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We discuss removability problems concerning differ-

entiability and pointwise Lipschitz conditions for functions of a real variable.

Suppose that a function is differentiable at all points outside some exceptional

set, and you have enough information about the function and its derivative out-

side this exceptional set. Can you determine whether the function is actually

differentiable everywhere? A folk theorem of real analysis shows the following:

let  and  be continuous real-valued functions on the real line, and let  be the

set of all points  such that  is differentiable at  and  0() = (). Let  be

the complement of  in the real line (our exceptional set). Suppose that  is

non-empty. Then  has no isolated points. In particular,  must have infinitely

many points. Another way of thinking about this is that finite exceptional sets

are removable in this setting.

We show that the sets which are removable in this setting are precisely

those sets which have no non-empty perfect subsets. This does include some

uncountable sets (though these cannot be closed).

In order to solve the problem fully, we investigate a related problem con-

cerning pointwise Lipschitz constants. Here the pointwise Lipschitz constant of

the function  at the point  is defined to be

lim sup
→

|()− ()|
| − | 

For each  ≥ 0, we consider the set of those  for which the pointwise

Lipschitz constant of  is at most , and we study the associated removability

problem. We prove that, for continuous functions  , a set  is removable for

this problem if and only if  has no non-empty perfect subsets. The special case

when  = 0 then allows us to solve the original problem concerning differentiable

functions.

We also discuss some related problems for connected, compact subsets of

the plane, where the answers are very different. Here there are connections with

work of Bland, Dales and Feinstein on normed spaces of differentiable functions

on compact plane sets.
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