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Definition 0.1 let S be an (abelian) semigroup. A

subproduct system of Hilbert spaces is a family X =

{X(s)}s∈S of Hilbert spaces such that

(1) X(0) = C.

(2) For every s, t ∈ S there is a coisometric mapping

Us,t : X(s)⊗X(t) → X(s + t).

(3) The maps satisfy the associativity condition

Us+t,r(Us,t ⊗ IX(r)) = Us,t+r(IX(s) ⊗ Ut,r).

If all the maps Us,t are unitaries, we get a product

system.

Example 0.2 S = N, X(1) = H (a given Hilbert space) and

X(n) = H⊗n. This is a (full) product system.

Example 0.3 S = N, X(1) = H (a given Hilbert space) and

X(n) = Hsn (the symmetric tensor product). This is a subprod-

uct system with Um,n(x ⊗ y) = pn+m(x ⊗ y) where pn+m is the

orthogonal projection of H⊗n onto the symmetric tensor product.
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Remark 0.4 The Hilbert spaces can be replaced by C∗-correspondences

(or C∗-bimodules) over a given C∗-algebra.

The importance of subproduct systems: It

can serve as a framework

(1) To study semigroups of CP maps on von Neumann

algebras (and their dilations).

(2) To study operator algebras generated by tuples of

operators satisfying some homogeneous relations.
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Semigroups of CP maps

In 1989 Arveson introduced product systems over R+

as a tool for studying and classifying E0-semigroups (semi-

groups α = {αt}t≥0 of ∗-endomorphisms of B(H) with

some continuity property). These product systems were

classified into type I, II and III and there are still many

questions about their structure. Later, Arveson looked at

semigroups of CP maps (completely positive, contractive

and normal) on B(H).

Arveson associated to every CP map Θ : B(H) →
B(H) a “metric operator space” HΘ which is a Hilbert

space. Given commuting CP maps Θ and Ψ, he showed

that there is a natural coisometric map

HΘ ⊗HΨ → HΨΘ.

Thus, if {Θs}s∈S is a semigroup of CP maps, {HΘs} is a

subproduct.

Remark 0.5 When one replaces B(H) by a general

vov Neumann algebra M , Hilbert spaces are replaced

by correspondences over M ′.
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An important question about a CP semigroup {Θs}s∈S is

the dilation question: Can one find an a semigroup {αs} of

∗-endomorphisms on some B(K) (with K containing H) such

that for every x ∈ B(K), PHαs(x)PH = Θs(PHxPH)?

When trying to dilate a CP semigroup on B(H) to a semi-

group of ∗-endomorphisms on (a larger) B(K) one faces the

following question.

Question: Given a subproduct system X = {X(s)}. Can it

be embedded in a product system ?

Facts: For S = N or N2 or R+ the answer is always posi-

tive.(And, in all these cases, dilation exists). For S = N3 we

have a counterexample. This counteraxample yields an example

of 3 commuting CP maps that cannot be simultaneously dilated

to a triple of commuting ∗-endomorphisms (on a larger B(K)).

For S = R2
+ the answer is unknown.

Remark 0.6 Very recently, Bhat and Mukherjee used subprod-

uct systems as a tool to compute the index of certain product

systems. In a related work, Tsirelson has studied subprodct sys-

tems with dim X(s) = 2 for every s 6= 0.
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Operator Algebras:

Here we set S = N and dim X(n) < ∞.

Since Un,m : X(m) ⊗ X(n) → X(m + n) are coiso-

metric, we can assume that X(m + n) ⊆ X(m)⊗X(n).

In fact, we can assume that X(n) ⊆ X(1)⊗n and

Un,m = pn+m (the projection of X(1)⊗m+n onto X(m +

n)).

Remark 0.7 Suppose we have X(1), X(2), . . . , X(k).

Then, to complete it to a product system, we need to

choose X(k + 1) such that

X(k+1) ⊆ ∩n1+···+nm=k+1X(n1)⊗X(n2)⊗· · ·⊗X(nm).

Then we will have a similar condition for choosing

X(k + 2) etc. If we choose X(k + 1) to be equal to the

right-hand-side and we continue in a similar way to

choose X(k + 2), X(k + 3), . . ., we get the maximal

subproduct with given X(1) through X(k).
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Example 0.8 The maximal subproduct with X(1) =

Cd and X(2) = CdsCd is X(k) = CdsCds · · ·sCd.

Representations :

Definition 0.9 S : X → B(H) is a representation if

S = {Sn} is a family of completely contractive maps

Sn : X(n) → B(H) satisfying “the semigroup condi-

tion”:

Sn+m(Un,m(x⊗ y)) = Sn(x)Sm(y)

for x ∈ X(n), y ∈ X(m).

Remark 0.10 If K is a Hilbert space with o.n.basis {en}m
n=1,

then a linear map T : K → B(H) is completely contractive iff

(T (e1), . . . , T (em)) is a row contraction iff
∑

T (en)T (en)
∗ ≤ I.

