and (3.3) we get

card [z] = card (¥ (z)), for z € X.

Since the elements of [z] have all different norms as functionals on A we can define
a function ¢ : X — X such that ¢ (r) € U (z) and the largest element of [z]
is mapped onto the largest element of ¥ (z), the second largest onto the second
largest, etc. By definition % is injective.

From the definition of A, we have for all f € A

Tf(z)=0= f (@ (x)) =0, for any z € X,
SO
ker 67+ (5,) C ker dy(y), for any z € X.
Therefore the above functionals are proportional and we get
(3.5) Tf(z)=a(x)f@ (), forze X, feA,
where « is a scalar-valued function on X.

Assume z, — z, a(xy) = ap € C, and ¢ (z4) — yo € X. For any f € A we
have

Tf(e,) — Tf()=a@)f@(), and
Tf(e,) = ale)f @) — aof (w)-

Hence
a(z) f (¢ () = aof (yo),
o [yo] = [¢ ()], thus ¢ and « are continuous at least on the set
{r e X :card[z] =1} U {z € X : x is an isolated point of X}.
Put

A={feA: fg=0}.
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A is a finite codimensional subspace of A. Let X be the set obtained from X by
identifying all the points of QU {zo}. A can be considered as a subspace of C' ()A(:)

Furthermore since 9 () = Q, ¥ induces the quotient function 17) : X — X such
that by (3.5) we have

(3.6) Tf(x):a(x)f(fp (x)), for z € X, f € A.

OnAccC ()Z' ) the functionals ¢, are not proportional for different points x, and 171

is continuous. By (3.6) 1} is a surjective homeomorphism, and « is continuous and
unimodular. Hence the formula (3.6) extends the map T| 7 to a surjective isometry

T of C ()? ) onto itself. T maps finite-codimensional subspaces of C' ()~( ) onto
subspaces of the same codimension hence T maps A onto itself. Since dim (A/ g)

is equal to dim (TA/TE) = dim (TA/g) it follows that 7" maps A onto itself. I

4. Local isometries of C (X, E), the finite-dimensional case

In this section we consider local isometries of spaces of E-valued continuous
functions for a finite-dimensional space E. Such a space F is obviously algebraically
reflexive. We first need a description of surjective isometries of C' (X, F) type spaces.

THEOREM 5. Assume that X1, ..., X;, are compact Hausdorff spaces, E1, ..., Ey,

are pairwise monisometric Banach spaces all with trivial centralizer, and
o: @), C(X;,E)) — D), C(Xj, Ej) is a surjective isometry. Then

Of (x) =7j(2) (f (wj (x))) , foree Xj,i=1,..,n,f € @C’(Xj,Ej),

where v; is a homeomorphism from X; onto itself and 7; : X; — Z(Ej).

PROOF. The proof is an easy application of the techniques developed in [6].
First we notice that the centralizer of @;Lzl C(X;, E;) is equal to C (X)), where X
is the disjoint union of the sets X;,j = 1,...,n. Since the centralizer is preserved
by a surjective isometry by the Banach-Stone Theorem we get a homeomorphism
1 of X onto itself such that for any z € X, ®f (x) depends only on the value of
f at the point ¢ (). Hence for each x we get a linear map 7 such that ®f (z) =
7(x) (f (¢ (x))). Since ® is surjective and an isometry, it follows that all 7(x) are
surjective isometries. i

The main results of this section are corollaries of the following more technical
theorem which describes locally surjective isometries of C' (X, E) spaces. For a
topological space X we denote by X, the subset of X consisting of all points
x € X such that {z} is a Gs set.

THEOREM 6. Assume X is a compact Hausdorff space and E is a finite-di
mensional complex Banach space with trivial centralizer. Then for any locally sur-
jective isometry T : C (X, E) — C (X, E) there are continuous surjective functions
P:X - X and X 5 x+—— S; € Z(E) such that

Tf(x):‘sx(f(w(x)))7 fora:EX,fEC(X,E).

