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Synopsis

LP-summands and L”-projections in Banach spaces have been studied by E. Behrends, who showed
that for a fixed value of p, 1=p ==, p+#2, any two LP-projections on a given Banach space E
commute. Here we introduce the notion of almost-L?-projections, and we establish a result which
generalises Behrends’ theorem, while also simplifying its proof. Almost-L?-projections are then
applied to the study of small-bound isomorphisms of Bochner L”-spaces. It is shown that if the
Banach space E satisfies a geometric condition which, in the finite-dimensional case, reduces to the
absence of non-trivial LP-summands, then for separable measure spaces, the existence of a
small-bound isomorphism between L?(u,, E) and L?(u,, E) implies that these Bochner spaces are, in
fact, isometric.

0. Introduction

Throughout this article, the letter E will denote a Banach space, while %(E)
denotes the space of continuous linear operators on E. For 1=p=o, an
L?-projection on E is a projection P € B(FE) satisfying
lell = {(HPell” +|(I—Pe|l”)"?, 1=p <o
max {||Pe||, ||(I-Pell}, p=e
for all e€ E, where I denotes the identity in %B(E). Lf-projections were
thoroughly studied by E. Behrends [3], who showed that for a fixed value of p,
1=p=x, p#2, any two L?-projections on E commute. If, moreover, E is not
isometric to the space (R?, || - ||..), then there exist nontrivial L”-projections on E
for, at most, one value of p €[1, »]. The proof in [3] uses only elementary
methods, but is nevertheless very involved.
In Section 2 of this article, we consider almost-L”-projections which are

projections Q € B(E) satisfying

(1+8)7 llell = (Il Qell” + I — Q)el|P)" = (1+ 8) |lell, 1=p< °°} (0.1)

(1+8)7 llell =max {||Qell, I—Q)ell}=(1+8)|lell, p=co
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for some 6 =0 and all e € E. If (0.1) holds for the particular value & = €, we may
refer to Q as an & — LP-projection. We show in Section 2 that if P, Q e B(E),
with P an &— L”-projection and g an &— L%-projection for p e (1, ») and
ge[l, =], g#2, orforp=g=1or P =q =, then P and Q almost commute in
a manner which we make quite precise. This theorem, together with passage to
the limit, then gives a simplified proof of the results of Behrends cited above.

In Section 3, our results concerning almost-L?-projections are applied to
isomorphisms of Bochner L? spaces. The isometries of scalar 17 spaces were
investigated by Banach [2] and Lamperti [9]. Generalisations of these results for
L?” spaces of vector-valued functions were considered in [6-8,12]. Y. Benyamini
[5] obtained, for the case of scalar L? functions, results which applied to
isomorphisms with small bound, rather than merely to isometries. He showed
that if 1=p <oo,p #2, then there exists a positive number &(p) such that if
(X;, Xi, u;), i=1,2 are separable measure spaces with L”(u,) isomorphic to
L?(u,) under a map T satisfying ||T|| |T7Y|| <1+ €(p), then the two measure
spaces are isomorphic. Hence L”(u,;) and L?(u,) are, in fact, isometric. Our
theorem of Section 3 provides such a result for Bochner spaces L?(u, E).

It has been shown by D. Alspach [1] that given such a map T between L” (n1)
and LP(u,), then, if ||T|| | T is sufficiently small, T is already close to an
isometry. It is obvious that the Alspach result cannot be expected to hold in the
vector case for arbitrary Banach spaces E, since if the measure spaces reduce to
single atoms of mass one, then LP(u;, E)y=E for i=1, 2 and there are Banach
spaces E, (e.g. A(D), [10, p. 93]), which admit isomorphisms 7T with
ITNNITY <1+ ¢ for arbitrarily small £>0, whereas IT —S||Z2— ¢ for any
isometry S of E. Even our generalisation of Benyamini’s result cannot possibly
hold without some geometric condition on the Banach spaces involved, since if,
for example, E = L7([0, 1]), then L7 (u1, E)=L*(u,, E)=E for arbitrary separ-
able measure spaces (X, Z;, w;), i=1, 2. The condition we thus impose in order
to obtain the results of Section 3 is, essentially, that E fails to have much 17
structure. (Examples show that, even in the presence of our condition, the vector
analogue of Alspach’s result need not hold. It can, in fact, be established that
one such example is provided by A(D).)

