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Multi-normed spaces

Definition

A multi-normed space is a Banach space E equipped with a
sequence of norms {|| - ||, : n € N} on the linear spaces

{E" : n € N} satisfying:

(A1) || (X1, - )|, = G- x)l,s

(A2) [|(vrxt, - .. ,Oénxn)Hn < (maxjen, |ail) [|(x1, - - -, x0)]],;
(A3) (Gt s n—1, O, = (e - sty

(A4) [I(xrs e o vy X2, 2, ) ||, = (| (x1s e ooy X2, ) ||,y -
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(AS) H(xlv s 7xn—170)Hn = H(x17 s 7xﬂ—1)||n—1;
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Example

|(x1, .., x0)],, = max {||x;]| : i € N}
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» Eis a Banach space.

Proposition
Let{]|- |, : n € N} be a sequence of norms on the spaces
{E" : n € N}. Then E is a multi-normed space if and only if

lAxl, < Al el (A €My x€ B mneN).



Tensor norms

Definition
A norm « on the linear space ¢y ® E is a co-norm if:

(i) a(x®y) = ||x|| |ly|| for every x € ¢p and y € E, and

(i) T ® Ig is bounded on (cp ® E, «) with ||T @ Ig|| < ||T|| for
each T € B(cy).
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Tensor norms

Definition
A norm « on the linear space ¢y ® E is a co-norm if:

(i) a(x®y) = ||x|| |ly|| for every x € ¢p and y € E, and

(i) T ® Ig is bounded on (cp ® E, «) with ||T @ Ig|| < ||T|| for
each T € B(cy).

> £(z) < alz) <7(z)

Proposition (Daws)
The study of multi-norms over E is equivalent to the study of
co-norms oncp @ E. O
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Pisier’s representation theorem

Example
» L a Banach lattice.
» J: E — L an isometric embedding.

» The formula

o (Z@'@W) =GV -V TGl (*)

=1

defines a cy-norm on ¢y Q E.

Theorem (Pisier (2001))

Let o be a co-norm on cop ® E. Then there exists a Banach lattice
L and an isometric embedding J : E — L such that (*) holds. [
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Replace oo by p?

> ||Ax],, < All, |xll, <= ¢P-normon (? @ E

> [[Ax], < Al I, <= (A1)-(A3) +

(B4) [|(x1, .-y xp—2, 0, 0) ||, = || (%1, - - - s X0—2, 2%) ||,y

» GivenJ : E — L. The formula

« (Z 0; ® x]) =
j=1

defines an ¢'-normon /! Q E.

> M)l
j=1

L



The maximum multi-norm

The maximum multi-norm over E is defined by

max e}

(1, X)) =sup [|[(x1,..., ;)| (REN, x1,...,x, €E),

where the supremum is taken over all multi-norms || - || on E.
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The maximum multi-norm

The maximum multi-norm over E is defined by

‘max e}

(1, X)) =sup [|[(x1,..., ;)| (REN, x1,...,x, €E),

where the supremum is taken over all multi-norms || - || on E.

> ) [ = (3 6 @ x)

Proposition
Foreachn € N andx = (xy,...,x,) € E", we have

n

D i h)

i=1

™ = sup {

A=Ay ha) € (ED pia(N) < 1} .
L]



The weak-(p, ¢) multi-norm

Proposition
Let1 < p < g < oo. Foreachn € N we define a norm on E" by

n 1/‘1
|x[|¥9) = sup { (Z r<xl~,Al~>\q> A€ (B, ppa(N) < 1} :
i=1

where x = (x1,...,x,) € E". Then the family {|| - ||"*? : n € N} is
a multi-norm over E, called the weak-(p, q) multi-norm. O
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The weak-(p, ¢) multi-norm

Proposition
Let1 < p < g < oo. Foreachn € N we define a norm on E" by

n 1/‘1
|x[|¥9) = sup (Z r<xl~,Al~>\q> A E(EN", ppa(N) <15,
i=1

where x = (x1,...,x,) € E". Then the family {|| - ||"*? : n € N} is
a multi-norm over E, called the weak-(p, q) multi-norm. O

> Letl <p<g< .
. . 1, R s
> Obvious: || ||\ < |- |» < ||| @

> Less obvious: || - |7 < ||| < |||



The weak-(p, p) multi-norm
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F ® E is defined by
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The weak-(p, p) multi-norm

» E, F Banach spaces, p > 1. The Chevet-Saphar p-norm on
F ® E is defined by

1/p n
dp(z) = mf{up Xlyeoes (Z HMII”) :szi®yi}~
i=1

> (FRE,dy) = Py(F,E).