Moreover v is injective on the set ™' (Xg,).
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COROLLARY 1. Assume that X1, ..., X, are first countable compact Hausdorff
spaces and FEq,...,E, are finite-dimensional compler Banach spaces. Then
@?:1 C(X;,E;) is algebraically reflexive.

Proor. By ([6], page 110) any finite-dimensional Banach space F' is isometric
to a finite £°°-direct sum of spaces with trivial centralizer: F = @le F;. Since
C(X, @le F) = @le C (X, F;) we may assume without loss of generality that
all the spaces E; have trivial centralizers. If spaces E;, and Ej, are isometric then
@3:1 C(X;,,, E;,) is isometric with C' (X', E},), where X’ is a disjoint union of
X;, and Xj,. Hence we can also assume that the spaces Ei, ..., E, are pairwise
nonisometric.

Put A = @?:1 C(X;,E;) and let T : A — A be a locally surjective isometry.
Fix j and let f be an element of A with the support in Xj;. Since the space Ej
is not isometric to any other Ej space and T' is a local isometry, by Theorem
5, the support of T'f is contained in X;. Hence T defines a local isometry 7}
from C (X, E;) into itself. Since X-s are first countable, by Theorem 6, all the
isometries T} are surjective. i

COROLLARY 2. For a complez finite-dimensional Banach space E the [*°-direct
sum @jEJ E is algebraically reflexive if and only if J is of nonmeasurable cardinal-
ity.

PROOF. We equip J with the discrete topology. It is well known that a set J
is of nonmeasurable cardinality if and only if it is realcompact ([9], page 163). On
the other hand a point zg € BJ\J is a G5 in the set J U {zo} if and only if there is
a continuous function f : 8J — [0, 1] such that |f| <1 on J but f (z¢) = 1. Hence
J is realcompact if and only if for every point zo € BJ\J the set {zo} is a Gs in
J U {J)Q} .

Assume J is realcompact, T is a locally surjective isometry from €D e B =
C (8J, E) into itself, and let 9, S, be continuous functions on X given by Theorem
6. Since J C (ﬁJ)Gé is dense in (3.J, v is continuous, and (3.J is compact we conclude
that 1 is surjective. Since an inverse image under ¢ of an isolated point must be
isolated it follows that there is a subset Jy of J such that v is a bijection from
Jo onto J. Assume y € J\Jy. By Theorem 6 ¢ (y) € 8J\J. Let g € C(8J, E)
be such that ||g (¥ (v))|]| = 1 > ||g (x)| for x € J. Since T is locally surjective,
by Theorem 5 the norm of T'g is smaller than one on J. However by Theorem 6
ITg Wl = llg (¥ (y))||. The contradiction shows that Jy = J and consequently T'
is surjective.

Assume now that J is not realcompact and let yo € SJ\J be such that {yo} is
not G5 in JU{yo}. Fix xg € J, let ¢ : BJ — B (J\{zo}) = BJ\ {zo} be defined by

J =z for x € BJI\{zo}
p(x) = { Yo for T =z ’

and define T : C (B8 (J\{z0}),E) — C(BJ,E) = C(B(J\{x0}),E) be Tf(z) =
f(¢(x)). The map T is clearly not surjective. To show it is locally surjective fix
feC(B(J\{zo}),E) and put f (yo) = eo. Since {yo} is not Gs in{yo} U J\ {zo}
the set K £ f~t({eo}) N J is infinite and there is a bijection s : J\ {zo} — J
which is equal to the identity map on (J\ {zo})\K and maps K onto K U {z¢}.
The map ¥ (h) 4 (5 ()) is a surjective isometry from €D ;¢ j\ (4,1 £ onto P, E
such that ¥ (f) =T (f). I
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PROOF OF THEOREM 6. Let {e1,ea,...,e,} be a basis of vectors in E, put
A ={g®e; € C(X,E):gecC(X)}
and for any x € X put

