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FINITE CODIMENSIONAL IDEALS IN FUNCTION ALGEBRAS
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ABSTRACT. Assume S is a compact, metric space and let M be a finite
codimensional closed subspace of a complex space C(S). In this paper we
prove that if each element from M has at least k zeros in S, then for some
S1,..,8 €S, M C {f€C(S): f(s1)=---= f(sx) =0}.

0. Let M be a subspace of codimension 1 in a commutative, complex Banach
algebra with unit. A. M. Gleason [4] and independently J. P. Kahane and W.
Zelazko (5] proved that M is an ideal if and only if M consists of noninvertible
elements or equivalently if and only if each element z in M belongs to an ideal I,
which may depend on z.

In [8 and 9] C. R. Warner and R. Whitley considered the following more general
problem:

Problem 1. Let A be a commutative, complex Banach algebra with unit and let
M be a closed n codimensional subspace of A. Assume that every element from M
belongs to at least n different maximal ideals. Is M then an ideal?

They showed that the answer to the above problem is positive if A is any of
L'(R) and C(S) where S is a compact subset of R, and they also gave simple
examples showing that this does not hold in general (e.g.: S a compact Hausdorff
space such that there is an sp € S with {so} not a Gs set and M any subspace of
{f € C(S): f(s0) =0}).

Chang-Pao Chen [2] generalized the above results to some other commutative
Banach algebras.

The original Gleason-Kahane-Zelazko work has also been extended in another
direction by B. Aupetit [1], S. Kowalski and Z. Stodkowski [6], and by M. Roitman
and Y. Sternfeld [7].

C. R. Warner and R. Whitley asked whether the answer to the above problem
is positive for A = C(D) where D is a disc.

In this paper we give a positive answer to this problem for A = C(S), S being
an arbitrary metric space (Theorem 1). We also consider the following problem:

Problem 2. Let A be a commutative complex Banach algebra with unit and let
M be a finite codimensional subspace of A consisting of noninvertible elements. Is
M contained in some maximal ideal of A?

We prove that the answer to the second problem is positive for A = C(S), for
S any compact, Hausdorff space (Theorem 2). The author does not know any
function algebra A which fails to possess the property described in Problem 2.

In the paper we consider only complex algebras. Simple examples prove that in
the real case the original Gleason-Kahane-Zelazko theorem does not work [3].
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