1. Linear maps which are close to projections

In this section, we establish a theorem which will be essential for our results in
Section 3.

THeOREM 1.1. Let E be a Banach space and let Q € B(E) be such_that
IQ*—QllSe<3i. Then there is a projection Q € B(E) such that 1Q—-0|=

1_8—48 (211QIl +1). Moreover, O commutes with any element of RB(E) which
commutes with Q.
Proof. Set P=20Q — I. We then have
1P —1I|| = [|40% — 4Q|| = 4¢ < 1. (1.1)

Hence in the commutative algebra generated by Q and / in B(E), we can define a
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square root A of P? by
© /1
-3 <2>(P2—I)",
n=0 \N

L AP'4+1
Q—T.

Note that P! exists, since by (1.1) P? is invertible, and hence so is P. Also by
the definition of A, we have A®>= P? (although A need not be equal to P) and
direct computation shows that 0% = Q. We have

and we set

=153 |(G)e-nr= 3 |(2)|aer -
i( )( 4e)"=1-V1—4de=:2¢
and -
0—o A" -;I—2Q=AP‘21 - P=AP_1<I— 1;2,4-1) =AP‘1(£—2—A>,
Hence

IOI—IQI=11Q - QlI=¢ AP =¢" |20 - IS ' |10l +1). (1.2)
Thus

QI + &’

=
1011 ===

and, finally, from (1.2) we obtain

A Vi—4
10 01l S5 C IR+ D=0 IRl + DS @ llel +1)

The fact that O commutes with any element of B(E) with which Q commutes
follows from the form of the power series representation of A.

2. Almost-L”-projections

We begin this section with an example. Of course, any L?-projection on a
space E is an e-L* -projection for all £ > 0. But for a non-trivial example of such a
map, fix p with 1=p=o and let E=L?(0), where o denotes normalised
Lebesgue measure on the unit circle {e“:t€[0,2x]} —i.e. do=dt/2m. We
denote by u the identity function on the circle u(e®*)=e“. Thenif neN, n=2,
and if B is any measurable subset of the circle, define, for f € E,

=+ 140] [ s+ o) [ )]

The fact that P is a ((2n + 1)/n*)-L?-projection on E, if not already obvious, will
be transparent as a result of the proofs given in Section 3.
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The example we have given is simply a small perturbation of an L?-projection
on the space E = L”(0). There exist, however, &-L”-projections on spaces E
which admit no L”-projections whatsoever (see, e.g. [11, Theorem 2]).

The principal result of this section is the following theorem:

THEOREM 2.1. Let 1<p<® and 1=q=x, q+#2, or let p=q=1, or
p =q =. Then there is a function n: R*— R™* (depending on p and q) such that
n(e) tends to 0 if e—0 and ||PQ — QP|| = n(¢) for all € — LP-projections P and
all € — L-projections Q.

Proof. We first assume that 1<p <o, 1=g=w, g #2, and define for e € E,
||e||0:=(/||Pe||” + |le — Pe||”. Obviously || - ||o is a norm on E equivalent to the
original one: |le||/(1+ &)= |lello=le|| (1 + £). Moreover, in (E, || - |lo), P is an
L?-projection and Q a 6—L?-projection, where & := £+ 3¢ + 3e. We claim that
there exists a function #) with 7j(6)—0 if 6—0 and ||Qe — PQel|o = 7j(d) for
every ee PE with |le|[p=1, LP-projection P and &-L?-projection Q on
(E, Il - llo)- Once this claim is established, we obtain ||QP — PQP|| = (1 + £)%7j(5)
for every L”-projection. Then, if we replace P by the L”-projection I-P, this
yields ||POQP — PQ|| = (1 + €)*A(6), whence ||QP — PQ|| =2(1 + £)*7(8), so that
we obtain the desired result if we set 7(e) :=2(1 + £)*7(&> + 32 + 3¢).