A, = ker(6,o0T)={feC(X,E):Tf(z)=0},
Al = {geC(X):g®e; € Ay},

If f € C (X, E) has norm one at every point of X then by Theorem 2 T f has the
same property. Hence F 3> e — T (1®e)(z) € F is an isometry which we will
denote by S,. For any nonvanishing g € C'(X) and arbitrary scalars as, ..., ap, by
Theorem 2 the function

n
g®el+2aj1®ej

j=2

does not vanish on X so T (g ®e1) () ¢ span{ea,...,e,}. That means that the
kernel of the functional F} defined by

CX)2g9+—T(g®e)(z) eC

consists exclusively of noninvertible elements of the algebra C' (X). By Theorem 1
there is 1, (r) € X such that {g € C (X):g(¢); (¥)) =0} = ker F!. By the same
arguments we get for any 1 < j <n a point ¢, (z) € X such that

{9eC(X):g(¥;(2) =0} ={geC(X):T(g®e)(z) =0} C A,

All the points ¢, (z) must be identical since otherwise we could find a nonvanishing
function of the form Z;LZI g; ®e; in A, contrary to Theorem 2; we denote that
common value of ¥, (z) by ¥ (z). We get ker dy,,) C ker (d, 0T) = A,. Hence

T fi(z) = Tfz (x) whenever f1 (¢ (x)) = f2 (¢ (z)),

(4.1) Tf(x)=8;(f (W (x))), for feC(X,E),z € X.

Assume there are x1 # 3 in X such that ¢ (z1) = ¢ (z2) € Xg,. Let g1 €
C (X) be such that

0=g1 (¢ (1)) <|g1 ()], for z # 1 (z1).

By Theorem 2 T (g1 ® e1) is equal to zero at exactly one point of X however by
(4.1) T (g1 ® e1) is equal to zero at both z1 and 5.

By taking f = ey, f = es,...,f = e, we can check that the map = —— S, is
continuous, consequently the map  — S, ! is also continuous, hence by (4.1) ¢
is continuous.

Assume the map v is not surjective and let 0 # go € C (X)) such that go(¢(X)) =
0. Since T is an isometry T (go ® e1) # 0 whereas by (4.1) T(go ® e1)(x) =
Sz(g0 ® e1(¢(x)) = 0. The contradiction shows that 1 is a homeomorphism and T
is surjective. 1
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5. Local isometries of C (X, F), the infinite-dimensional case

We first consider local isometries of C' (X, F) for a uniformly convex space E;
any such a space E has a trivial centralizer ([6], page 108).

THEOREM 7. Assume X is a first countable compact Hausdorff space and E
is a uniformly convex and algebraically reflexive Banach space. Then C (X, E) is
algebraically reflexive.

PrROOF. Assume T': C' (X, F) — C (X, E) is a locally surjective isometry. For
an x € X we define Ty, : C(X,E) - E by Tpf =6, 0T (f) = Tf(x). Fix an xg
in X. We say that x is in the support of T, if for any open neighborhood U of x
there is an f € C' (X, E) equal to 0 outside U and such that Ty, (f) # 0.

For K C X put

p (K) = mfsup [T, (£
f

where the infimum is taken over all open sets U containing K and the sup over
all f € C(X,E) equal to 0 outside U and such that || f|| < 1. We show that the
support of T, contains a single point only.

Assume first that the support of Ty, is empty. Then there is a finite open cover
U of X such that for any U € U and any fy € C (X, E) with the support in U we
have Ty, (fu) = 0. Let > g; = 1 be a partition of unity subordinated to U. For
any f € C (X, E) we have

Toy (F) = Too (32 05F) = D Tua (935) =0,
that is Ty, = 0 so all the functions in the range of T" are equal to zero at xy. However
by Theorem 2 T maps nonvanishing functions onto nonvanishing functions.
Assume now that two distinct points y; and yo are both in the support of T, .

