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Definitions

Let A be a Banach algebra and let X be a Banach A-bimodule.
A linear map D: A → X is a derivation if it satisfies

D(ab) = aD(b) + D(a)b (a,b ∈ A).

Given an x ∈ X , the map adx : a 7→ ax − xa (a ∈ A) is a
continuous derivation, called an inner derivation.

I A Banach algebra A is called contractible if every
continuous derivation D: A → X is inner for each Banach
A-bimodule X .

I A is called amenable if every continuous derivation D:
A → X ∗ is inner for each Banach A-bimodule X , where X ∗

is the dual module of X .



A derivation D: A → X is called approximately inner if there is a
net (xi) ⊂ X such that, for each a ∈ A,

D(a) = lim
i

adxi (a) ( i.e. D(a) = lim
i

axi − xia ) (1)

in the norm topology of X .

If in the above definition (xi) can been chosen so that (adxi ) is
bounded in B(A,X ), then D is called boundedly approximately
inner. If (xi) can been chosen to be a sequence, then D is
called sequentially approximately inner.

If the convergence of (1) is only required in weak topology of X ,
then we call D weakly approximately inner; If X is a dual
A-module and the convergence of (1) is only required in weak*
topology of X , then we call D weak* approximately inner.

If the convergence of (1) is uniform in a on the unit ball of A,
then we call D uniformly approximately inner.



Definition
A Banach algebra A is called

I (resp. boundedly/sequentially/uniformly/weakly)
approximately contractible if every continuous derivation D:
A → X is (resp. boundedly/sequentially/uniformly/weakly)
approximately inner for each Banach A-bimodule X,

I (resp. boundedly/sequentially/uniformly/weak*)
approximately amenable if every continuous derivation D:
A → X ∗ is (resp. boundedly/sequentially/uniformly/weak*)
approximately inner for each Banach A-bimodule X.

Theorem
Let A be a Banach algebra and A] = A⊕ Ce be its unitization.
Then A is (resp. boundedly/sequentially/ uniformly/weakly)
approximately contractible/amenable iff A] is.



Relations
Clearly, A is

contr.⇒
{

amen.
seq. a. c.

}
⇒

{
seq. a. a.
bdd. a. c.

}
⇒

{
bdd. a. a.

a. c.

}
⇒ a. a. ,

contr.⇒ unif. a. c. , and amen.⇒ unif. a. a.

In fact, so far all known a. a. Banach algebras are bdd. a. c..

Theorem (G-L-Z, 08)
For a Banach algebra A the following are equivalent

1. A is approximately contractible;
2. A is approximately amenable;
3. A is weakly approximately contractible;
4. A is weak* approximately amenable.

Theorem
Unif. a. c. Banach algebra must be contractible. (G-L, 04); unif.
a. a. Banach algebra must be amenable. (G-L-Z, 08; Pirk., 07)



relations continued{
amen.

seq. a. c.

}
⇒

{
seq. a. a.
bdd. a. c.

}
⇒ bdd. a. a.⇒ a. a.

Theorem
Let A be a separable Banach algebra. Then A is seq.a.a.
(resp. seq.a.c.) if it is bdd.a.a. (resp. bdd.a.c.)

I Any amenable Banach algebra without sequential
approximate identity is bdd. a. c. but not seq. a. c..

I Some Feinstein algebras are seq. a. c. but not amenable
(G-L-Z, 08).

I Some convolution semigroup algebras are bdd. a. a. but
not seq. a. a. (C-G-Z, 09).

Question

1. Is there an a. a. Banach algebra which is not bdd. a. a.?

2. Is there a bdd. a. a. algebra which is not bdd. a. c.?



Let A be a Banach algebra. Then A⊗̂A is naturally a Banach
A-bimodule. We denote by π: A⊗̂A → A the product map
defined by π(a⊗ b) = ab (a,b ∈ A).

The following characterizations are well-known.

I A Banach algebra A is contractible iff there is u ∈ A⊗̂A
such that au − ua = 0 and π(u)a = a for all a ∈ A (Helem.)

(such a u is called a diagonal for A).

I A is amenable iff there is a bounded net (ui) ⊂ A⊗̂A such
that aui − uia→ 0 and π(ui)a→ a for all a ∈ A (Johns. 72)
(such (ui) is called a bounded approximate diagonal for A).



Definition
I A Banach algebra A is called pseudo-amenable if it has an

approximate diagonal, i.e. if there is a net (ui) ⊂ A⊗̂A
such that aui − uia→ 0 and π(ui)a→ a for all a ∈ A.

