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Abstract. The notion of local Riemann algebras is introduced. By studying
the ideal structure of Fréchet algebras, we provide sufficient conditions for
the existence of local analytic structure in the spectrum of a Fréchet algebra,

and, as an application, we characterize local Riemann algebras.



1 Introduction and statement of the Main

Theorem.

An important subject in the theory of Fréchet algebras is the question of
the existence of analytic structure in spectra. The detailed study of this
problem for uniform Fréchet algebras is discussed in [8], especially the work
of Brooks, Carpenter, Goldmann and Kramm. It is not always possible to
give an analytic structure to the whole spectrum and therefore it is of interest
to know conditions which ensure that parts of the spectrum of a Fréchet
algebra can be given an analytic structure. Loy in [12] gave a sufficient
condition for the existence of local analytic structure in spectra of certain
commutative Fréchet algebras.

This paper contains a continuation of the work begun in [15], and we shall
feel free to use the terminology and conventions established there. However,
all this work is specifically concerned with the determination of sufficient
conditions for the existence of local analytic structure in the spectrum of a
commutative Fréchet algebra by studying the structure of the algebra. (See
the Main Theorem below.) As far as we know, a careful use of the Arens-

Michael representation theory, applied to the more general case of Fréchet



algebras, is treated for the first time in this paper. As a consequence, we char-
acterize local Riemann algebras (introduced below) by intrinsic properties
within the class of Fréchet algebras. Though the present paper is primarily
addressed to functional analysts; we hope that complex analysts may also
find sufficient conditions interesting from an applications point of view.

Throughout the paper, “algebra” will mean a non-zero, complex commu-
tative algebra with identity. We recall that a Fréchet algebra is a complete,
metrizable locally convex algebra A whose topology may be defined by an
increasing sequence (p,)m>1 of submultiplicative seminorms. The basic the-
ory of Fréchet algebras was introduced in [8] and [14]. The principal tool
for studying Fréchet algebras is the Arens-Michael representation, in which
A is given by an inverse limit of Banach algebras A,, (see below). A Fréchet
algebra A is called a uniform Fréchet algebra if for each m > 1 and for each
7 € A pu(@?) = pu(@)?

Let A be a Fréchet algebra, with its topology defined by an increasing
sequence (Pp,)m>1 of submultiplicative seminorms. For each m, let @, :
A — A/ker p,, be the quotient map. Then A/ker p,, is naturally a normed
algebra, normed by setting ||z + kerpp,|lm = pm(z) (x € A). We let

(Am; || - |lm) be the completion of A/kerp,,. Then d,(x + kerp,,1) =



x + kerp,, (r € A) extends to a norm decreasing homomorphism d,,

A1 — A, such that
Ap~B Ayt Ay A I p e

is an inverse limit sequence of Banach algebras; and bicontinuously A =
lim(A,,; dn). This is called an Arens-Michael representation of A. We note
that: (i) there is a one-to-one correspondence between the set M(A) of all
non-zero continuous complex homomorphisms on A and the closed maximal
ideals in A, and (ii) maximal ideals of Fréchet algebras are not, in general,
closed (see [8, Example, p. 83]).

As pointed out in [15], the algebra F is a Fréchet algebra when endowed
with the weak topology defined by the projections 7; : F — €, j € Z*,
where 7, (3%, A, X™) = A;. A defining sequence of seminorms for F is (p,,),
where p, (300 A X™) = ™0 | A\ | (m € N). A Fréchet algebra of power
series is a subalgebra A of F such that A is a Fréchet algebra containing
the indeterminate X and such that the inclusion map A — F is continuous
(equivalently, the projections 7;, j € Z™, are continuous linear functionals
on A). Though Fréchet algebras of power series have been considered earlier
by Loy in [10] and [11], recently these algebras-and more generally, the

power series ideas in general Fréchet algebras-have acquired significance in



understanding the structure of Fréchet algebras ( [1], [2], [3], [15]). For
examples of Fréchet algebras of power series, we refer to [2] and [3].