Let w : X — [0, 1] be continuous function such that w (y1) = 0 and w (y2) = 1. For
r € [0,1] put

D, = {zeX w(x)<r},

K, = {reX:w(x)=r}.
Assume that p (K,) > 0 for uncountably many r. Then for any N > 0 there is a
finite sequence 0 < a® < a? < ... < a® < 1 such that

S
ZN(K(LJ) > N.
j=1

Let U; be pairwise disjoint open neighborhoods of K,; and let f; be norm one
functions from C (X, E) with supports in U; and such that

(1) > I, ()] > N.

: S . .
For any sequence o; of unimodular scalars we have HZ =10 fJH =1 so since E is

uniformly convex by (5.1) we get

) > Ty ()] = 0.
ITIl 2 Jim_sup ;% o (f7)]| = o0
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The contradiction shows that for all but at most countably many of r € [0, 1] we
have p (K,) = 0 and we can select 79 to be such that u(K,,) = 0. Since X is
compact and w is continuous
freX: r<w@ <r}:0<r <rg<r’ <1}
is a base of neighborhoods of K, so there are r1,rs with 0 < r; < rg <ry <1 and
such that
p{reX m<w(z)<r})<e,

where the value of € will be determined later.
Fix ey € E with ||eg]| = 1. Let go, ho be nonnegative complex-valued continuous
functions on X such that

lgoll = 1, go=1o0n D,, and go = 0 outside D,,,
[lhol] = 1,ho =1 outside D,, and hg =0 on D,,,
llgo £ holl < 1.

Put

fi=go®eo, fo=ho®eo, e1 =Ty (f1), e2="Ty (f2).
Notice that

ledl < 1 —=p(X\Dyy),

leall < 1= p(Dro).
By Theorem 2 T maps functions with constant norm onto functions with constant
norm so ||T (1®ep) (x0)|| = 1 and we have

1 > les 4 el =T (f1 + f2) (o)l
= ||IT (1®eo) (wo) — T (1®eo — f1 — f2) (o)l
> 1-|To (I®eg — fr = fo)| =1 —¢,
where the last inequality follows from the fact that the support of 1®eq — f1 — fo
is contained in {z : 1 < d(x,x0) < r2}.

Let ko be a continuous function on X which is equal to 1 on D,, and —1 outside
D,, and such that |fy| =1 on all of X. Since ||T (ko ® eo) (z0)|| = 1 we get

L = lex —eal = [T (fr = f2) (o)
= |IT (ko ® eo) (zo) + T (f1 — f2 — ko ® eq) (zo) ||
> 1-|Te (fi—fo—ho®eo)]| 21 —e.

To summarize we have

D X\D
||€1|| S 1 — min /’1/( 7"0)7/']’( \ 7"0)
2 2
D X\D
||€2|| S 1 — min /’1/( 7"0)7/']’( \ 7"0)
2 2
L > Jlertef >1-¢,
1 > Je1—ezf]>1—e.

. . D, X\D:. . s . .
Since min {M, M} is a fixed positive number and € > 0 is arbitrary the

above contradicts our assumption that F is uniformly convex.
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We proved that the support of T, is a singleton which we will denote by ¥ ().
Hence the value of T, depends only on the value of f at ¥ (z¢) and we get

(5.2) Tf(2) = S, (fo v (x)), forx € X, f € C(X,E)
where S, is a linear map from FE into itself.

Let z € X, e € E, and let ®, be a surjective isometry of C (X, E) such that
T (1®e) = @, (1®e). By Theorem 2

Sz (e) = T (1®e) () = @, (12e) (z) = 74 (€),

where 7, is a surjective isometry. Since F is algebraically reflexive it follows that
Sy is a surjective isometry. It is easy to check now, using (5.2), Theorem 2, and
following the same line of arguments as the proof of Theorem 1, that ¢ is a home-
omorphism, that x — S, is continuous, and consequently 7' is surjective. |

Up to now the results presented were valid only in the complex case. In the
real case we do not even know if the space C(X), for a compact metric space X, is
algebraically reflexive - we do not know if the adjoint of a locally surjective isometry
on C(X) must preserve the set of extreme points. The following results are valid
in both the real and the complex case however we need to impose an additional
condition on the space E and on the partial isometry under consideration. The ¢!
space is an example of a Banach space that satisfies condition a below.