Thus to prove our claim, fix e € PE with ||e||o = 1. Decompose e with respect to
the projection Q: e=Aw;+uw,, |willo=1=|w,llo, w,€ QE, w,e (I — Q)E.
Next, decompose w;, i =1, 2 with respect to the projection P:

Wi =v+ vy, vi=Pw;, v,=(I—-P)w,

W, =U3+ vy, Us=Pw,, v,=(—P)w,.
We now have e = (Av, + pv;) + (Av, + uv,), where the left-hand side and the first
term on the right-hand side are contained in PE, while the second term on the
right-hand side is contained in (/ — P)E. Hence Av,+ puv,=0 and Qe — PQe =
Avy = —pv,. If one of the quantities A, ||v,|lo, 4, ||vallo is zero, then there is
nothing further to show. Thus we assume that all are distinct from zero, and set

a :=min {||vzllo, ||vallo}-

Now define p :=|A|/|u]| = ||v4l|o/||V2]lo and choose o such that pv, = ov,. Note
that |o|=1. Let 0<t<min {1,1/p}. We now establish some equalities and
inequalities which will be applied later. Since P is an L?-projection, we have

L= [lvql§ + llvall6. @1

Next, if one notes that because of (2.1) we have o =1, it follows from the
definition of p that

o = |v,lI5p”. 2.2)

Then because the function defined on [0, ®) by t— #” is convex, we obtain that,
for every u e E,

Fllvi+ullf+3 llve—ullf = G llvi +ullo + 3 llvy — ullof Z ||vll5,
and thus it follows that

2 |v4ll§ = |lvy + otus||§ + ||vy — otvs|[5. (2.3)
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Next we assert that

21+ 7,p"R) = (L+ pif + (1= i), @.4)
where
_= {%p(p -1) if p=2
7~ 1 if pz2
First we treat the case p =2. By using the binomial expansion of (1+z)" we
obtain that, forz € [0, 1), 3(1 + 2z + (1 —2)’) = Yoo (;) 27=1+3p(p -1z~
In the case 2=p, we obtain that for all z€[0,1], P+ 22=22V1+2°=
VIA+z) +3A -z’ =PVi(l+z) + I(1 — z)?. Finally, we note that

llvallo(l £ pt) = |lv2 £ otuo- (2.5)

One readily checks that Q is an £ — Li-projection on E if and only if Q* is an
e-L7-projection on E*, where g and q' are conjugate exponents (see, e.g. [4, p.
8]). We also have IQP — PQ|| = |Q*P* — P*Q*||. Hence, without loss of
generality, we may suppose that g >2. Moreover, we assume that g # o, since
that case can be treated in the same manner as the case 2<q <o with only
obvious modifications. We have

@2
21+ a2y, = 2(1 + ||valIEY,p°r)

@.1)
="2(||v1l18 + llvallf + llv2ll8Y,p°)

= 2(J|vy 18 + llv2llB(L + ¥,p7)
(2.3),(2,4)
<77\ vy + otvs|[ + llvy — otusf + [lvall§(( + pr) + (1 — pt)’)
2.5
= ||vy + otvs|lf + [lvy — otvsllf + [lv2 + otv4||f + |lva — otvallo
= ||wy + atwy||f + [[wn — otwallg
=201+ )P (1 + 17y
(the latter inequality following since Q is a 6 — L-projection in (E, || - |lo))-
Hence
2=y (14 0P (A + P — 1)+ (1 + 8y — 1))
<y i1+ SFM, 172 + v, ' p(L+ 8y 1o,
where

M,

P

[P if p=q
4 \p2eioTt if g=p’
The last inequality was obtained by the mean value theorem and is valid for all
te[0, 1]. Now if 8% <min {1,1/p} then we can substitute &% for t in the last
inequality, to obtain

2=y, (1+ 0FM, 897 P + v, p(1+ 8P 'Vé=1:1(9).
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If 8*=min {1,1/p}, then it is easy to see that a= &% (Obviously we have
llvallo=1 and ||vslo = [|vallo/ ||vallo = 1/p. Hence a = ||v,|lo=min {1,1/p}.) Thus
noting that |A| and |u| are each =1+ 6, so that ||Qe — PQello=(1+ &), we
conclude the proof of the theorem in the case 1<p <o, 1=g=o, p #2, if we
define

7(8) := (1 + 8) max {8%, (no(8))"**?}.

