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Bounded approximation properties of Banach spaces.

ABSTRACT. A Banach space X is said to have the approximation property
(AP) if there exists a net (Sα) of finite-rank operators on X converging to the
identity operator uniformly on compact subsets of X. If kSαk ≤ λ for some
λ ≥ 1, then X is said to have the λ-bounded AP (λ-BAP). The 1-BAP is called
the metric AP (MAP).
We shall discuss recent variants of the notion of the BAP. Some of them were

introduced with the aim to approach the long-standing famous open problem:
does the AP of the dual space X∗ of X imply the MAP of X∗? For instance,
the weak λ-BAP of X means that for every Banach space Y and for every
weakly compact operator T from X to Y , there exists a net (Sα) of finite-
rank operators on X converging to the identity operator uniformly on compact
subsets of X such that lim supα kTSαk ≤ λkTk. Replacing the Banach ideal of
weakly compact operators by an arbitrary Banach operator ideal A yields the
notion of the λ-BAP for A.
Among others, we shall characterize the weak BAP of X in terms of the

space X itself, without having recourse to other Banach spaces Y . For this end,
we develop a general method involving inner and outer inequalities for tensor
norms and Banach operator ideals. We shall also show that the λ-BAPs for the
Banach ideals of integral and nuclear operators are precisely the λ-BAP and the
weak λ-BAP, respectively.