Example 0.11 (Arveson) Let X be as in the example above (the

symmetric products) and {ei} the (standard) o.n. basis of Cd.

Then S1 is given by a contractive d-tuple (T1, . . . , Td) and for

i, j, U1,1(ei ⊗ ej − ej ⊗ ei) = p2(ei ⊗ ej − ej ⊗ ei) = 0. It follows

from the semigroup condition that TiTj − TjTi = 0. In fact,

the representations of X are given by commuting contractive d-

tuples.(Can be generalized to q-commuting tuples).
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Example 0.12 Fix complex numbers {ai,j}2
i,j=1 and

let X be the maximal subproduct system with X(1) =

C2 and X(2) = (
∑

ai,jei ⊗ ej)
⊥ ⊆ C2 ⊗ C2. Then the

representations are precisely all pairs (T1, T2) that are

contractive (T1T
∗
1 + T2T

∗
2 ≤ 1) and satisfy

∑
ai,jTiTj = 0.

We write A for the matrix (ai,j) and XA for this sub-

product system.

Example 0.13 Fix an o.n. basis {e1, e2} of C2. For

a word α = α1α2 · · ·αn in {1, 2} (that is, αi ∈ {1, 2})
write eα = eα1 ⊗ · · · ⊗ eαn and |α| = n. Let X(n) be

the span (in (C2)⊗n) of all eα for α of length n that

do not contain ‘2’ more than once.

This is a subproduct system whose representations

are given by all contractive pairs (T1, T2) satisfying

T2T
k
1 T2 = 0 for all k ≥ 0.
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In fact, subproduct systems are in one-to-one corre-

spondence with homogeneous ideals of polynomials in

non-commuting variables.

More precisely:

Let E be a Hilbert space with (finite) o.n. basis {ei}n
i=1

and write C〈(xi)
n
i=1〉 (or C〈x〉) for the collection of all

polynomials in non-commuting variables.

Given an homogeneous ideal J (2-sided generated by

homogeneous polynomials). Get a subproduct system

XJ(n) = E⊗n ª {p(e) : p ∈ J}

where p(e) =
∑

cαeα if p =
∑

cαxα.

Conversely,

Given X with X(1) ⊆ E, set

JX = span{p ∈ C〈x〉 : ∃n > 0, p(e) ∈ E⊗n ªX(n)}.

Theorem 0.14 This correspondence is a bijection.

Note: This is closely related to Popescu’s “Operator

theory on non commutative varieties” and to works of

Bhat, Bhattacharyya and Dey (on constrained dilations).
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The algebras AX

Define the X-Fock space

FX = ⊕∞n=0X(n).

On it, for every x ∈ X(n), define the “shift” operator

SX(x)y = Un,m(x⊗ y)

for y ∈ X(m). SX is a representation of X in B(FX).

Definition 0.15 AX is the unital Banach algebra gen-

erated by the operators SX(x) (for x ∈ X). It is also

the unital Banach algebra generated by SX
i := SX(ei)

where {ei} is an onb for X(1).

Let X be a subproduct system and let J be the homo-

geneous ideal in C〈(xi)
n
i=1〉 associated to it. Write

Z(J) = {T = (Ti)
n
i=1 ∈ (B(H)n)1 : ∀p ∈ J, p(T ) = 0}.

Note: (SX
i ) ∈ Z(J) where X = XJ and SX

i = SX(ei).
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Z(J) = {T = (Ti)
n
i=1 ∈ (B(H)n)1 : ∀p ∈ J, p(T ) = 0}

Theorem 0.16 AX is the universal algebra generated

by a tuple in Z(JX). That is, it is generated by such

a tuple and if B is the operator algebra generated by

some T in Z(JX), there is a unique unital c.c. ho-

momorphism φ from AX onto B mapping SX
i to Ti.

Thus: When X = XJ , the tuple SX := (SX
1 , SX

2 , . . . , SX
n )

serves as a model for tuples in Z(J). Another result along

these lines is the following.
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Theorem 0.17 Let T be in Z(J) and let K be an

infinite dimensional, separable Hilbert space. Then

for all r > ‖T‖cb, T is unitarily equivalent to a piece

of SX ⊗ rIK.

Moreover, ‖T‖cb is equal the infimum of r such that

T is such a piece.

Corollary 0.18 (von Neumann inequality) For every

T ∈ Z(JX) and polynomials p, q of n non-commuting

variables,

‖p(T1, . . . , Tn)q(T1, . . . , Td)
∗‖ ≤ ‖p(SX

1 , . . . , SX
d )q(SX

1 , . . . , SX
n )∗‖.

Note: An important tool used in the proofs of the

last results is Popescu’s Poisson kernel.
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Corollary 0.19 The character space of AX is (as-

sume dim X(1) = n)

MX = {z ∈ Bn : p(z1, z2, . . . , zn) = 0 ∀p ∈ JX}.