I A is called pseudo-contractible if it has a central
approximate diagonal, i.e. if there is a net (ui) ⊂ A⊗̂A
such that aui − uia = 0 and π(ui)a→ a for all a ∈ A.

The qualifier bounded on the above definitions will indicate that
there is a constant K > 0 such that the net (ui) may be chosen
so that ‖aui − uia‖ ≤ K‖a‖ and ‖π(ui)a‖ ≤ K‖a‖ for all a ∈ A.

The qualifier sequential on the definitions will indicate that (ui)
is a sequence.



There are many pseudo-amenable (-contractible) Banach
algebras which are not approximately amenable. Here are
some relations between “pseudo” and “approximate”.

Theorem ((G-Z, 07))

I A is approximately amenable iff A] is pseudo-amenable.

I A is boundedly (resp. sequentially) approximately
contractible iff A] is boundedly (resp. sequentially)
pseudo-amenable.

I A] is pseudo-contractible iff A is contractible. (In fact, if A
has a unit, then it is already contractible if it is pseudo-
contractible.)



A being pseudo-amenable seems much weaker than A] being
pseudo-amenable. But if A has a b. a. i. then the two are
equivalent.

Theorem ((G-Z, 07))

I If A has a bounded approximate identity, then it is
approximately amenable iff it is pseudo-amenable.

I A is boundedly (resp. sequentially) approximately
contractible iff it is boundedly (resp. sequentially)
pseudo-amenable and has a b. a. i.

The existence of a b. a. i. is not removable. For example, `1 is
b. ps. a. (in fact, b. ps. c.) but is not a. a. .



Question

3. Does approximate amenability imply pseudo-amenability?
I this is true if the algebra has a central approximate identity,

in particular, if the algebra is abelian. (G-Z, 07)

Approximate amenability or pseudo-amenability does not imply
weak amenability. An example is given in (G-L, 04). But

Theorem
If A is an approximate or pseudo amenable abelian algebra,
then A is weakly amenable. (G-Z, 07)



Approximate identity

Theorem
I If A is approximately amenable, then it has a right and a

left approximate identities. (G-L, 04)

I If A is pseudo-amenable (resp, pseudo-contractible), then
it has a two-sided (resp. central) approximate identity.
(G-Z, 07)

I If A is boundedly (resp. sequentially) approximately
contractible, then it has a b.a.i. (resp. sequential b.a.i.).
(C-G-Z, 09)



Question

4. If A is approximately amenable, does it have a two-sided
approximate identity? Does it have a b.a.i.?

I If A⊕A is approximately amenable, then A has a
two-sided a.i. (G-L-Z, 08)

5. If A is boundedly approximately amenable, does it have a
multiplier-bounded approximate identity?

I If this is true, then such A must have a b.a.i. (C-G-Z, 09)



Direct sum and tensor product
Theorem

I If {Aα : α ∈ Γ} is a collection of pseudo-amenable

(-contractible) Banach algebras, then so is
p
⊕α∈ΓAα, for any

1 ≤ p ≤ ∞. (G-Z, 07)

I If A and B are boundedly approximately contractible, then
so is A⊕ B. (C-G-Z, 09)

I If A and B are approximately amenable and one of them
has a b.a.i., then A⊕ B is approximately amenable.
(G-L-Z, 07)

Question

6. Is A⊕ B approximately amenable if both A and B are?

7. Is A⊗̂B approximately amenable (resp. pseudo-
amenable) if both terms A and B are?



ideals
Theorem
Let A be a Banach algebra and J be a closed ideal of A.

I If A is a.a. , b.a.a. seq. a.a. , b.a.c. ,seq. a.c. , ps.a. , ps.c.
, b.ps.a. , b.ps.c. , seq. ps.a. or seq. ps.c. , then so is A/J.

I If A is a.a. , b.a.a. , b.a.c. , ps.a. or b.ps.a. , then so is J if
J has a bounded approximate identity.

I If A is seq. a.a. , seq. a.c. or seq. ps.a. , then so is J if J
has a sequential approximate identity.

I If A is ps.c. (resp. b.ps.c.), then so is J if J has a (resp.
multiplier-bounded) central approximate identity.

Question

8. If there is a Banach algebra homomorphism T : A → B
such that T (A) is dense in B, and if A is a.a. (resp. ps.a.
etc.), is B a.a. (resp. ps.a. etc.)?



Theorem (G-S-Z)
Let A be a boundedly approximately contractible. If J is a
closed ideal of A of codimension 1. Then J has a b.a.i..

the result is false if J is only a complemented closed ideal of A.
(G-L-Z, 08).

