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INTO ISOMORPHISMS OF SPACES OF CONTINUOUS FUNCTIONS

KRZYSZTOF JAROSZ

ABSTRACT. If X and Y are locally compact Hausdorff spaces and T is a
linear map from an extremely regular subspace of Co(X) into Co(Y) such that
ITIIT~Y|| < 2, then X is a continuous image of a subset of Y.

Introduction. For a locally compact Hausdorff space X, we denote by Cp(X)
the Banach space of all continuous complex valued functions defined on X which
vanish at infinity, equipped with a usual sup norm. In case X is compact, we write
C(X) instead of Cy(X).

A well-known Banach-Stone theorem states that the existence of an isometry
between the function spaces Co(X') and Cy(Y') implies X and Y are homeomorphic.

D. Amir [1] and M. Cambern (3] independently generalized this theorem by
proving that if Co(X) and Cy(Y") are isomorphic under an isomorphism T satisfying
[ITI|IT~1|| < 2, then X and Y must also be homeomorphic.

A generalization of another type of the Banach-Stone theorem was given by W.
Holsztyniski [5]. He proved that if there exists a linear isometry of C(X) into C(Y)
then X is a continuous image of a closed subset of Y.

In [2] Y. Benyamini found, for compact metric spaces, a common generalization
of the theorem of Amir-Cambern and Holsztyriski. Namely he proved that if X
is a compact metric space, 0 < € < 1, and T is a linear homomorphism of C(X)
into C(Y) satisfying ||f|| < ||Tf|| < (1 +¢€)||f]| for all f € C(X), then first there is
a continuous function ¢ from a closed subset Y7 of Y onto X; second there is an
isometry ® of C(X) into C(Y") such that

®(f)(y)=foply) foryeY,

and
|®—TI|| < 3e.

An example given by Benyamini proves that the second part of his theorem in
general does not hold for nonmetric spaces. The purpose of this note is to show
that the first part of Benyamini’s theorem is valid also for nonmetrizable spaces.

The result. According to [4], a closed linear subspace A of Cy(X) is said to be
extremely regular if for each ¢ in X, each neighbourhood U of z¢ and each € > 0,
there is a function f in A such that:

L. 1= f(zo)=|fl;
2. |f(z)]<eforallze X —U.

THEOREM. Let X,Y be locally compact spaces and let T be a linear tsomorphism
of an extremely regular subspace A of Co(X) onto a closed linear subspace B of Co(Y).
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