For the remaining cases, it suffices to assume p =g =«. Here we define, for
e€E, |le|lo=max {||Pe||, |le — Pe||}. Again || - ||, is a norm on E equivalent to
the original one, |le||/(1+¢&)=|le|lo=|le||(1+¢€), and in (E, | -]lo) P is an
L*-projection and Q a § — L*-projection, where & := &>+ 3¢> + 3¢. Thus for any
v € E and any scalar t =0, we have

oo + Qullo 2 ”Q” 10 + ) loZ< vl
v+ = QwlloZ 511 = Ol
and
max {[Qullo, I = Q)vllo} = lle
’ 146

Hence for any v € E with ||v[lo=1 and any t =0, we have

llew + Qu||ozaT+6t)5, or |ltv+(I— Qo= (11++5t)2‘ 2.6)
For any v € (I — P)E and any ¢t =0, we have
lltv + Qullo = max {||IPQullo, |ltv+ (I —P)Qullo},
v+ 7 = Qvllo=max (IPU = Qvllos 1w+ =PI = Qelah, |,

and (since ||P|o=1)
max {||PQullo, IP(I = Q)vllo} = (1 + 3) [|v]lo-

Hence, for any t>(1+6)’—1, (2.6) and (2.7) then imply that for any
ve(l - P)E,

- @+ vllo
a+6)y ’

(1 +1) llvllo
1+ 6)?

To end the proof of the theorem, let e € PE with ||e|lo=1, where e = Aw; + uw,,
wy=v;+Uy, W,=v3+v,, and Av,=—uv, as before. We have to show that
lAvsllo is small. Thus assume |[[Avy|lo>(1+ 8)°>—1. Set ©,= Av,/||Av,||, and
e;=e+1D,, e;=—e+ 0, Since eec PE and v,e (I — P)E we have |lello=1,

i=1,2. On the other hand, (1+8)=||Qello=|Aw;+ Q0,0 ||Av,+

v + (I = P)Qullo=
(2.8)
lltv + (I = P)I - Q)vlo=
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(I — P)Q1,|lo and

1+6)Z |- Q)esllo= ll—uw2+ (I — Q)D2llo
Z ||—pvs+ (I = PYI — Q) Dsllo = l|Avy + (I = PY(I = Q)D3lo-
Thus, by (2.8) we obtain

1+ ||Avs|lo

which contradicts our assumption. Hence, in this case we may take 7(J):=
8% +36%+36 and n(e) :=2(1 + &)*ij(* +3e*+3¢). O

By letting é— 0 we then obtain the following result of E. Behrends [3, p. 76].

THEOREM 2.2. Let 1<p <o, 1=q=x, q#2, orlet p=qgq=1orp=q=c.
Then PQ = QP for any L”-projection P and any L?-projection Q on E.

This last theorem is also true for the case p =1 and g = =, if E is not isometric
to the real space /5. For the proof of this case, we refer to [3, 4].

Although p and g may differ in nontrivial cases of Theorem 2.1 dealing with
almost-L”-projections, we show with respect to Theorem 2.2 that (excepting the
space (R?, || - ||)), there are nontrivial L?-projections for, at most, one value of
p- This fact was established by Behrends [3].

PRrOPOSITION 2.3. Let E be a Banach space not isometric to the space (R?, || - ||..).
Let P be a nontrivial LP-projection and Q a non-trivial L?-projection on E,
(p,q€(1,>]). Thenp =gq.

Proof. If p = q =2, we are done. Thus we can assume g # 2. By the above we
then have PQ = QP. We will show that there exist e; and e, in E, such that

A, Wl = llAey + peafl = [I(A, wlq 2.9)

for all scalars A and u. This will prove our proposition.