We recall that the spectrum M (A) (with the Gel'fand topology) has an
analytic disc at ¢ € M(A) if there are a disc D in the complex plane and a
continuous injection f : D — M (A) such that f(0) = ¢ and Z o f € Hol(D)
for all x € A. A uniform Fréchet algebra A is called Riemann algebra if it
is topologically and algebraically isomorphic to the Fréchet algebra Hol(X)
of all holomorphic functions on some Riemann surface X (see [8, 19.5.1]).
Note that Hol(D) is a semisimple Fréchet algebra of power series with a power
series generator z [2, Example 1.4], which is a planar Riemann algebra [9,
§4]. We call a Fréchet algebra A a local Riemann algebra if a non-empty
part of M(A) can be given the structure of a Riemann surface in such a way
that the completion in the compact-open topology of the algebra of Gel’fand
transforms of elements of A, restricted to this part, is the Fréchet algebra
of all holomorphic functions on this Riemann surface. Similarly, we can also
define local Stein algebras in the several variable case.

Let x € A and let R, denote the linear operator A — A of right- multipli-
cation by x. A non-zero element x € A is called a strong topological divisor

of zero in A if R, is not an isomorphism into, i.e. a linear homeomorphism



of A onto Az [14, Definition 11.1]. A non-zero element = € A is a topo-
logical divisor of zero in A if, for each sequence (p,,) of seminorms defining
the Fréchet topology of A, there exists m € N such that x,, is a topological
divisor of 0 in A,, [14, Definition 11.2]. We remark that the two notions of
topological divisor of zero agree for normed algebras.

We now state the main result on analytic structure to be proved in the
paper. We remark that every principal maximal ideal is a closed maximal
ideal in A, by [14, Theorem 5.4] (in the unital case).

MAIN THEOREM. Let A be a Fréchet algebra, with its topology defined
by a sequence (py,) of norms. Suppose that A has a principal mazimal ideal
At, that ¢ (corresponding to At) is not isolated in M(A); and that t has the
property that there exists n € N such that t,, is not a topological divisor of

zero in A, for allm > n. Then:
(i) A/N,>1 At" is a semisimple Fréchet algebra of power series;
(i) there is an analytic disc at ¢;

(iii) for each x € A, & wvanishes on a neighbourhood of ¢ if and only if

The paper ends with some remarks on the hypotheses of the theorem, in



particular, with counterexamples, showing that the assumptions, considered
on ¢, t and (p,,), cannot be dropped. We provide a characterization of
local Riemann algebras as a corollary to the main theorem, and also provide
examples of local Riemann algebras. In particular, the algebra A>(T'), '
the unit circle, is an interesting example of a local Riemann algebra, which
allows us to remark that the presence of the condition on ¢ (which arises very
naturally) also exhibits a significant difference between the Banach algebra
case and the Fréchet algebra case. (See [13, Theorem 4], [5, Theorem 1 and
p. 304], [6, Lemma 2.1}, 4.2 (a), and 4.4 for more details.)

The author hopes that the present work will encourage some people to
invest some time and energy in order to make progress on the theory of
local Stein (Riemann) algebras, that is, on the refinement of the theory of
Stein (Riemann) algebras. As evidenced by [8, Part 3] in the case of uniform
Fréchet algebras, this project is also interesting, since the author believes that
the study of local Stein algebras should play an important role in enhancing

research about the theories of several complex variables and PDE.



2 Fréchet algebras of power series.

The proof of the main theorem, presented in the next section, is broken up
into several technical results of some independent interest.

Let M be a closed ideal of a Fréchet algebra A. Then M™ for each
n > 1 and ﬂnZIW are also closed ideals of A. Here, for each n > 1, M™
is the ideal generated by products of n elements in M. We now state our
two vital technical lemmas (see [15, p. 127]), recalling the Arens-Michael
representations of M, M™ for each n > 1 and Nn>1 M™, and their quotient
Fréchet algebras A/M™ for each n > 1 and A/ (,>; M™.
LEMMA 2.1. Let M be a closed ideal of A. Then the Arens-Michael

isomorphism A = lim(Ay; dy,) induces isomorphisms:

(ﬁi) ﬂnzl M = @(ﬂnzl My dm)'

(Here dy, = dum |1,01 0 Ims1 — I, where I, = Qp,(I) (closure in 4,,),
whenever [ is a closed ideal in A.) O
LEMMA 2.2. With the above notation, the Arens-Michael isomorphism
A = lim(An; dn) induces isomorphisms:
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(i) A/M™ = lim(A, /My d) (n > 1);

