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Topics of the talk

Group action T (X1 )
Probability measure preserving

Free: ifg#e,theng-x Zx a.e.
Ergodic : T-inv. [ meas. O or 1

|

Orbit equivalence relation

R CX): x LyliLxi[Tty

|

Von Neumann algebra L*(X) [I1
I, factor: trivial center, tracial

Isomorphism or equivalence

of I C(XIp)and A L (YLn)

Conjugacy :

ExistA: X - Yand d:T - A

s.t. A(g - x) =3(9) - AX).
Obstruction: 1-cocycle w

l A(g - x) = w(9,x) - A(X)

Orbit equivalence :
ExistA: X - Y
S.t. AT -x) =N\ A)

Obstruction:
l B(L= (X)) =L=(Y)

W E=équivalence :
Existiso 0 : L(X) [T_ T LT(Y) A1

Rigidity : prove 1 Weak equivalence [sttong equivalence.
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Superrigidity

Standing assumptions: free, ergodic, p.m.p. actions.

Orbit equivalence superrigidity
We callT (Xl u) OE superrigid if the following holds.

Whenever an arbitrary A [ (Yl n) is orbit equivalent with I (X1 ),
then both groups are isomorphic and the actions conjugate.

~— The equivalence relation R(I' [ XJlentirely remembers  [X1

wEsuperrigidity
We call I (X1 p) W=superrigid if the following holds.

Whenever an arbitrary A [ (Yl n) is W=équivalent with I (Xl ),
then both groups are isomorphic and the actions conjugate.

~—> The ll; factor L*(X) [T _Eentirely remembers [X1
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Amenable groups : absence of rigidity

Theorem (Ornstein and Weiss, 1980)

All free ergodic pmp actions of all amenable groups are orbit equiv.

Recall. A group I is called amenable if the regular representation
AT o U(E2MN)) : Agen = egn
admits a sequence of almost invariant vectors :
& L), [EAF1, R}&, —&nl21- 0 [gIT]
Examples. The following groups are amenable.
—abelian groups, finite groups, solvable groups,
[—sdtable by subgroups, quotients and extensions.

Away from amenability : a group I has Kazhdan’s property (T) if
every unitary representation with a sequence of almost invariant
unit vectors, actually has an invariant unit vector.

Examples. SL(n, Z), n = 3. Lattices in higher rank simple Lie groups.
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Orbit equivalence superrigidity

Recall. Orbit equivalence between [ XAnd A [ YldsisoA: X - Y
satisfying A(T" - x) = A\ - AX).
~» Zimmer 1-cocycle A(g - x) = w(g, x) - A(x) with target group A.

[The action SL(n,Z) [IM, n = 3, is OE superrigid.
(Furman, 1999, using Zimmer’s cocycle superrigidity)

_The Bernoulli action I [_(Xb, lo)" is OE superrigid whenever I
has property (T). (Popa, 2005, using his cocycle superrigidity
with arbitrary countable target groups)

[—Ror certain mapping class groups, any free ergodic pmp action
is OE superrigid. (Kida, 2006)

C—Any profinite action of a property (T) group is virtually OE
superrigid. (loana, 2008)  Profinite and ergodic : E@'/rn.

[—The linear action SL(n,Z) [R1, n=5, is OE superrigid.
(Popa -V, 2008).
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Classification of von Neumann algebras

Von Neumann algebra : weakly closed unital [-stibalgebra of B(H).
Il1 factor : infinite dim. von Neumann algebra, trivial center, tracial.

Group von Neumann algebra

Let I be a countable group and g [Adlits regular rep. on £2qr).
Cdpan{Ag | g [T} is the group algebra Cr.
—Define L(I') as the weak closure of Cr.

~~— L(I) is always tracial.
L(I") is a factor i [(T1has infinite conjugacy classes (icc).

Extremely di [culk problem : when is L(I') [L{QA) ?
e (Connes, 1975) All amenable Il; factors are isomorphic.
So, all L(I') for I amenable and ICC are isomorphic.
e (Open problem) Are L(Fn) CL(Fy) ?
e (Connes’ conjecture)
If I has property (T) and L("') CLQA), then T CAl(virtually).
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Group measure space construction (M-vN 1943)

Let [ (Xl ) be a free ergodic prob. measure preserving action.

The von Neumann algebra L (X) [I_is generated by

[—the subalgebra L (X)),

—the group of unitaries (Ug)gira
with | ugFlug EIFg where Fg(x) =F(g - x), (forallF CITP(X) and g [TJ
T(F) = «Fdy, while  T(Fug) =0 forg#e.

We now discuss:
Relation between orbit equivalence and von Neumann algebras.