THEOREM 8. Let X be a first countable compact Hausdorff space and E an
algebraically reflexive Banach space such that

a : E has a trivial centralizer and for all e € 0. E1 # ¢ and all e* € 0. E; we
have e*(e) # 0, or
b : E* does not contain an isometric copy of the two-dimensional £* space.
Suppose ® : C(X,E) — C(X, E) is a locally surjective isometry such that ®*
maps the extreme points of the dual unit ball into the same set then ® is surjective.

ProOF. By [13] any Banach space with nontrivial centralizer contains an iso-
metric copy of the two-dimensional £°° space, hence the assumption b implies that
FE has a trivial centralizer.

Since 0. (C(X, E)*) ={d, @ e* : x € X,e* € Ef} by our assumption there are
functions ¢ : X x 0. Ef — X, and T : X x 0. Ff — 0.F such that
(5.3) Q" (0, ®e") = Op(z,ex) @Y (z,€%), for all x € X, e* € 0.EY.

We show that the map ¢ does not depend on the second coordinate. Suppose that
for some x € X and e}, e € 0. E} we have

P*(6, ®e}) = &, ®e)’, and
P (0, ®ey) = 0y ey,
where y; # y2. Then for all complex numbers «, § we have
lal + 18] = o€l + Besll = lads @ e1 + 50, @ e
> [(ads @ €1 + foz @ €3) 0 B||
= [|®" (ady ® €] + Bds @ €5
by, @ €7’ + Boy, @ e’ = |al+5].

Hence span {e}, e5} is isometric to the two-dimensional ¢! space which contra-
dicts the assumption b.
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Assume now that the Banach space E satisfies the assumption a. Fix an
e € 0.Ey and f € C(X) with f(y1) = 1 and f(y2) = 0. Let ¥ be a surjective
isometry of C(X, F) onto itself satisfying U (f ®e) = ¢ (f ®e). By Theorem 2
there is a homeomorphism v of X onto itself and 7: X — Z(FE).such that

fei'(e) = (O, @€)(f®e)=¢] (2(f®e) ()
= ¢ (V(f®e)(r) = f((x)e (1(x)(e)).

Hence putting i = 2 we get
f(@(x)) =0.

Since 7(x) is an isometry, it maps extreme points onto extreme points and by our
assumption e}’ (e) # 0 so i = 1 gives

f () # 0.

The contradiction shows again that y; = y2. Thus we can define ¢ : X — X by
¢ (x) = ¢ (x,e*), where e* is an arbitrary element of J. Ey. From (5.3) we have

(54) ¢ (2(g)(2) =T (2,¢") (9 (6 (2))), for 2 € X, g € C (X, E) ,¢* € 0. L.

We shall show that ¢ is a homeomorphism of X onto itself.

To see that ¢ is one-to-one suppose that 1 # x2 . Let ¢ € C (X, FE) be a
function that vanishes only at the point ¢ (z1). By (5.4) ®(g) (z1) = 0 and by
Theorem 2 z; is the only point where ® (g) is equal to zero. Hence ® (g) (z2) # 0,
so by (5.4) g (¢ (x2)) # 0 and consequently ¢ (1) # ¢ (x2).

Assume yo ¢ ¢(X) and let ¢ € C (X, E) be a norm one function such that
llg )|l = 1 only for x = yo. By (5.4) ||® (g9) (x)]] < 1 for any x € X, contrary to
the assumption that ® is an isometry. Hence ¢ is surjective.

For any fixed e* € 9.E;F the map v : X — §(X) ® 0.E7, defined by v(z) =
d(z) ® e*, is continuous (the range set is equipped with the w*-topology) and so
is the projection map p : §(X) ® 0.Ef — X defined by p(6(z) ® e*) = x. Since
®* is w*-continuous, we get that ¢ = p o ®* oy is continuous, and consequently a
surjective homeomorphism.