Question

9. Does the theorem still hold if J is a finite codimensional
ideal of A?

10. Let A be pseudo-amenable. when does a closed ideal of A
have a two-sided approximate identity?



Group algebras

Let G be a locally compact group. Then (G-L, 04; G-Z, 07)

I L1(G) is approximately amenable or pseudo-amenable iff it
is amenable.

I M(G) is approximately amenable or pseudo-amenable iff
G is discrete and amenable.

I L1(G)∗∗ is approximately amenable or pseudo-amenable iff
G is a finite group.



Fourier algebras
Consider Fourier algebras A(G). It is well known that A(G) is
not necessarily amenable if G is an amenable group.

If G has an open abelian subgroup ,Then
I A(G) is pseudo-amenable if and only if it has an a. i. .

(G-S, 07)
I e.g. A(F2) has an a. i.; in fact, no example of G is known for

which A(G) has no a. i. .

I A(G) is approximately amenable if G is also amenable.
(ibid)

I A(F2) is not approximately amenable. (C-G-Z, 09)

Question
11 How to characterize ps.a. and a.a. for A(G)?

I Since ps. a. and a.a. both imply weak amenability for A(G),
answer to this question may shed light on the investigation
of w.a. of A(G).



Segal algebras

Let S1(G) be a Segal algebra on a locally compact group G.

I S1(G) is pseudo-contractible if and only if G is a compact
group. (C-G-Z, 09)

I If S1(G) is pseudo-amenable or approximately amenable,
then G is amenable.(ibid; S-S-S, preprint)

I If G is an amenable SIN-group, then S1(G) is
pseudo-amenable. (G-Z, 07)

I It is unknown whether S1(G) is always pseudo-amenable
when G is an amenable group.



I A nontrivial Segal algebra is never boundedly
approximately contractible; a nontrivial symmetric Segal
algebra is never boundedly approximately amenable.
(C-G-Z, 09)

I The Feichtinger Segal algebra on a compact abelian group
is not approximately amenable. (ibid) Many Segal
algebras on the circle are not approximately amenable.
(D-L. preprint) A nontrivial Segal algebra on Rn is not
approximately amenable. (C-G, preprint)

Question

12. Is it true that every nontrivial Segal algebra is not
approximately amenable?



Beurling algebras
Let ω be a continuous weight function on a locally compact
group G. Let Ω(x) = ω(x)ω(x−1) (x ∈ G).

Theorem (G-S-Z, preprint)
The following are equivalent:

1. L1(G,Ω) is b. a. c.;
2. L1(G, ω) is amenable.

I If ω is symmetrical and limx→∞ ω(x) =∞ (which means
limx→∞Ω(x) =∞), then L1(G, ω) is not b. a. a.. (ibid)

I If there is a net (xβ) ⊂ G such that xβ →∞ and (Ω(xβ)) is
bounded, then L1(G, ω) is b. a. c. iff it is amenable. (G-L-Z,
08)

Question

13. Is it true that L1(G, ω) is a. a. (= ps. a.) iff it is amenable?



Semigroup algebras
Let S be a semigroup. Consider the semigroup algebra `1(S).

Theorem (G-L-Z, 08)
if `1(S) is a. a. , then S is regular and amenable.

I The bicyclic semigroup B =< a,b : ab = 1 > is regular and
amenable. But `1(B) is not a. a. . (Gheorghe-Z, 09)

I Let Λ∨ be the semigroup of a totally ordered set with the
product a ∨ b = max{a,b} (a,b ∈ Λ∨). the semigroup
algebra `1(Λ∨) is b. a. c. ; but if Λ∨ is an uncountable
well-ordered set, then `1(Λ∨) is not seq. a. a. . (C-G-Z)

I Let Sb be a Brandt semigroup over a group G with an index
set I. Then `1(Sb) is ps. a. if G is amenable; If I is infinite,
then `1(Sb) is not approximately amenable.
(Sadr-Pourabbas, 09)

Question

14. How to characterize a.a. and ps.a. for a semigp algebra?



Other algebras

I Let H be a Hilbert space of infinite dimension. For each
p ≥ 1, the Schatten p-class algebra Sp(H) is not a. a. .
(C-G)

I Let X be an infinite metric space and let 0 < α ≤ 1. Then
the Lipschitz algebra lipα(X ) is not a. a. . (ibid)

I Since lipα(X ) is unital, it is not ps. a. .

I Let G be a discrete group. The reduced group C* algebra
C∗r (G) (or the full group C* algebra C∗(G)) is a. a. iff G is
amenable. (C-G-Z)

Question

15. How to characterize the approximate amenability for a C*
algebra?
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