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INTO ISOMORPHISMS OF SPACES OF CONTINUOUS FUNCTIONS

KRZYSZTOF JAROSZ

ABSTRACT. If X and Y are locally compact Hausdorff spaces and T is a
linear map from an extremely regular subspace of Co(X) into Co(Y) such that
ITIIT~Y|| < 2, then X is a continuous image of a subset of Y.

Introduction. For a locally compact Hausdorff space X, we denote by Cp(X)
the Banach space of all continuous complex valued functions defined on X which
vanish at infinity, equipped with a usual sup norm. In case X is compact, we write
C(X) instead of Cy(X).

A well-known Banach-Stone theorem states that the existence of an isometry
between the function spaces Co(X') and Cy(Y') implies X and Y are homeomorphic.

D. Amir [1] and M. Cambern (3] independently generalized this theorem by
proving that if Co(X) and Cy(Y") are isomorphic under an isomorphism T satisfying
[ITI|IT~1|| < 2, then X and Y must also be homeomorphic.

A generalization of another type of the Banach-Stone theorem was given by W.
Holsztyniski [5]. He proved that if there exists a linear isometry of C(X) into C(Y)
then X is a continuous image of a closed subset of Y.

In [2] Y. Benyamini found, for compact metric spaces, a common generalization
of the theorem of Amir-Cambern and Holsztyriski. Namely he proved that if X
is a compact metric space, 0 < € < 1, and T is a linear homomorphism of C(X)
into C(Y) satisfying ||f|| < ||Tf|| < (1 +¢€)||f]| for all f € C(X), then first there is
a continuous function ¢ from a closed subset Y7 of Y onto X; second there is an
isometry ® of C(X) into C(Y") such that

®(f)(y)=foply) foryeY,

and
|®—TI|| < 3e.

An example given by Benyamini proves that the second part of his theorem in
general does not hold for nonmetric spaces. The purpose of this note is to show
that the first part of Benyamini’s theorem is valid also for nonmetrizable spaces.

The result. According to [4], a closed linear subspace A of Cy(X) is said to be
extremely regular if for each ¢ in X, each neighbourhood U of z¢ and each € > 0,
there is a function f in A such that:

L. 1= f(zo)=|fl;
2. |f(z)]<eforallze X —U.

THEOREM. Let X,Y be locally compact spaces and let T be a linear tsomorphism
of an extremely regular subspace A of Co(X) onto a closed linear subspace B of Co(Y).
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IFNIT|IT~Y| = k.< 2 then there is a subset Y1 of Y and a continuous function ©
from Y1 onto X. Moreover, if X 1s compact then © can be extended to a continuous
function @ from Y1 onto X.

We divide the proof of the theorem into two lemmas, and we assume, without
loss of generality, that ||T|| =k and ||T~}|| = 1.

LEMMA 1. Assume A is an extremely regular subspace of Co(X). Then for each
zo 1 X, each newghbourhood U of xo and each € > 0 there is a function f in A such
that:

L 1= f(zo) =1f1l;

2. |f(z)| <€ forallze X —Uj;

3. |f(z)—(Re f(z))t| <€ forallz in X,
where for a real number y we define

y+={y ify >0,
0 fy<0.

Proor. Fix zp in X, € > 0 and an open neighbourhood U of z¢ and let n be a
positive integer such that 1/n < ¢/2.

We shall define by induction a sequence (fx)5>_; C A and a descending sequence
of neighbourhoods (Uy)>; of the point z.

To this end we set U; = U and let f; be any function from A such that ||fi|| =
1= fi(zo) and |f1(z)| < €/2 for all z in X — U;. Assume we have defined Uy and
fx; then

U1 ={z €Uk | f(z) — 1| < €/2},

and as fy+1 we take any element of A such that ||fiy1]|| = 1 = fe+1(20) and
|fe+1(z)| < €/2 for all z in X — Uy41. We define

Points 1 and 2 of the lemma are ev1dently fulfilled. We shall check 3. If z €
X —Us, then for all k € N, | fx(z)| < €/2 and, consequently, |f(z)| < €/2, which gives
3. If z € Uy, then denoting by ko the greatest positive integer not greater than n
such that z € Uy,, we find

IcO—I'_

1
n

n

1)

ko—1
l(Z(fJ()_l + fio(z) + Z fi(@ )

"\ ;=1 1=ko+1

n—1le 1
;1t—<g¢
2 n

[(ko—1)2+1+(n ko)= ]

which again gives 3.
For each z € X (y € Y') let 6, (6,) denote the evaluation map on A (on Cy(Y));
let (1) be any regular Borel measure on Y (on X) such that
pe(Tf)=f(z) ((f)=Tf(y) forallfeA,
and

var(uz) = [[(T71)" 6|l (var(vy) =||T"5,])
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Fix any positive number M such that 1/k > M > 1/2, and for z € X, let S, be
the set of all points y € Y such that |v,({z})| > M||T*6,||, and S; be the set of all
points y from S, such that ||6y7all (i-e. the norm of functional &, restricted to T'A)
is not less than k/2. B 3

Notice that because M > 1/2 we have S;, NS, = O if 71 # 2.

LEMMA 2. For each z in X we have S; # < and
(i) for any compact subset K of X the set | J ¢ Sz 15 a closed subset of Y';
(ii) the function p: Uex Se = X : 0(y) =1, if y € S, 1s continuous.