(ii) A/ ﬂrelW = @(Am/ Mn>1 My d;n)

(Here d,, : Api1 /M7, — A,/M?7 is the homomorphism induced by
dp.) O

In a special case, we have the following proposition, which is in a stronger
form of [15, Proposition 2.3]. Since the method of proof is used in the proof
of the main theorem, we present the proof here for the reader’s convenience.
PROPOSITION 2.3. Let (A, (pm)) be a commutative, unital Fréchet alge-
bra with the Arens-Michael isomorphism A = @(Am; dy), and let M be a
non-nilpotent, closed mazimal ideal of A such that: (i) N>y M™ = {0}
and (ii) dim(M/M?) = 1. Then there evists t € M such that M™ =
Mm@ @t" for each n > 1. Assume further that each p,, is a norm.
Then, for each sufficiently large m, M,, is a non-nilpotent maximal ideal of
Ay, such that: (a) Nps1 M7 = {0} and (b) dim (M7 /M) =1 for each n.
Proof. We clearly have M"+1 % M7 # {0} for each n.

Since dim(M/M?) = 1, there exists t € M such that M = M2 & C't,

so that M» = Mt + @'t" for each n € N. If it were the case that
t" € Mn*! for some n € N, then M! = M" for all | > n, and so M =
N1 M! = {0}, a contradiction of the fact that M is non-nilpotent. Thus
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M" = M1 @ @'t" for each n € N.

Assume further that each p,, is a norm. First, suppose that M,, (closure in
A,,) is nilpotent for some m. Then there exists n € N such that M = {0}.
But then M C M,, implies that M is nilpotent, a contradiction of the fact
that M is non-nilpotent. Thus it is clear that M,, is not nilpotent for each
m, and so, by Lemma 2.1 (ii), we have Q,,(M)" = M2 # {0} for all n, m.
Also, since ,»; M™ = {0}, we have (>, M2 = {0} for each m, by Lemma
2.1 (iii) and [7, Corollary A.1.25]. Since M is a closed maximal ideal of A,
we have A = M + €. Thus Q,,(M) + € = M + € is dense in A,,, and
so also is M,, + @. Since M,, is closed in A,,, we have A,, = M,, + T'. As
it is not true that M,, = A,, for infinitely many m € N, this proves that
M, is a maximal ideal of A,, for each sufficiently large m. Repeating this

argument for M = M2 @ €'t and using the fact that Q,,(M2) = M2, we
obtain dim (M,,/M?2) = 1 for each sufficiently large m.
Following the argument given in the previous paragraphs, for sufficiently
large m, we also obtain dim (M7 /Mm+1) = 1 for all n. O
Let A be a Fréchet algebra of power series. Then A is an integral domain.

Set M = kermg. Then M is a closed maximal ideal of A and M is not

nilpotent. Note that my is a continuous projection on A, which is also a
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complex homomorphism on A. Further, M™ C kerm,_; for each n > 1, so
that N,>; M™ = {0}. The following result generalizes this argument. We
recall that a Fréchet algebra of power series A satisfies condition (E) if there
is a sequence (7,) of positive reals such that (v, !m,) is an equicontinuous
family [13], and, by [15, Theorem 3.6], Fréchet algebras of power series
(except F itself) satisfy this condition.

THEOREM 2.4. Let A be a Fréchet algebra, 0 : A — B a homomorphism
of A onto a Fréchet algebra of power series B(# F). Then A contains a
non-nilpotent closed maximal ideal M such that N>, M™ = ker 0. O
REMARK. We note that the range of ¢ is not one-dimensional, so, by [15,
Theorem 4.1}, § is continuous, and hence one can follow the proof given in [13,
Theorem 1] for the Banach algebra case. If we replace B by F in the above
theorem, then the theorem is no longer true since there are Banach algebras
which have discontinuous epimorphisms onto F [7, Theorem 5.5.19]. In fact,
the above theorem significantly generalizes Theorem 1 of [13], that is, a
Banach algebra of power series in the codomain could be replaced by a Fréchet
algebra of power series (# F); it also provides a necessary condition for the
existence of a non-surjective homomorphism from a Fréchet algebra into F

(Thomas provided necessary conditions for the existence of an epimorphism
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from a Fréchet algebra onto F (see [16, §2] for more details)).

