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DEFINITIONS

A Banach module X over a Banach algebra A is

called projective if ∀ admissible lifting problem

(i.e., an admissible epimorphism ε : Y ′ → Y

and a morphism ψ : X → Y ) ∃ an A-module

morphism ρ : X → Y ′ s.t. the diagram

Y ′
ε

²²

X

ρ =={
{

{
{

ψ
// Y

(1)

commutes.

X if called flat if ? ⊗̂A X sends ∀ admissible se-

quence of Banach modules to exact sequence.
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Analytic approach:

Flatness + AP ⇒ approximate projectivity, i.e.

Theorem 1 (Aristov, 2005) X is flat and has
the approximation property ⇒ ∀ admissible lift-

ing problem ∃ a net of bounded linear maps
ρλ : X → Y ′ s.t.
(1) Diagram (1) commutes,

(2) [a · ρλ(x) − ρλ(a · x)] → 0 uniformly by a

and x on compact subsets of A and X.

We say that X is approximately projective if it
satisfies to the conclusion of Theorem 1.

In the initial definition:

(1’) Diagram (1) approximately commutes w.r.t.

compact sets.

The AP is not necessary: every module over an
amenable algebra is approximately projective.
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Why we use compact subsets? They are im-
portant in theory of projective tensor products
of Banach spaces (and modules).

Theorem 2 (Grothendieck, Reformulation)
Let E and F be Banach spaces, and K be a
compact subset in E ⊗̂ F . Then ∃ compact
subsets K′ in E and K′′ in F s.t. ∀ element of
K has the form

∑∞
n=1 λnen⊗ fn where en ∈ K′,

fn ∈ K′′, λn ∈ C and
∑ |λn| ≤ 1.

In fact, an element in the tensor product cor-
responds to compact sets in E and F .

More general: Let F = (FA,FX) be classes of
bounded subsets of A and X resp. (another
good choice is class of finite sets).

Definition 3 We say that X is F-approximately
projective if ∀ admissible lifting problem ∃ a net
of bounded linear maps ρλ : X → Y ′ s.t.
(1) Diagram (1) commutes,
(2) [a · ρλ(x) − ρλ(a · x)] → 0 uniformly by a
and x on subsets from FA and FX.
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Fix FA and FX ∀ B.m. X.

Definition 4 We say that X is strongly F-

approximately projective if ∀ every admissible

sequence

0←−X←−P
ι←− Z ←− 0, (2)

of Banach A-modules, where P is projective, ∃
a net ϕλ : P → Z s.t.

ϕλι(z) → z

uniformly on subsets from FZ.

In fact, the existence of only one such a se-

quence implies strong F-approximate projec-

tivity.

Theorem 5 (Natural) If F is invariant w.r.t.

bounded linear operators and compatible with

the multiplication then every strongly F-appro-

ximately projective module is F-approximately

projective.
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MOTIVATION

Pure Algebra

Let 0←X←P
ι← Z ←− 0 be an exact sequence

of modules over an unital ring such that P is
projective. Then X is flat iff for every z1, . . . , zn ∈
Z there is a morphism of modules ϕ : P → Z
such that ϕι(zk) = zk for all k (Villamayor
≈ 1960)

In fact, this is a point-wise convergence.

Analisys

Theorem 6 (Main) If C is a class of compact
subsets then every C-approximately projective
module is strongly C-approximately projective.

May be approximate projectivity is better ana-
logue of flatness in the B.a. context.

How approximate projectivity compatible with
standard homological constructions (derived
functors, cohomology groups e.t.c)?
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DERIVED FUNCTORS

Construction:

ExtnA(X, Y ) (n ∈ N) is the nth derived functor
from Ah( · , Y ), i.e. the nth homology of the
complex Ah(P•(X), Y ), where 0 ← X ← P•(X)
is a projective resolution of X. When P•(X)
is the standard resolution (in par. Pn(X) =
A+ ⊗̂A⊗̂n ⊗̂X). Then we have a c.d.