Suppose g (¢ (x)) = 0. By (5.4) for any e* € 0.E7 we have e* (®(g)(z)) =
T (2,¢) (9.(6 (2))) = 0, 50 B(g)(x) = 0. Thus

(5-5) {9 € C(X,E): g(o(x)) =0} C{g € C(X, E) : ®(g)(x) = 0} .

(

For any y € X we define Sy, : E — E by Sy (e) = (D (g)) (¢~ ()),wherege

C (X, E) is such that g (y) = e. Note that if ¢ (y) = ()the (g1 —g2) (y) =0,
) =

(@

92
s0 by (5.5) ®(g1 — g2)(¢ " (y)) = 0, therefore (@ (g1)) (6~ ' (y)) = (P (g )) (@' (),
which means that Sy is well defined. Clearly ||Sy|| < 1 and by (5.4) we get

(5.6) ®(9) (¥) = Spw) (9 (¢ (2))) , for g € C(X, E),x € X,

Fixyo € X and e € E. Let f € C(X) be such that ||f|| = |f (yo)| =1 > |f (y)]
for y # yo. By Theorem 2 the norm of ® (f ® e) is equal to one at exactly one point
of X, and by (5.6) this can only be the point ¢ *(y). Let ¥ : C (X, E) — C (X, E)
be a surjective isometry such that & (f ® ¢) = ¥ (f ® e). By Theorem 2 there
is a surjective isometry 7 : E — E such that Sy, (e) = ®(f®e) (¢ (y0)) =
U(fee) (¢71(y0)) = 7 (e). Hence Sy, is a locally surjective isometry, since by our
assumption E is algebraically reflexive it follows that S, is surjective. From (5.6)
we now get that @ is surjective. I
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Notice that in the proof of the above theorem we have only used the fact that
® is a local isometry at the points of C(X) ® E. As the next result shows, it is
possible to remove all the conditions on E if we make a stronger assumption about
the local properties of the isometry in question.

THEOREM 9. Let X be first countable compact Hausdorff space, E a Banach
space, and @ a linear map from C(X, E) into itself. Assume that ®* maps the set
of the extreme points onto itself and that for any f € C(X, E) there is a homeo-
morphism ¢ of X and a unimodular continuous scalar-valued function sy on X
with ®(f) = s f otp;. Then ® is surjective.

PROOF. Since ®* preserves the set of extreme points, there are maps v : 0. Ef X
X — X and ¢ : X x0.Ef — 0.E7 such that e* (® (f) (x)) = (v, () (f (¢, (z))),
for e* € 0. Ef. On the other hand, according to our assumptions we have

(5.7) e (P (f) (@) =€ (51 (2) f oy (2)) = 3¢5 (w) e (f oy ().

Hence

(0 () (f (Wer (2))) = 327 (z) €" (f oy (x)) , for €” € DB}, 2 € X.
For f =1® e we get (p, () (e) = sa1gc (z) €* (). Since sr1ge is unimodular, it
follows that kere* = ker¢, (e*) for any z € X. Consequently, the functionals e*
and ker ,, (e*) are proportional and we get

(5:8) e (@ (f) () = moe” (f (Yer (2))),

where |7,| = 1. Applying (5.7) and (5.8) to a function f = g ® e, where g € C (X),
we get

€ (€) (Tag 0 Yer () = 35gge (2) g 0 Yy (¥)) = 0.

Since for arbitrary e, e; € 0.Ef we can always find e € E such that e (e) # 0 #
e; (e), the above formula gives

9 (Ve @) =00 g (Ve (@) =0 g (v, @) =0,

and consequently ¥ () = . (z). We now conclude from (5.8) that & is given by
a composition with a homeomorphism followed by a multiplication by a unimodular
function. J

In the complex case we can get a much stronger result by removing the as-
sumption that ®* preserves the extreme points.

THEOREM 10. Let X be first countable compact Hausdorff space, E a complex
Banach space, and ® a linear map from C(X, E) into itself such that for any f €
C(X, E) there is a homeomorphism Yy of X and a unimodular continuous scalar-
valued function 5 on X with ®(f) = ssf oy, Then ® is surjective.