If we delete (i) from Theorem 3.1 of [15] and strengthen (ii) of that the-
orem to dim (M™/Mm*+1) = 1 for all n, then we have the following theorem;
we will merely sketch a proof.

THEOREM 2.5. Suppose that A has a closed maximal ideal M such that
dim (M7 /M) = 1 for each n. Then A/N,>1 M™ is a Fréchet algebra of
power series.

Proof. Following the argument given in the proof of [15, Theorem 3.1,
we have a homomorphism ¥ : z — 3%, m(x)t" from A onto an algebra
of formal power series with kernel (1,5, kerm, = (,>; M". The inclusion
N1 kerm, € N>y M™ is clear. For the reverse, suppose that z € Nn>1 Mn
and that z does not belong to M,,>; ker m,. Let k be the least index such that
me(r) # 0. Then x = mp(z)t* + yi, where y, € MM So tF € M+ a
contradiction.

For z € A, let & denote the coset z + (,>; M™. Then the mapping
T — Y20 m(Z)t" is an isomorphism from A/(,>; M™ onto an algebra of
formal power series. One can now follow the proof of [15, Theorem 3.1], in

order to establish the theorem. O

As a corollary, we have the following result, with F as a trivial example.
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COROLLARY 2.6. Suppose A has one generator t and that the ideals At

are all distinct. Then A/ N,y At"™ is a Fréchet algebra of power series. O

3 Proof of the Main Theorem.

First, we show that At"* # At™ for each n. Suppose At"™! = At" for some
n > 1. Then there is x € A with t" (e — xt) = 0. By the maximality
of At, t vanishes only at ¢, whence (e — xt)> must vanish off {¢}. Since
(e — zt)(¢) = 1, this means that ¢ is isolated, a contradiction. It follows
that At" = A"t @ €t" O At"*! properly for each n € N. A simple
induction now shows that At¢™ has co-dimension n in A, and therefore, as the
range of the continuous map z + xt", is closed. So (,>; At" is a closed

ideal of A. We have the following conclusions:

Il

(a) At Um(At),; A" = Hm(A")pm; Moy A" = Hm s (A")m, by

—

Lemma 2.1.

(b) AJAI 2l A /(A7) 5 A/ oy AP = Titn Ay iy (AR
At JAETE 2 lim(AE"),, /(At"H),,, by Lemma 2.2. We have the last

Arens-Michael isomorphism as the ideals At™ are all distinct.

(c) By Theorem 2.5, B = A/,>; At" is a Fréchet algebra of power series.
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(d) We first recall that each p,, is a norm on A. Then, by Proposition
2.3, (At),, is a maximal ideal in A,, for sufficiently large m such that
dim((At"),,/(At"™1),,) = 1 for each n since dim(At"/At"*1) = 1 for
each n. So, by Theorem 2.5, B,, = A,;/N,>1(At"),, is a Banach
algebra of power series for sufficiently large m. Hence, by passing to
a suitable subsequence of (g,,) defining the same Fréchet topology of
B, we conclude, without loss of generality, that each B,, is a Banach
algebra of power series. Thus, by [2, p. 144], B # F. Hence, by
[15, Theorem 3.3], the topology of B is, indeed, defined by a sequence
(¢m) of norms. Hence B admits a continuous norm, but not necessarily
submultiplicative (A also admits a continuous norm). Not only this,
but, by [15, Corollary 4.2], B has a unique Fréchet topology so that

each ¢, can be taken as a quotient norm induced by the norm p,,.

For # € A, let Z denote the coset x + (1,5 At" (which is in fact power
series 302, m;(Z)t'). Then t is certainly not a zero divisor. Bt is the image
of At and therefore is a maximal ideal in B. In fact, it is also closed since
it cannot be dense as it is contained in ker 7y. Since, t is not a zero divisor,
the mapping R; : T +— Tt is injective. It is, indeed, a homeomorphism,

by the open mapping theorem. Now, for each m, the mapping (R;), : T —
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zt of (B, q,) into (Bt, q,,) is a continuous linear transformation, being a
right multiplication operator on the normed algebra (B, ¢,,). Lifting to the
completions, for each m, Ry : Z,, — Tty of B, into (Bt),, is continuous.

