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ISOMETRIES BETWEEN FUNCTION SPACES

KRZYSZTOF JAROSZ AND VIJAY D. PATHAK

ABSTRACT. Surjective  isomet;*ies  between some classical function spaces are
investigated. We give a simple technical scheme which verifies whether any
such isometry is given by a homeomorphism between corresponding Hausdorff
compact spaces. In particular the answer is positive for the Cl(X), AC[O,  11,
Lip,(X) and lip,(X) spaces provided with various natural norms.

1. Introduction. Let A and B be Banach spaces. By an isometry from A onto
B we mean a linear, norm preserving and surjective  map between these Banach
spaces. The isometries of most of the well-known Banach spaces have been de-
scribed. The classical Banach-Stone theorem states that any isometry from C(X)
onto C(Y) is induced by a homeomorphism of Y and X. This result has been
extended to various other Banach spaces by Nagasawa for function algebras [16];
by Amir [ 11, Cambern  [3] and Cengiz [7] for regular subspaces; by Cambern  and
Pathak [5],  Pathak [17] and Pathak and Vasavada [19]  for spaces of differentiable
functions; by de Leeuw [15]  and Roy [21]  for Lipschitz functions; by Pathak [US],
Vasavada [22]  and Rao and Roy [20]  for absolutely continuous functions and by
many other authors. In all the above-mentioned papers the following situation was
considered:

Let A be a subspace  of a Banach space C(X), which separates points of X, and
let TA  be a linear map from A into a Banach space V. We assume the complete
norm on A is given by one of the following formulas:

where by 11 l II00
we denote the usual sup-norm on C(X);

w llfll  = llflloo  + IlTAfll for  f E A;
cc> llfll  = suP{lf(x)I  + lTAf(d:  z E x> for f E A,

where, in this case, we assume that V = C(X).
For example the space C’(X), X c R, is defined by a map T: C’(X)  ---)

C(X): Tf = f’, via the formula (M), (C) or (C). The space AC[O,  l] of abso-
lutely continuous functions is defined by a map T: AC[O,  l] ---)  L1 [0, l] : Tf = f’.
The space Lip,(X), X-metric space, 0 < a 5 1, is defined by

T:  Lip,(⌧)  ---)  c(p(⌧ ⌧ ⌧\{(⌧,⌧) : ⌧ E ⌧>>>  : Tf (⌧7 y> =

f(x) - f(Y)
(d(⌧

7

y>>a l

Assume next that B is a subspace  of C(Y), which separates points of Y, and
that the norm on B is given by a map TB : B ---)  U, via the same formula as the
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norm of A. The
canonical form

question arises whether any isometry @ from A onto B is of the

( >* W)(Y)  = X(Y)  ' f O P(Y), f -4 YEY,

where (p  is a homeomorphism from Y onto X and x is a scalar valued function
defined on Y such that 1x1 E 1.

In this note we give a very simple, elementary scheme to verify the above-
mentioned problems. This scheme covers all the results we mentioned at the be-
ginning of the introduction. The results hold in both real and complex cases.

2. Definitions and notation. In this note we use the standard Banach space
terminology. We denote by ext V the set of all extreme points of the closed unit
ball VI  of the space V; by V* we denote the space of all continuous linear forms
on V. If A is a subspace  of C(X) then we identify a point z of X with a linear
functional 6, on A defined by A 3 f I+  f(z). By S we denote the set of all scalars
of modulus one. In this paper, if we do not specify the set of scalars, we mean that
the result holds both in the real and in the complex case.

Let i be a normed  subspace  of a Banach space C(W), both with the usual sup-
norm. By a standard result [8,  vol. 1, p. 4411 every extreme point of & is of the
form AS,,  where w E PV and IAl  = 1.

Note that if the norm on A is defined by the formula (M) then there is an
isometric embedding A 3 f w fl E A  c C(W), where PV = X U V;”  , defined by

x E x,

 = V*(TAf), v *  E VT*

Hence any extreme point of A;  is of the form

f i-b af(x>, where x E X and a E S,

or of the form
f H FOTA(f), where F E ext V*.

If the norm on A is defined by (C) then a map A 3 f H f E A c C(X x VT)
defined by

j(&v*) = f(x) +v*(TAf), (x,v*)  E x x  VT,

is an isometry. Hence any extreme point of A;  is of the form

f w Qf(x) +FOTA(f), wherexEX,  FEextV,  YES.

If the norm on A is defined by (C) then a suitable choice is VV  = X x S and

j(x,  x>  = f (2) + x(TAf)(x), x  E x, A  E s.

Hence any extreme point of A;  is given by

f w Qf (2) + BTAf  (x),

where x E X, a, p E S.
Let A be a subspace  of a space C(X), X compact Hausdorff space. We say that

A is an A4-subspace  of X, C-subspace of X or C-subspace of X if there is a Banach
space V and a linear map TA  : A ---)  V such that

(1) the norm on A is given by the formula (M), (C) or (C), respectively,


