Notice that in the special case, when dim E = 1 and X is first countable, we
get from the above proposition that C' (X) is algebraically reflexive.

PrOOF. Fix a nonzero vector e € F and z € X. For any nonvanishing function
g € C(X) the function ® (¢ ® e) does not vanish, so ® (¢ ® e) (x) has the same
property which means that the kernel of the functional g — ® (g ® e) (x) consists
of noninvertible elements. By Theorem 1 there is ¢, (x) € X such that

{geC(X):®(g®e)(z) =0} ={g € C(X):g9(¢.(x)) =0}.
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Hence
(5.9) P(g®e)(x) = (x)g (Y, (x)) ®e, for g€ C(X),z € X,

where . is a scalar-valued function on X. By our assumptions ® is an isometry,
so it is easy to check that s is unimodular and that both ¢, and s, must be
continuous.

If for vectors ei,ez € E we had v, (z) # 1., (z) then we could construct a
function f = g1 ® e1 + g2 ® e not vanishing on X but such that @ (f) () = 0 which
would contradict our assumption. Since the linear combinations of the functions of
the form g ® e are dense in C (X, E), by (5.9) the value of ®f at x depends only
on the value of f at ¢ (x) and there are linear maps S, : F — E such that

Of () = S (f (¢ (x))) . for f € C(X, E),z € X.

Again by (5.9) and our assumption, any vector in E is an eigenvector of S, so S,
is a multiple of the identity map. I

REMARK 1. In all of the proofs of this section we used the assumption that X is
first countable only to show that the map 1 is injective. Without that assumption our
arguments show that v is injective on the set ' (Xg,). Using this observation one
can show that any isometry ® of the [°° direct sum @jEJ E is surjective provided
E and/or ® satisfy the assumptions of one of the theorems of this section and J
is of nonmeasurable cardinality. This is in spite of the fact that @jeJE is mot
identical with C (8J, E) for an infinite-dimensional space E. The next proposition
shows that if cardJ = Ry we can get a much stronger result.

PROPOSITION 1. Let E be a Banach space with trivial centralizer. Then E
is algebraically reflexive if and only if the [°° direct sum € FE is algebraically
reflexive.

neN

PrROOF. One implication is obvious: if T': E — FE is a nonsurjective locally
surjective isometry then (), , — (Tey), ., defines a nonsurjective locally sur-
jective isometry of @,y E.

Assume ¢ : P, . E — D, oy
algebraically reflexive. Any surjective isometry S : @

form

(5.10) S ((en)nzy) = (Snexm))e

n=1"

FE is a locally surjective isometry and that F is

nen B — @nENE is of the

where S, : E — FE are surjective isometries and 7 is a permutation of N [6].
Hence ® (X{n} ® e) = X{p(n,e)} @ ¥y, (€), where x gy : N — {0,1} is a charac-

teristic function of the set {k} and v, a map from E into itself. Since OF; is
connected and & is continuous, it follows that for a fixed value of n € N the set

{X{kp(n’e)} ®Y, (e):neNee 8E1} is connected. However

=1

HX{cp(n,e)} ® wn (6) ~ X{¢(n,e’)} & wn (6/)

when ¢ (n,e) # ¢ (n, e’) so the function ¢ does not depend on the second coordinate
and we get

Lod (X{n} ® e) = X{p(n)} @Yy (e), forn €Ne € E.

The map v, is a locally surjective isometry of E' so by our assumption must be
surjective. Put ¢ (N) = Q C N, fix ¢y € F; and define £ = (fn),—;, € @, cn E by
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fn =2 Since f does not vanish on N by (5.10) the same is true for ® (f). On the
other hand f is a limit of a sequence of linear combinations of elements of the form
X{n} ®e€ so the support of ¢ (f) is contained in 2. Hence ¢ and consequently ® are
surjective. N

6. Local isometries of A(K,E)

In this section we discuss local isometries of spaces A(K, F) of affine functions
taking values in a Banach space E and defined on a Choquet simplex K; we equipp
A(K, E) with the supremum norm.