Theorem (Singer 1955, Feldman-Moore 1977)

L®(X) - L=(Y) :F CE3 AT extends to iso L®(X) [T L®(Y) A
if and only if A is an orbit equivalence (i.e. AT - xX) = A - A(X) a.e.).

~— Orbit equivalence is the same as isomorphism
L= (X) CTOCLP(Y) CAlsending L= (X) onto L=(Y).
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Cartan subalgebras

Definition of a Cartan subalgebra A in a Il; factor M

A von Neumann subalgebra A [Milis called a Cartan subalgebra if

A is maximal abelian : A“h M = A,
[—the unitaries u [ Mlsatisfying uAu'~= A, generate M.

Example : L(X) CLTF(X) I for [Xh free ergodic pmp action.

~— We call L(X) a group measure space Cartan subalgebra
(and not all Cartan subalgebras are of this form).

An orbit equivalence of [ X"and A [Y_Is the same as an
isomorphism L*(X) [TICLT(Y) CAlsending L*(X) onto L™ (Y).

~— Importance to locate Cartan subalgebras in Il; factors.
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W duperrigidity and uniqueness of Cartan subalg.

W Superrigidity : L*(X) [T Iremembers [ X1
OE superrigidity : R(T [X)l remembers T [ X1

W Lsluperrigidity arises as the sum of unique group measure
space Cartan and OE superrigidity.

—Wniqueness of Cartan subalgebras is badly understood.

—Wnique | up to unitary conjugacy : A ~— uAu'—!

up to conjugacy by an automorphism : A ~ 6(A)

o L(X) [E] with F, [ X profinite has unique Cartan up to
unitary conjugacy. (Ozawa - Popa, 2007)

o L°(X) [Livith T [X'profinite, I =, [Tzland 'y non-Haagerup,
> # {e}, has unique group measure space Cartan up to unitary
conjugacy. (Peterson, in preparation)

~— Peterson proves the existence of virtually W "=sluperrigid actions.
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Uniqueness of Cartan for free product groups

Theorem (Popa -V, 2009)

Let =T1 [T2l where '1 has property (T) and > # {e}. Let [ (X1 p)
be an arbitrary free ergodic pmp action.

Then, L*(X) [T has a unique group measure space Cartan
subalgebra, up to unitary conjugacy.

The theorem holds for a larger family of I =11 [sTb where

e 1 has a non-amenable subgroup with the relative property (T),
or 1 has two commuting non-amenable subgroups,

e > jsamenableand ', #
1
e there exist g1,...,gn [T k.t giZgi_l is finite.
i=1
~—> We now explain how to deduce examples
of W =sluperrigid actions.
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W duperrigid actions

Theorem (Popa -V, 2009)

For the following groups ', the Bernoulli action
[ (XL W) = (Xo, Ho)" is W =superrigid.

e [ =PSL(n,Z2) [(>=xG), n=3, forany G # {e} and for >~ an
infinite subgroup of the upper triangular matrices.

o [ = (Hx=xH) [=(x < G), where H is non-amenable with trivial
center, G # {e} and X is an infinite amenable subgroup of H
embedded diagonally in H < H.

So, whenever L= (X) CITICLF(Y) [CA] both actions are conjugate.
~—» Uniqueness of group measure space Cartan follows from
the theorem on the previous slide.

~—» OE superrigidity follows from Popa’s theorem.

Same methods cover other actions of the same groups: Gaussian

actions, generalized Bernoulli actions, co-induced actions.
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Method: deformation/rigidity

Theorem (Popa, 2004)
Let I be a property (T) group and ' [ (Xl ) free ergodic.
Let A be an ICC group and A (Yl n) = [0,1]" its Bernoulli action.
If L*(X) LI CLPP(Y) CA] then
the groups I and A are isomorphic and their actions conjugate.
First theorem ever deducing conjugacy out of iso of |l factors.

e Rigidity assumption on one side : [ has property (T).

e Deformation property on the other side : action is Bernoulli.
Joint work with Popa on the previous slides :

e All conditions on one side ~ W "=superrigid actions.
Important ingredient : a transfer of rigidity lemma.

e Deformation of M = L*(X) (I} [I2)) given by
dp M = M dp(Fug) = pl9lFug, (F CPx), g CTa1 [Ta).
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Non-uniqueness of Cartan subalgebras

Theorem (Connes - Jones, 1982)

Let I be a non-amenable group and 2 a non virtually abelian group
acting profinitely and faithfully on (Xo, Ho).

(e.g. = s I:II:XEI= ZQ for 2o finite non-abelian)
Then, L* Xy [ xT) has at least two Cartan subalgebras that are
non conjugate by an automorphism of M.

~—» You cannot ‘see’ the other Cartan subalgebra.