0 //
Ah(P0(X), Y ) //

²²

Ah(P1(X), Y ) //

²²

Ah(P2(X), Y ) //

²²

0 //B(X, Y ) //B(A×X, Y ) //B(A2 ×X, Y ) //

The low line is the standard complex with the
differential

dn(ψ): (a1, . . . , an+1, x) 7→ a1·ψ(a2, . . . , an+1, x)+
n∑

k=1

(−1)kψ(a1, . . . , akak+1, . . . , an+1, x)+

(−1)n+1ψ(a1, . . . , an, an+1 · x).
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Now we endow every member of the standard

complex with the topology of uniformly poly-

linear convergence w.r.t. F.

Definition 7 Denote by Extn
A(X, Y )F the nth

homology of B(A• ×X, Y )F .

Theorem 8 Let X be a left Banach A-module.

Then X is F-approximately projective iff ∀ left

Banach A-module Y the topology in Ext1A(X, Y )F
is trivial iff the topology Extn

A(X, Y )F is trivial

∀n.

The idea to consider the triviality of topology

in Extn
A(X, Y )F to define some class of mod-

ules belongs to Pirkovskii (2005, unpublished

notes, the case of finite sets).
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Recall that X is projective iff ∀ left Banach A-

module Y Ext1A(X, Y ) = 0 iff ExtnA(X, Y ) = 0

∀n (Helemskii).

There is a similar characterization of flat mod-

ules.

(Moreover, X is projective iff X is approxi-

mately projective w.r.t. bounded sets iff ∀ left

Banach A-module Y the topology in ExtnA(X, Y )

is trivial ∀n (Pirkovskii, 2006))
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But Extn
A(X, Y )F is not a derived functor in

the strict sense.

Definition 9 Denote by R′hn(X, Y )F the nth
derived functor from Ah( · , Y )F , i.e. homology
of Ah(P•, Y )F .

It is possible to consider d.f. from Ah(X, · )F
and Ah( · , · )F but there is no reason for them
to coincide as in the norm-topology case!

Theorem 10 Let X be a left Banach A-module.
Then X is strongly F-approximately projective
iff ∀ left Banach A-module Y the topology
in R′h1(X, Y )F is trivial iff ∀ left Banach A-
module Y the topology in R′hn(X, Y )F is trivial
∀n.

Gronbaek (1995) and Y.Zhang (1999) con-
sidered another approach to approximate pro-
jectivity based on morphisms and approximate
commutativity of Diagram (1). But I do not
find a direct connection with general homolog-
ical constructions in this case.
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EXAMPLES

Proposition 11 Let J be a left closed ideal in

a Banach algebra A s.t. A+ → A+/J is ad-

missible (i.e. J is complemented as a Banach

space). Then A+/J is approximately projective

iff J admits a stable right a.i. (i.e. auλ → a

uniformly on compact subsets).

Denote by R′′hn(X, Y )F the nth derived func-

tor from Ah(X, · )F (by injective resolutions!)

There is a continuous bijective linear operator

R′′hn
(X, Y )F −→ R′hn

(X, Y )F .

In the compact subsets case:

R′hn
(X, Y )C ∼= ExtnA(X, Y )C

naturally (comp. Main Theorem)
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A = c0, C = A+/A.

Proposition 12 The topology in R′h1(C, c0)C
is trivial.

Proposition 13 R′′h1(C, c0)C ∼= cb/c0.

Corollary 14 R′′h1(C, c0)C → R′h1(C, c0)C is not

a topological isomorphism.
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APPROXIMATE CONTRACTIBILITY

Ghahramani & Loy (JFA 2004) call a Banach

algebra A approximately contractible if ∀ con-

tinuous derivation D : A → Y ∃ a net (yλ) ⊂ Y

s.t.

(a · yλ − yλ · a) → D(a)

uniformly on finite sets. (This is equivalent to

more general approximate amenability (Ghahra-

mani, Loy & Zhang).)

We say that A is F-approximately contractible

if

(a · yλ − yλ · a) → D(a)

uniformly on subsets from FA.

Theorem 15 A Banach algebra is F-approxi-

mately contractible iff it is an F-approximately

projective bimodule over itself.
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Theorem 16 Every Banach module over a C-
approximately contractible Banach algebra is

approximately projective.

(I am sure that this is not true for G&L defi-

nition but I do not know counterexamples.)

Corollary 17 Every C-approximately contracti-

ble Banach algebra admits both left and right

stable a.i.

Sf.: A contractible B.a. admits identity;

an amenable B.a. admits b.a.i.

Theorem 18 Every amenable Banach algebra

is C-approximately contractible.
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