It is easy to show that if J. K is a closed subset of K then the restriction map
is an isometry of A(K, F) onto C(0.K, E), thus these spaces are a natural gener-
alization of the ones considered in the previous sections. When K is metrizable,
A(K) has the metric approximation property and A(K, E) can also be identified
as the injective tensor product space A(K) ®. E [22]. It can be deduced from
the main theorem of [11] that if ¥ is a surjective isometry of such a space, with
E* strictly convex, then there is an affine homeomorphism ) of K and a weight
function 7 : 9. K — Z(E) such that for any k € 9.K and a € A(K, E) we have

U(a)(k) = 7(k)(a(y (k).

THEOREM 11. Assume K is a metrizable Choquet simplex and E an alge-
braically reflexive Banach space with a trivial centralizer such that E* is strictly
convex and for any e € 0.E1 # ¢ and any e* € J.E} we have |e*(e)| = 1. Then
any locally surjective isometry ® : A(X, F) — A(X, E) whose adjoint ®* preserves
the set of the extreme points of the unit ball is surjective.

Proof (sketch) . The theorem can be proven by combining the arguments
used in the proof of Theorem 8 and of [23] and using the description of surjective
isometries of A(X, E) mentioned before.

We first notice that

0AK, X)] ={0pr®e" : k€ d.K,e* € 0.E]}

and that FE statisfies the condition b of Theorem 8. Since ®* preserves the set of
the extreme points of the unit ball we have ®*(§, ® e*) = di ® Yj(e*), where as
in the proof of Theorem 8, we can check that the point &’ € 9. K depends only on
the choice of k € 0. K but not on the choice of e* € 9. E7. Still following the same
line of arguments we verify that the function ¢ : 9. K — 9. K defined by k — k'
is a bijection. Since K is metrizable, ¢ is a Borel isomorphism (see [4]). When E
is the scalar field, since ®* can also be assumed to preserve the state space, the
function ¢ has an affine continuous extension to a homeomorphism from K onto
itself which concludes our proof. If E is an arbitrary Banach space satisfying our
assumptions then, since K is a metrizable Choquet simplex, for any k € K.there
is a unique probability measure p on K with p(9.K) = 1 representing d;. Define
p(k) = po¢ . It is fairly routine to verify that ¢ is continuous, affine, and
surjective. The fact that ¢ is injective on K can be proved by using arguments
similar to the ones given in [23]. Thus, we conclude that ® is surjective. I

In general the adjoint of a locally surjective isometry may not preserve the set of
extreme points; to get the simplest example one may take a nonsurjective isometry
of a Hilbert space. We do not know if such a situation may happen for function
spaces considered here. The following example illustrates a situation where the
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adjoint of a locally surjective isometry of an A(K, E) space must preserve the set
of extreme points.

EXAMPLE 1. Let A = {g € C(NU{o0}) : g(o0) = § g (n)}, where p =
n=1

(fn)oey is a probability measure on N, that is Z t, =1 and p,, > 0. The state

space of A, which we denote by K, is a Choquet szmplem with 0. K = {0, : n € N}.
Let E be an algebraically reflexive Banach space with trivial centralizer and note that

A(K, E) is isometric to {f € C(NU{o0}) : f(o0) = § tn f (n)} We claim that
n=1

A(K, E) is algebraically reflexive, in particular for any locally surjective isometry
map @ : A(K,E) — A(K, E) the adjoint map ®*preserves the set of extreme points.
One can verify this claim following almost exactly the proof of Proposition 1. The
only difference is that we need to replace the functions that are supported by a
single point of the set N by functions supported by two points - a function of the
form x(n)y ® € may not belong to A(K, E) however for any ni,ne € N and any
e € F we can always find numbers a1, as not both equal to zero and such that
M X(ny ® €+ Qaxp,) ®@e € A(K, E).
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