Remark 0.20 (1) For the product system {X(1)⊗n}
we get Popescu’s noncommutative disc algebras.

When Hilbert spaces are replaced by correspon-

dences: Tensor Algebras.

(2) One can also study the C∗-algebras C∗(AX) and

its quotient by K(FX) generalizing the Cuntz al-

gebra (or Cuntz-Pimsner algebras) and their Toeplitz

extensions. For the symmetric-subproduct system

this was done by Arveson. We show that Mat-

sumoto’s subshift C∗-algebras can be obtained in

this way.
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Definition 0.21 Two suproduct systems are isomor-

phic (X ∼= Y ) if there is a family of unitaries

Wn : X(n) → Y (n) satisfying

Wn+m ◦ UX
n,m = UY

n,m ◦ (Wn ⊗Wm).

Theorem 0.22 The following are equivalent

(1) X ∼= Y

(2) AX and AY are isometrically isomorphic via an

isomorphism φ that preserves Ω (the generator of

X(0) = C); that is, 〈φ(a)Ω, Ω〉 = 〈aΩ, Ω〉 for a ∈
AX.

Moreover, in this case, φ is graded; that is φ(SX
α ) ∈

span{SY
β : |β| = |α|}. (SX

α = SX
α1

SX
α2
· · ·SX

αn
where

α = α1α2 . . . αn).
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A class of examples: Degree-2 relation alge-

bras Recall: To every 2 × 2 matrix A we associated a

subproduct system XA and therefore an algebra AA. XA

is defined by X(1) = C2, X(2) = (
∑

ai,jei⊗ej)
⊥ and the

rest by maximality. The algebra is universal with respect

to a contractive pair (T1, T2) satisfying
∑

ai,jTiTj = 0.

(A general degree-2 relation.)

Theorem 0.23 The following are equivalent:

(1) AA and AB are isometrically isomorphic.

(2) XA
∼= XB.

(3) There are some λ ∈ C and a unitary 2× 2 matrix

U such that B = λU tAU .

Moreover, if r(A+At) > 0, then every completely iso-

metric automorphism of AA preserves ωΩ and, thus,

is graded.

Note: This classifies all the algebras that are universal

for a single degree-2 relation.

15



Lemma 0.24 We have

MA = {z ∈ B2 :
∑

ai,jzizj = 0}
Thus, the topology of the character space MA de-

pends on r(A + At).

(i) If r(A + At) = 0, MA
∼= B2.

(ii) If r(A + At) = 1, MA
∼= D.

(iii) If r(A + At) = 2, MA is homeomorphic to two

discs pasted together at the origin.

Thus, if AA
∼= AB, then r(A + At) = r(B + Bt).

Cases:

The case r = 0: Either A = 0 (and AA is Popescu’s

noncommutative disc algebra) or A is a multiple of


 0 1

−1 0




(and the algebra is the commutative algebra generated by

Arveson’s 2-shift). They are not isomorphic.

The case r = 2. An isomorphism induces a home-

omorphism of the character spaces and, thus, preserves

the 0 (which is the character ωΩ).
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The case r = 1

Here it can be reduced to the family {Aq : q ≥ 0}

where Aq =


 1 q

−q 0


.

Write Aq for AAq . This is the algebra universal w.r.to

the relation T 2
1 + qT1T2 − qT2T1 = 0.

Proposition 0.25 (1) If q 6= r, the algebras Aq and

Ar are not isometrically isomorphic.

(2) If q = r, every completely isometric automor-

phism is graded (and comes from an isomorphism

of the subproduct system).

About the proof of (1): Every isomorphism of Aq onto

Ar induces an homeomorphism fromMq ontoMr (both

are homeomorphic to the disc). The set of the images of

0 will be written O(0; q, r). One can show that this set

is invariant under rotations and does not contain 0. The

proof now proceeds by studying this set and its preimage.

The proof of (2) is more involved.
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Another class: The q-commuting algebras

A matrix Q will be said to be admissible if qii = 0 and

qij = q−1
ji 6= 0 for i 6= j.

Write E = Cd, let Q be a d×d admissible matrix and

define XQ by: XQ(1) = E,

XQ(2) = (span{ei⊗ ej− qijej⊗ ei : i 6= j})⊥ ⊆ E⊗E

and by maximality. Then AQ = AXQ
is universal with

respect to the relations TiTj = qijTjTi.

Theorem 0.26 Let Q and R be two admissible d ×
d matrices such that qij, rij 6= 1 for all i, j. Then

AQ is isometrically isomorphic to AR if and only if

XQ
∼= XR if and only if there is a permutation σ ∈ Sd

such that R = UσQU−1
σ . In this case the isometric

isomorphisms between AQ and AR are precisely those

of the form

SQ
i 7→ λiS

R
σ(i),

where λ1, . . . , λd are any complex numbers on the unit

circle.
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