Assume first that PQ =0. Choose e, € PE and e, € QF with |le;|| =1= |le,]|.
Then (2.9) is true because e, € PE and e, € (I — P)E, respectively e; e (I — Q)E
and e, € QFE. The case (I — P)(I — Q) =0 can be treated similarly. Thus assume
that PQ #0 and (I — P)(I — Q) #0. Choose norm-one elements e, € (PQ)E and
e, € (I — P)(I — Q)E. Then again it is easy to verify (2.9).

We simply remark, without proof, that one can establish an analogous result
for almost-L”-projections: if P is a non-trivial e-L”-projection on E and Q a
non-trivial e-L7-projection, then p is “close to” g.

Noting that an L”-projection is automatically an &-L”-projection for any £ >0,
we now state the form in which Theorem 2.1 will be applied throughout Section
3.

COROLLARY 2.4. Let P be an L?-projection and Q an &-LP-projection for some
p with 1=p =, p #2. Then there exists a function n: R*— R™ (depending on p)
such that n(e€)— 0 as ¢ — 0, and such that |PQ — QP|| = n(e).



20 Michael Cambern, Krzysztof Jarosz and Georg Wodinski
3. Small bound isomorphisms of Bochner I” spaces

Throughout this section, if a and b are two numerical quantities such that a — b
depends on the positive quantity £ and tends to 0 as e— 0, we will write a < b,
If A and B are operators on a given Banach space such that ||A — B|| depends on
¢ and tends to zero as £€—0, we will write A< B. Note that < and < are
transitive relations.

LEmMMA 3.1. Let E be a Banach space, 1=p =, p#2, and let P be an
LP-projection and Q an &-LP-projection of E for some € >0. Then there exists a
projection Q € B(E) which commutes with P such that Q < PQP. Moreover, Qis
an g'-1P-projection where ' — 0 as £— 0.

Proof. We have
I(PQP)(PQP) — PQP|| = ||P(QPQP — QP)|| = | QPQP — QP||
=1Q(PQ — QP)P|| = (1 + &)n(e) 3.1

by Corollary 2.4, and thus the existence of O commuting with P such that
Q < PQP follows from Theorem 1.1 for all sufficiently small &. Moreover, for
e € E we have

llell” = lPel|” + |I(I — P)e]||”
=|IQPe||” + |I(I = Q)Pe||” + ||(I — P)e]|?
=IPQPel||” +||(I = P)QPe||” + || P(I — Q)Pe||?
I = P)I = Q)Pe||” + ||(I - P)e||?
= ||PQPe||” + ||P(I — Q)Pe||” + ||(I — P)e||? (Corollary 2.4)
=IPQPe||” + ||P(I — Q)Pe + (I — P)e||”
= IPQPe||” + ||(I ~ PQP)e]|” |
=1Qell” + (I - Q)el|”,
which completes the proof of the lemma. O

DeFNiTION 3.2. For a Banach space E and 1=p == we set n(E)=inf {6 >
0: 3 a nontrivial 8-L?-projection of E}. (Note that if E is finite-dimensional then
#(E) >0 if and only if E contains no nontrivial L? -summand.)

In what follows, n is a cardinal number 1=n = Ro while N,, will denote the set
{1,2,...,n}if n <X, and {1,2,...}ifn=N,.

LemMMA 3.3. Let 1=p =, p#2, and let E be a Banach space with t(E) = 6 >
0. There exists an &,, dependent on p and S, such that if 0=¢e<¢gy and
Q:(E)—E(E) is an e-L”-projection, then for some B N, one has Q < Py,
where Py denotes the projection in I5(E) given by f—=xsf

Proof. The norm in E is denoted by || - || and that in E(E) by || - ||, For fixed
k €N, we denote Py, by P, and define &, by 1— & =4[1 +1/1— 41+ e)n(e)],
where 7(¢) is given by Corollary 2.4. Then, for k € N,,,

I(PeQP)(PQPFy) — PeQPc|| Z (| P QP || — || P.QP. | (3.2)
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which, combined with (3.1) and with the quadratic formula gives, for sufficiently
small &,