Theorem (Daws, R)

The weak-(p, p) multi-norm on E is induced by the
Chevet-Saphar p’-norm on co Q E. i.e.,

(x1, - x) [|PP) = dy (25 ®xj) .



The weak-(1, p) multi-norm on L'()

Theorem (R)
Let ) be a measure space, and let1 < p < co. Then

1/p
1G-S = = sup <Z||XX,fth> (fir- - fa € L1().

where the supremum is taken over all measurable partitions
X:(Xl,...,Xn)on. L]



The weak-(1, p) multi-norm on L'()

Theorem (R)
Let ) be a measure space, and let1 < p < co. Then

1/p
1G-S = = sup <Z||XX,fth> (fir- - fa € L1().

where the supremum is taken over all measurable partitions
X:(Xl,...,Xn)on. L]

» In particular, we have

G- EDISD = G I = ALY - VI -
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(p, g)-amenability

Definition
Let E be a multi-normed space. A subset B C E is
multi-bounded if

sup {||(x1,. .., x|, s x1,..., Xn €B,n € N} < 00.

Definition

Let G be a locally compact group, and let 1 <p < g¢q. Then G is
(p, q)-amenable if there exists a mean A € L'(G)" such that the
set {s-A : s € G} is multi-bounded in the weak-(p, ¢) multi-norm.

» (g,9)-amenable = (p, g)-amenable = (1, g)-amenable.

» (1,1)-amenable = (p, p)-amenable = (¢, g)-amenable.



(p, g)-amenability
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Let G be a locally compact group. Then G is (1,1)-amenable if
and only if G is amenable. O



(p, g)-amenability

Proposition

Let G be a locally compact group. Then G is (1,1)-amenable if
and only if G is amenable. O
Proposition

The group F, is not (1, p)-amenable for any p > 1. O
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Injective Banach modules

» Let A be a Banach algebra, and let E € A-mod be faithful.

» Then B(A, E) € A-mod with the multiplication

(a-T)(b)=T(ba) (a,beA, T € B(AE)).

» We define the canonical embedding 11 : E — B(A, E) by the
formula
II(x)(a) =a -x (a€A x€E).

Definition
The module E is injective if there exists a left A-module
morphism p : B(A,E) — E with po IT = Ig.



The L'(G) module 17(G)

» Foreach 1 < p < oo, I7(G) € L'(G)-mod with the
multiplication

(@)1 = /G a(s)f (711 dm(s) (a € L'(G), f € I7(G))..



The L'(G) module 17(G)

» Foreach 1 < p < oo, I7(G) € L'(G)-mod with the
multiplication

(@)1 = /G a(s)f (711 dm(s) (a € L'(G), f € I7(G))..

» G amenable = [”(G) injective.



The L'(G) module 17(G)

» Foreach 1 < p < oo, I7(G) € L'(G)-mod with the
multiplication

(@)1 = /G a(s)f (711 dm(s) (a € L'(G), f € I7(G))..

» G amenable = [”(G) injective.

Theorem (R)
Let G be a discrete group, and let1 < p < co. Then

(G) injective < G (p,p)-amenable . O



The L'(G) module 17(G)

» Foreach 1 < p < oo, I7(G) € L'(G)-mod with the
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(@)1 = /G a(s)f (711 dm(s) (a € L'(G), f € I7(G))..
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Theorem (R)
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Theorem (R)
Let G be a locally compact group, and let1 < p < co. Then:

L7(G) injective = G (p,p)-amenable . u
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Folner type conditions

Theorem (R)
Let G be a locally compact group, and let1 < p < co. Then:

G (1,p)-amenable —> G p-pseudo-amenable. O

Definition

Let G be a locally compact group, and let 1 < p < co. Then G is
p-pseudo-amenable if there exists C > 1 such that, for every

n € N and every finite set F = {sy,...,s,} C G, there exists a
non-null, compact subset S C G with

m(FS) < Cn'~/Pm(s) .

Theorem (Dales & Polyakov (2003))
Let G be a discrete group, and let1 < p < oc. Then:

(?(G) injective —> G p-pseudo-amenable — F, ¢ G. U
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