Assuming that there exists n € N such that £, is not a topological divisor
of zero in A, for all m > n, we have A, t,, = (At),, for all m > n, and so
Butm = (Bt), for all m > n, hence R is injective. As noted in (d) above,
Bty is a maximal ideal in B,, for sufficiently large m, being the image of
At a maximal ideal in A,,. Thus, we have, without loss of generality,

that each R; has continuous inverse, by the open mapping theorem. In

particular, by the Banach algebra case [13, Theorem 4], we have
I 1< @ R ) fork € ZT.

Define 6; =|| 2R;" |7' < liminfy | W,(gl) |=Y/%. Now if Q; is the closed disc

(1)

centered at zero and radius d; /2, then the mapping ¥y : Z; — >, ¢

(71) 2
of B; into Hol(£21), a standard disc algebra, is injective, continuous by the
closed graph theorem. Since Hol(€);) is semisimple, the same holds for B;.
Clearly, the mapping ()1 : * +— z; of B into Bj is also a continuous, injec-

tive homomorphism. This shows that B is a semisimple Fréchet algebra of

power series. This proves (i).
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For (ii), set 6 = d1/2 (note that we can do this as ¢ is a continuous,
submultiplicative norm on B), and define functionals {¢, :| A |< d} on
A; by ¢y 11 — SXom(Z1)A. Then I'y : A — ¢, mapping A =
{\ |\ < 6} into M(A;), is an analytic disc at ¢; (a point in M(A;)
corresponding to A;t1). Then we define functionals {¢y|A :| A |< 6} on A
by ¢A|A : & — Y2 m(z1) N (and so ¢r|A = ¢y o @Q1), and then define
I'(=Qfoly) : A — ¢4, mapping A = {X : [N\ < 0} into M(A),
which is clearly a continuous injection, such that I'(0) = ¢ (note that @}
is injective, being the adjoint spectral map (see [8, Lemma 3.2.5], for more
details)). Then I' is an analytic disc at ¢.

To prove (iii), define linear operators on A by Ty : © +— (t — Ae) z. Since
At is a principal closed maximal ideal of A, clearly Ty = L; : © — tx is a
semi-Fredholm operator on A. Since Ty has deficiency 1, there is 7 > 0 such
that 7\ = To — Ae has deficiency < 1 for | A | < 7. Let ¢ = min (6, n).
Then if | A | < €, Th(A) C ker¢, and codimTy(A) > codimker ¢,. So
ker ¢, = Ty(A).

Let Ay := {2z € € :| 2z |< €}, U := {¢p € M(A) :| ¢(t) | < €}
Then from what we have just shown, I' : A; — U is a continuous injection.

So if x € ,>; At", then & |y = 0. Conversely, suppose Z |y = 0 for some
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neighbourhood V of ¢. Since ¢ is not isolated point, U NV contains infinitely
many points. But & |y = 0, so that ¢y(z) = 0 for infinitely many points
in A. Since ¢y(z) = 2 o T'(A) and Z o I' € Hol(A), ¢x(z) = 0 on A. Thus

4 Some remarks on the Main Theorem and

open questions.

4.1. If ¢ were isolated, then (ii) is clearly impossible, except in a trivial
sense, and in the semisimple case, by Shilov’s idempotent theorem for Fréchet
algebras, there exists f € A such that f(¢) = 0; f(¥) = 1, ¥ € M(A) \
{¢}. But then At = Af and so At" = At for all n > 1. Thus N> At" =
At so that (i) is impossible and (iii) is trivially true. In fact, A/At = ' via
Gel’fand-Mazur theorem for Fréchet algebras.

4.2. We now show that the assumption that there exists n € N such that
t., is not a topological divisor of 0 in A, for all m > n, is essential for the
existence of analytic disc at ¢. We give two examples here - in the semisimple
case and in the local case.