1PQP| =1~ &4, Or}
1P QP = &1

We let E® denote the restriction of elements of IE(E) to k; E® ={P.f:fe
IE(E)} ={e. xu): e € E}. Obviously E is isometric with E® under the map
e—>e. X, and P,QP, can be considered as a linear map from E® to E® whose
norm, as an element of B(E®), is the same as its norm as an element of
B(IZ(E)). Thus by Lemma 3.1, for small &, there exists a projection Q,: E®¥—
E® gsuch that P,QP, < Q,. We thus have, for e € E,

le. xwlls = 11Qke . xuwllp + I — Qe . xeulp

where O, is an &'-L?-projection of E® onto itself and ¢’ — 0 as ¢— 0. Moreover,
as the relation between € and &' given by Lemma 3.1 is determined only by
Theorems 1.1 and 2.1, and is thus independent of the particular L”-projection P,
¢’ is here independent of k. As m(E®) = n(E)= 6> 0, for small ¢ (hence £') we
must have for each fixed k, that O, is either equal to zero or to the identity
operator on E®.

Now

(3.3)

P, = P.QP, + P(I — Q)F,, | (3.4

and since arguments analogous to those we have applied to P, QP, also apply to
P.(I — Q)P,, for each fixed k € N,, each of the operators on the right-hand side in
(3.4) is either close to 0, or to the identity operator (= P) in E®. Hence, for
each k, precisely one of them is close to the identity while the other is close to
zero. Thus if &, hence &, is small, at each k € N,, we have ||P,QP;||=1— &, and
|P(I— Q)P|| = &y, or ||POP|| =€, and ||P(I — Q)P || =1 — &;. Thus the sets
B={keN,: ||P(I—-Q)P|=¢} and B'={keN,:||P.QP| =¢,} are com-
plementary disjoint sets: N,, = BUB'.

Throughout the remainder of the proof, we assume, as we may, that &, <3.
Computations exactly analogous to those made in (3.1)—(3.3) show that if M =N,
then either ||QPy||=1—¢&; or ||OQPy||=¢&;. We set F={McN,:||QPy||=¢,}
and claim, first of all, that # is closed under finite unions. For if M; and M,
belong to #, then ||QPy, + QP =2€,. Now ||QPy, + OPpll = |QPrum, +
QP )|, and since subsets of members of # are easily seen to belong to #, we
have ||QPy,um|| = 3€,. But ||QPayun |l is either greater than or equal to 1 — ¢, or
else is less than or equal to &,, and since & <%, we have ||QPy il = &

In fact, # is closed under countable unions. For suppose M, c M, c M; . . . is an
increasing sequence of sets in # and M., =;_; M. Then Py, — P),, in the strong
operator topology, so that QPy,— QP,,. Thus, as the norm in B(/5(E)) is a
lower semicontinuous function, ||QPy, || = &;.

Now if {k} € %, i.e. if | QP|| = €;, then ||P,QP,|| = &,, so that k € B’. That is,
{k: {k} € #} = B'. Conversely, if k € B’ then P,(I — Q)P < P,. By Corollary 2.4,
P(I-Q)P.~(I—Q)P,, so that QP,=P,—(I— Q)P is small. Thus B'=
{k: {k} € £}, and hence B’ € .

By an analogous argument, if we let # = {M < N,: ||(I — Q)Py|| = &;} we find



22 Michael Cambern, Krzysztof Jarosz and Georg Wodinski
that B € ¥. We thus have

|Ps — Q|| = ||Ps — Q(Py + Pa/)l
S||(I - Q)Psll + |QPp|| =26,—0 as e—>0,
thus concluding the proof. 0O

Note that the distance between Pz and Q depends only on &;, hence only on ¢,
and is thus independent of the particular -L”-projection Q.

THEOREM 3.4. Suppose 1=p=w, p#2, let E,, E, be Banach spaces with
7(E,), m(E;)Z8>0, and let (X,, Z;, p;) be separable measure spaces, i=1,2.
There exists an € >0 dependent on p and 8 such that, if T is any isomorphism of
L?(uy, E,) onto LP(u,, E;) with ||T|| IT Y <1+¢, then the measure spaces
(X1, 21, t1) and (X3, =5, u,) are isomorphic. Thus, in particular, if Ey=E, then
L?(uy, E;) and L?(u,, E,) are isometric.