Example (Ozawa - Popa, 2008)
Put K = Z3 and consider Z" [S(n,Z) [K1

Then, L*(K) C@" CSO(n,Zz)) CIP(T") C@S0(n, 2)).
_With n = 2 : Haagerup property is not stable under W ~équiv.
[_With n = 3 : property (T) is not stable under W "=équivalence.
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Rigidity of invariants

Rigidity paradigm : weak isomorphism [sftong isomorphism.

In its strongest form :
every weak ‘morphism’ is itself equivalent to a ‘strong morphism’.

~~» Classification results and computations of invariants.

Definition (Murray — von Neumann, 1943)
The fundamental group F (M) of a ll; fa M i L
the subgroup of Ry given by F (M) = T(EI; %Mp CgWg .

Note : T(p) ranges over the whole of [0, 1].

e F(R) = R4 for the hyperfinite Il1 factor R, e.9. R = L(Sw)
(Murray — von Neumann, 1943).

e F(L(I)) is countable when I is an icc property (T) group
(Connes, 1980).
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Computations of fundamental groups

[ (L(Fs)) = R4+ (Voiculescu 1989, Radulescu 1991)

e When t(p) = 1/k, then pL(F1+n)p [CLQF1+k2n) (Voiculescu)

e Similar for arbitrary T(p) Rl : interpolated free group factors
(Dykema, Radulescu)

C_The Il; factor M = L*(T?) [SI(2,Z) has F(M) = {1} (Popa 2001).
e Deformation : SL(2,Z) has Haagerup property
Rigidity : Z? [Z% [SI(2,Z) has relative property (T).
e [t follows that F (M) equals F (orbit equivalence relation),
e which is trivial by Gaboriau’s cost or [2-Betti numbers.

(M) can by any countable subgroup of R+ (Popa 2003).
But these Il; factors cannot be written as M = L*(X) [T.]

Questions that remained open :
~— Can F (M) be uncountable without being R+ ?
~— What about F(L*(X) LIJ1? Uptonow: {1} or R+.

15719



Uncountable fundamental groups

Theorem (Popa - V, 2008)
Let I be of the form Tl =G [>with X infinite amenable, e.g. Fe.

For all subgroups F [RIl belonging to a large class S, there exist
uncountably many free ergodic p.m.p. actions o; : ' [ (X], ;) s.t.

e L”(Xi) LT has fundamental group F,
e the Il; factors L*(X;) Lg T are non-isomorphic for diCerent i.

The above theorem has to be opposed to:

Theorem (Popa -V, 2008)
Let = G [X be a free product of finitely generated, infinite groups.

[—Bither assume G an ICC group with property (T),
or, G = G; % G2 a non-amenable product of ICC groups.
Then, F(M) = {1} forall M =L*(X) CLhnd I (X1 u) free ergodic.
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Uncountable fundamental groups

Theorem (Popa - V, 2008)
Let I be of the form Tl =G [>with X infinite amenable, e.g. Fe.

For all subgroups F [RIl belonging to a large class S, there exist
uncountably many free ergodic p.m.p. actions oj : ' [ (X], ;) s.t.

e L*(Xi) LT has fundamental group F,

e the Il; factors L*(X;) Lg T are non-isomorphic for diCerent i.

The large class S includes
—all countable subgroups of R,

F [RI of prescribed Hausdor [Cdimension,
1 1
Certain e* Rl Vn [AhX X o , where XTI = d(x, 2).
n=1
~— Non-pathological uncountable subgroups of R..
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Ergodic measures and definition of S

Definition (Aaronson, Nadkarni, 1987)

An ergodic measure v on R is a o -finite measure on the Borel sets
of R such that

o for every x [R] eitherv e Ay =v orv e A, [ V]

e writing H, = {x [RI| v = Ax =V}, every Hy-invariant Borel
function is v-almost everywhere constant.

CDefine S := {exp(Hy) | v is ergodic measure on R }.

1 1
[—We getin S, certain e* Rl Yn [@hx K co by using a
n=1
Cantor measure construction.
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Some speculations (staying on separable Hilbert spaces)

Conjecture : every F (M) is realizable as F (L (X) [EL).

Open problem : characterize intrinsically which subgroups of R+
are of the form F(M).

—Bvery (M) is a Borel subset of R+..

—Bvery (M) is Polishable, i.e. carries a (unique) Polish topology
that generates the Borel o-algebra inherited from R..

Remember : we realize all groups in S = {exp(Hy)} as F(M).
All H,, are

e a countable union of compact subsets of R,

e such that H, is the eigenvalue group of a non-singular flow
R [(Yln), ieH, ={t[R|ELY - T:F(s-y)=eSF(y)}

We expect that none of both properties holds for all log(F (M)).
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