(a) Take A = F(W) as in §4 of [3]. A®(I"), I the unit circle, is a particular
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example of F(W) (see [2, Example 1.5]). Then A is a Fréchet algebra of
power series having a power series generator X (e in the case of A®(T)) in
the sense of [2], with M(A) = D, the closed unit disc. By [3, Proposition
4.5], every closed maximal ideal is principal. Let z € I'. It is clear that
Rx_.. has a continuous inverse and so X — ze is not a strong topological
divisor of 0 in A; but, by [14, Proposition 11.8], X — ze is a topological
divisor of 0 in A. In fact, since I' is the boundary of the maximal ideal space
of A, for each m, X — ze (as an element of A,,) is a topological divisor of 0
in A,,, so that Rx_,. does not admit a continuous inverse on A,,. Hence no
analytic discs can exist at the points of I', except in a trivial sense.

More interestingly, the example A% (I") exhibits a significant difference be-
tween the Banach case and the Fréchet case. This is in view of the fact that
Crownover proved for the sup norm algebra case that At being a maximal
ideal (corresponding to ¢) in the Shilov boundary implies that ¢ is isolated
in the Gel’fand topology ( [5, Theorem 1]); he posed an open question ( [5, p.
304]) for an arbitrary commutative semisimple Banach algebra with identity,
with a remark that a negative answer would allow for power series represen-
tations on the Shilov boundary, and solved the question in the affirmative

( [6, Lemma 2.1]). We remark from the example A*(I") that Theorem 1 of
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[5] does not hold true for an arbitrary commutative semisimple non-Banach
Fréchet algebra, and allows for power series representations on the (Shilov)
boundary I'. Finally, this example shows that the assumption on t is suffi-
cient (but possibly not necessary) condition for B being semisimple, and is
also sufficient for the existence of analytic disc at ¢.

(b) Take A = (Y(Z", W), W = (w,), an increasing sequence of local weights
on Z*, as in Example 1.2 of [2]. Then A is a local Fréchet algebra of power
series having a power series generator X in the sense of [2], with its unique
closed maximal ideal M = kermy. For each m, A,, is also a local Banach
algebra of power series having a power series generator X, with its unique
closed maximal ideal M,, = ker7’, and X (as an element of A,,) is clearly
a topological divisor of 0 in A,,, being quasinilpotent element. Hence X is a
topological divisor of 0 in A. But, since AX = M, by [17, Lemma 4] and
the fact that a closed ideal of a power series generated Fréchet algebra is also
power series generated, X is not a strong topological divisor of 0 in A. Thus
it is of interest to construct a counterexample of A whose quotient B is a
local Fréchet algebra of power series in the absence of the condition on t. We
expect that such example should exist, but have been unable to construct it.

4.3. We show that the assumption that (p,,) is a sequence of norms, is essen-
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tial. For example, take A = C*°(R) with the usual topology defined by the
sequence (py,) of proper seminorms (note that by a proper seminorm we mean
a seminorm that is not a norm), where p,,(f) = Sn Zmax{| f"(z) |:
x € [-m, m|}. Then A is a semisimple Fréchet algebra, singly generated
by the identity function f(z) = x (r € R), and every closed maximal
ideal is principal [4]. The closed maximal ideal at 0 is Af, and N, Af" =
{g€ A:g™(0)=0for alln € Z'}, which is a closed, prime ideal of infinite
codimension in A. A/N,>; Af" is the algebra of Taylor series about 0 of
functions in A in which the series can have arbitrarily small discs of conver-
gence. In fact, following the argument given in the proof of Theorem 4.4.9
(ii) of [7], we can show that A/(,>; Af™ is topologically isomorphic to F,
so that both (i) and (ii) are clearly impossible. Since M (A) = R, it contains
no analytic discs.

4.4. We remark that this result extends Theorem 2.6 of [4] to nonuni-
form Fréchet algebras, characterizing local Riemann algebras in the following
corollary. Carpenter considered only commutative, unital uniform Fréchet al-
gebras with locally compact Gel’fand space; there is a positive real §, where
0 = min{| f(t) |: t € IB,, ,ma fixed positive integer}, under the given

hypothesis, by [4, Lemmas 2.2 and 2.3]. Note that 0B,, is the Shilov bound-
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ary of B, the completion of the algebra A|X,, with respect to the supremum
norm on X,,. In our case, d; :=|| 2R;" ||~*. In fact, by [5, Remark, p. 302],
both are same. We note that if A is a uniform Fréchet algebra with locally
compact spectrum, then ¢ is not a topological divisor of 0 (w.l.0.g.), since it
is not a strong topological divisor of 0, by [4, Lemmas 2.2-2.4], hence we can
drop the hypothesis on t in this case.