Proof. It is known [5, p. 280] that each of the measure spaces involved is
isomorphic to one of the following: [0,1], N,, or [0, 1JUN, for some n,
1=n=X, Thus we may suppose, without loss of generality, that each of the
measure spaces has one of the above forms. We must show that:

(a) If u, contains non-zero continuous part then so does u,, and

(b) the number of atoms of y, is equal to the number of atoms of ..

We will write g, = li. 1 + U1, Where p.; denotes the continuous part of and
1,1 the atomic part. If ., #0, P. , will denote the projection = xonfs Pe1=0
if u.,,=0) and, if u, has precisely n atoms, P, will denote the projection
f—xn f. Similarly we write Uo = pic2 + ta2 and let P, and P,, be the
corresponding projections in L?(u,, E,). For measurable subsets B, as in Lemma
3.3, we may use Py to denote the L”-projection f — xzf, and we again write Py
for Py,. Throughout the proof, we assume that € is chosen sufficiently small that
the results of Corollary 2.4, Lemma 3.1, and Lemma 3.3 apply.

Thus assume that u.;#0. Then Q,=TF,, T™' is an e-LP-projection in
L?(u,, E;) and we set Q;=PF,,0Q¢F,,. Then by Lemma 3.1, there exists a
projection Q; of LP(u,, E,) such that 0, < Q,, and 0, is an &'-L?-projection
where ¢’ —0 as e—0. We will prove that for sufficiently small ¢, 0,0 (and
hence Q; =0 since Q; is a projection), so that Q; ~0.

Suppose for the moment that this has been shown. Then we would have

TP,,T™'= Qo= QoP., + QoPs>
£ QoP.»+ P,,00F,, (Corollary 2.4)
=QoP.x+ Q1% QoPe2

so that, for small & we would have P.,+#0, and hence pu, has nonzero
continuous part, thus completing the proof of (a).

We will hence show Q; 0. If P,, =0 we are done. Thus suppose that u, has
m atoms, 1=m =R, By Lemma 3.3, if ¢, hence &', is sufficiently small there
exists B = N,, such that 0, £ Pg. Since £’ —0 as ¢— 0 we have, in fact, 0, < Ps.
We need to show that B =J.

Suppose, to the contrary, that there exists a point ko€ B. Set Q,=
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Q1Py,~ PgPy, = P, and let

O=T"'Q,T=T"'P,,QoP, P, T
< T‘IQOPMP,‘OT (Corollary 2.4)
=T7'QP,, T =P., T'P,T
~P,T'P,TP,, (Corollary 2.4).
We thus have

0,* P, 3.5)
and
0 ~P.,T™'P,TP.,, (3.6)

the right-hand side of (3.6) being a map of L”(u,, E,) into L?(u,,, E,).

We next note that P, has the property that if Q is any e-L”-projection in
LP(u,, E,), then QP, <0 or QP < P,,. For OP,, = QOPF, P~ F.,QP, P,
(Corollary 2.4), and again by Lemma 3.1 there exists a P € B(L”(u,, E,)) with
13—5P,,,2QP,,,2 such that P is an €¢'-LP-projection, where ¢'—0 as ¢— 0. We
thus have QPkoﬁﬁPko, and since P commutes with F,,, it can be considered
as an &'-LP-projection of LP(u,,, E,) to itself. Hence by Lemma 3.3, there
exist a subset D = N,, such that ISL’PD. As £'—=0 as £e—0, we have, in fact,
P < P, and hence

P, if kyeD,

P, PP, =
QPe, = PoPy, {o, it ko¢D.