Proor. Let us first consider some general facts. If A is a closed subspace
of Cp(X), then any functional F' € A* can be extended, with the same norm, to
a regular Borel measure ur on X. On the other hand, A can be regarded as a
subspace of the space of continuous functions on A* with the weak * topology,
and any such measure up can be regarded as a regular Borel measure defined on a
closed subset of A*. Notice that this is independent of the fact whether or not A
separates points of the set X. Now let T' be an isomorphism between two subspaces
A and B of the spaces Co(X) and Co(Y), respectively. Regarding A and B in the
above way, for any functional F € A* we can first find a measure ug on Y C B*
where G = (T~1)*(F)) and then a measure £ on T*(Y) C A*:

€6(K)=puc((T~1)*(K)) for any Borel subset K of A*.

The measure £ represents the same functional ' on A and var(ég) = var(ug) =
T (F)]|.

In the sequel we shall use the same notation for a function f € A C Cp(X) and
for the corresponding continuous function on A* if no misunderstanding is likely to
occur.

We now return to our situation and put F' = 6;,. We get a measure &;, =
§(r-1)-5,, concentrated in 7*(Y) C A* such that

1) F(@0) = b2o(f) = (T ™) (820 (T f) = pao (T f) = €o(f)
for all f in A, and
(2) var(és,) = [I(T71)" (bz0)ll = var(us,).

Fix € > 0. By the definition of u,, we have

:u’:ro({y eY: ||6y}TA|| < 1}) = 0;

so by regularity of uz,, there is a compact subset Y' of {y € Y: ||6y74|| > k/2}
such that |uz,(Y —Y")| < e. From (1) and (2) there exists, for any f in A such that
[|f]l=1= f(z0), an F € supp &z, N T*(Y") with the property that |F(f)| > 1 — 2e.

Let a net (U, )aer constitute a neighbourhood basis at z indexed in the obvious
way, and let (f,) be a net of functions from A obtained by Lemma 1, i.e. such that
forall o €I

L |[fa(zo)ll = 1 = fa(zo);

2. |fa(z)| < € for all z € X —U,;

3. |fa(z) — (Re fo(z))T| < € for all z € X.
Let F,, = T*(4,,) be any functional such that y, €Y' and

(3) |Fa(fa)l 21— 2e.
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Let us decompose the measure vy, as follows: vy, = v} + 12, where v} = vy .,
v2 = vy, x—v.. We can assume the nets (v}) and (v2) are weak * convergent to
measures ! and 2, respectively, and (y,) converges to yo € Y.

From (3) and the definition of v,, and f, we have

(4) Vo (U)] 21— 6e.

Hence v! = \16,, where |\1| > 1 —6¢e. On the other hand the measure 1?2 can be
represented in the form

V2 =Xoby, + Av? where Av?({zo}) = 0.
Hence
yo = 1/1 + l/2 = (>\1 + >\2)5550 + Ayz'

From (4), e
—6¢

k

Va(Ua)| 21— 6€ > (Ival(Ua) + var(v2)).

Hence, if 1 —6¢ > M - k then »

(5) I\l > M(h |+ var(v?)) = M(Du| + o] + var(Av?)).
Notice now that, since 1/2 < M < 1, for any A\, A2 € C we have

(6) M4 X2l = M| = M+ K| = ] = Dhal).

Adding (5) and (6) we get

(M N1+ X2| > M(|A\1 + 2| +var(Av?)) > M var(v°) > M||T*6y,||.

Now let v be any regular measure on X which represents 7*6,,. Since A is an
extremely regular subspace of Co(X), we have |v({zo})| > |1 + \2|; hence by (7),

lv({zo})l 2 M||T" byl

and this proves yg € Sz,.

(i) Now fix a compact subset K of X and let yo € S;,, 2o € K and yo — 4o €
Y. Recall that v, denotes a regular Borel measure on Y which represents the
functional T*6,, and is such that var(vy, )= ||T*by,||.

By our assumption

(8) Vyo = Nabz, + Al Where [\o| > M(|\o| + var(Avy)).

Without loss of generality we can assume the nets (A\,), (zo) and (Av,) are
convergent, in appropriate topologies, to Ao € C, 2o € K and to a measure Ay =
N\'6z, + p, where p({zo}) = 0, respectively.

From (8), we have

Mol > M ([N + [N'| + var(p));

hence, as in the proof of previous part we get
No + N> M(|ho + N+ var(p)).

Next we get |vy,({zo})| > M var(vy,) and, hence, yo € U, cx S,.

(ii) Let yo € Sz, for a € T and y, — yo € Sz, To prove the continuity of ¢ it
is sufficient to show that z, is neither convergent to any z; # x( nor divergent to
infinity (in the case X is noncompact).
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Assume first that o, — 71 # 9. We have
Vyo = Nabz, + Av, fora eTT'U{0}U{1},

where [\o| > M(|X\q| + var(Av,)). Assume without loss of generality that Ao —
N, Avg — Av'. Since T*6,, tends to T*6,, in weak * topology, it follows that
the measures \}0;, + Av’ and N\od,, + Avp represent the same functionals on A,
but this is impossible since |\}| + |Xo| > var(Av;) + var(Ary), and A is extremely
regular.

Now assume X is noncompact and z,, is divergent to infinity, and use the same
notation as above. The net X\, tends to zero so the measure Av’ represents the
functional 7*6,,, but

var(Av') < lim var(Av,) < k/2,

and this contradicts our assumption
Szo C{y €Y |6y 7all > k/2}.
To end the proof of the theorem put

p: U S, —»X: oly)=z ifyes,.
zeX
For a compact space X the inclusion Y; C Uzex S, and the continuity of @ are
immediate consequences of Lemma 2(i).

REMARK. The assertion of the Theorem cannot be strengthened to the effect
“Y1 is a closed subset of Y”. A simple counterexample is obtained by taking A to
be the space ¢y of all infinite sequences tending to zero, Co(Y) the space ¢ of all
convergent sequences and T' the natural isometric embedding of c; into c.
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