We also remark that, in order to obtain a stronger form of the main
theorem, one can replace the hypothesis on ¢ by the same (but weaker)
hypothesis on ¢: t has the property that there exists n € N such that ¢,
is not a topological divisor of zero in B, for all m > n, since one actually
uses this fact (together with Proposition 2.3) in the proof. But we prefer the
hypotheses in terms of the objects A, ¢, p,,, t rather than in terms of the
objects B, ¢, t occurring in the conclusion. Further, in the Banach algebra
case, we do not require the hypothesis on ¢, since it is automatic in that case
(see [13, Theorem 4]). As a special case of the main theorem, we have the
following result, whose proof we omit. (Similar results appeared in [4], [6];
proved for commutative semisimple Banach algebras, and in [9].)
COROLLARY 4.1. Let A be a Fréchet algebra, with its topology defined

by a sequence (pn,) of norms. Suppose that M(A) contains a subspace Y
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such that: (i) Y has no isolated points; (ii) every closed mazximal ideal (cor-
responding to a point in Y ) is principal, such that the generator t has the
property that t,, is not a topological divisor of zero in A, for all sufficiently
large m. Then Y can be given the structure of a Riemann surface in such a
way that, for each x € A, the restriction of & to'Y s analytic. In particu-
lar, if Y s locally compact and connected, such that the conditions (i) and
(i) hold, then A is a local Riemann algebra (that is, the completion of A]Y
with respect to the compact open topology is topologically and algebraically
isomorphic to Hol(Y)). Conversely, if A is a local Riemann algebra, then
every closed mazimal ideal (corresponding to a point in'Y ) is principal. O

Clearly, if A(# ) is a local Riemann algebra, then Y above is lo-
cally compact and connected with no isolated points, but the condition
(ii) above need not hold as is seen in the case of A>(I'). We note that
F(W), in particular, the nuclear Fréchet algebras F(W) (see [3, §6]), Ba-
nach algebras satisfying Theorem 4 of [13], Riemann algebras, and the al-
gebra A, of all holomorphic functions on the analytic set (Neil’s parabola)
{(z,y) € @* : 2> — y*> = 0} (see [9, §3]) are local Riemann algebras

whereas C*®(R), (*(Z", W) (see 4.2 (b) above) are not local Riemann alge-

bras. Also, it is easy to see that A*°(I") is a nuclear, planar local Riemann
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algebra, with the open unit disc as its Riemann surface, and which allows
for power series representations on the whole Gel'fand space D (which is
compact). Thus A®(I") exhibits a significant difference between Riemann
algebras and local Riemann algebras, since if R is a compact Riemann sur-
face, then one obtains the trivial Riemann algebra €' [9]. Note that the disc
algebra A(D) is a non-nuclear, planar local Riemann algebra, with the open
unit disc as its Riemann surface, and which does not allow for power series
representations on its boundary I'. In the literature, there are other examples
of complex function algebras with no analytic structure in their spectra, but
in the case n = 2 (see [8, Remark, p. 235] for more references).

4.5. It is clear from the proofs that the results obtained in the main theorem
and Corollary 4.1 are independent of the Arens-Michael representation which
is chosen, in the sense that if (p,,) is any other sequence of norms defining
the Fréchet topology of A, then the proofs are valid with that sequence. Of
course, the B,:l, obtained using the sequence (p;'n), may be different Banach
algebras of power series in an Arens-Michael representation of B. For exam-
ple, two different Arens-Michael representations of Hol(U), U the open unit
disc, Hol(€@') and A>(T"), are discussed in [2, Examples 1.4 and 1.5], contain-

ing different Banach algebras of power series. The other obvious question
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is: does such result remain valid for finitely generated ideals in a commu-

tative unital Fréchet algebra A? The affirmative answer would give us a

characterization of local Stein algebras.
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