3.7
It thus follows that if Q is any e-LP-projection in LP(u,, E,) then, as
0,=Q,P,,, we have

00, QF;, (by (3.5)

< {g"*' or (by (3.7))

i{OQZ or (by (3.5)).
Hence either
() T7'00,T=(T™'QT)(T™'Q,T)=(T~'QT) should be close to T7'Q,T=
Q<P ,T7'P,TP., (by (3.6)), which because of (3.5) and the definition
of Q is, for small €& a map of norm approximately one taking
L?(u,1, E,) to itself, or else
(ii) (T7'QT)Q is close to the zero map.
Also, as Q is an arbitrary -1 -projection of LP(u,, E,), we may take
Q =TPyT™" where M is any measurable subset of [0, 1]. Take f e L?(u,, E))
with ||f||, <2 and ||PC,1T'1Pk0TPC,1f||p =1, and then choose M c [0, 1] such that
1PaFer TP, T, 1 fll, =4 and ||(I = Po)P., T~ P, TP ,f ], = . Since, by (3.6),
P, O A‘EPMPC,I T‘IP,(OTPC,I then, for small ¢, P,,Q is neither close to O nor to 0,
and this contradiction shows that in fact the set B is empty. Thus Q, <0 as we
wished to show, and the proof of (a) is complete.
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To prove (b), we first note that TF, 1T7'is an &- L”-pro;ectmn so that, again
by Lemma 3.1, P,,TP,, T 'P., = < P,, where P, is a projection in B(L?(u,, E,)),
which can be considered as a projection of L?(u.,, E,). Thus, by the last
sentence of the previous paragraph, we have Qo= TP, T '<TP, T7'P.,=
P.,TP.,T™ 1P62~P0 We claim that, for small &, B,= P, ,. For if we suppose
the contrary, we would have PP, 2= B,, and

P2 — Boll Z 1. (3.8)
Then
(TP, T)(T7'P,,T) =T 'P,T. (3.9)
We let Q, be the projection of L? (Kc,1, Ev), which is related to T7'P.,T in a
manner analogous to that in which P, is related to TP.,T~'. Since

T 'P,T<P,, (3.10)

we would have P, (T'P.,T)~P.; by (3.9), while by (3.8) and (3.10) ||P.; —
T 'P.,T| £ K, where K is a constant =1. Hence

P.1Q0<P., (3.11)

I1P..1 — Qoll £ K. (3.12)
But (3.11) 1mp11es (since P, is the identity in L”(u.;, E;)) that O0= P, ,, while

(3.12) says that O # P, . This contradiction proves our contention that P, , = =P
for small &, and thus

and

TP, ,T™'<P.,, (3.13)
from which it follows that
TP, T '<P,,. (3.14)

Now from (3.13) TP, <P.,T so that P.,,TP,,<P,,T. Similarly
P,,TP,,~P,,T and hence

T=P.,T+P,,T<P.,TP,,+P,,TP, . (3.15)

Let S denote the operator on the right-hand side in (3.15), §:= ZTPc1+
P,,TP,, and suppose, as we may, that the distance between T and S is less than 1
and that ||T77%|| <2. It then follows that ||T~'T — T~'S|| <1, proving that S is
surjective. Hence each of the maps P.,TP..: L”(u.:, E)— L?(u.,, E;) and
P, TP, : L? (4,1, E1)— L?(p,2, E;) must be surjective. Also, by (3.13) and
(3.14), each of the latter two maps can easily be seen to be injective. Thus T gives
rise to an isomorphism of small bound from L?(u.,, E;) onto L”(u., E,) and a
similar map from [£(E,) to [5,(E,). Hence, to end the proof, we may assume that
u, and u, are both purely atomic, and T: I5(E,)— I5 (E,).

For any k eN, we let O, = TP, T~". Then Q, is an &-L”-projection of I2,(E,)
so that, by Lemma 3.3, there is a subset B, =N,, such that ||Qy — Pp,|| = &5,
where by the note following the proof of that lemma, &, is independent of k and
tends to zero as £€—0. If ky#k, we have ||Q, + Oyl =1 so that || Ps,, +
Py, |<£1. Now if By NB,,#< we would have |Pg,, + P, |l =2, so that
consequently mZn. By a symmetric argument, with the roles of T and T~!
interchanged, we have n =m, thus establishing (b) and concluding the proof of
the theorem. [
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