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Urszula Ledzewicz Heinz Sclattler
Dept. of Mathematics and Statistics Dept. of Electrical and Systems Engineering
Southern lllinois University Washington University
Edwardsville, Il , 62026-1653 USA St. Louis, Mo, 63130-4899 USA
uledzew@siue.edu hms@wustl.edu

Abstract—We consider a general mathematical model for synchronize cells by causing brief and invisible inhibition
cancer chemotherapy as optimal control problem for a bilinear  of DNA synthesis in theS phase and holding cells in th@&,
system and give necessary and sufficient conditions for strong phase), or recruiting agents (cytokines, which are substances

local optimality of bang-bang controls. These results apply to . . . o
a 3-compartment model which besides a kiling agent also playing a role in the regulation of normal hemopoiesis, like

includes a recruiting agent, i.e. a drug which acts on the Interleukin-3.) Killing agents are applied in tii&, /M phase
residuum of dormant cells in the cell cycle. For this model it is which makes sense from a biological standpoint since the cell
shown that singular controls are not optimal, in fact singular  wall becomes very thin and porous in mitogif. Blocking
regimes for the killing agent are locally maximizing with many agents slow down the development of cells in the synthesis

extremal bang-bang trajectories near the non-optimal singular haseS whil it ts effect the | id f
arc. Our results allow to distinguish between locally optimal phases while recruiing agents efiect the large reésiduum o

and non-optimal bang-bang controls. dormantGy cells which are not sensitive to most cytotoxic
agents.
. INTRODUCTION In this paper we formulate a general mathematical model

We consider optimal control problems of Bolza type forfor cancer chemotherapy as optimal control problem for a
bilinear systems which arise in mathematical models fdvilinear system. Specific examples of these systems, like the
cancer chemotherapy when treatment protocols over a fix@d and 3-compartment models considered in [4], [5], exhibit
therapy interval are considered. The underlying models ar®n-optimal (in fact, locally maximizing) singular arcs. Con-
based on cell-cycle dynamics and were originally introducesequently, and although more complicated structures cannot
by Swierniak and Kimmel [9], [12]. Each cell passes througtve excluded a priori, bang-bang controls become the prime
a sequence of phases from cell birth to cell division. Startingandidates for optimality. However, due to the presence of
point is a growth phasé’,, after which the cell enters a phaselocally maximizing singular arcs, one expects that there
S where DNA synthesis occurs. Then a second growth phasgist bang-bang extremals with an arbitrary large number
G4, takes place in which the cell prepares for mitosis or phasgf switchings in a vicinity of this non-optimal singular arc
M. Here cell division occurs. Each of the two daughter celland this is indeed the case for the problems considered
can either reenter phageé; or for some time may simply in [4], [5]. It therefore becomes of importance to develop
lie dormant in a separate pha§g until reenteringGG;, thus  high-order conditions which allow to distinguish between
starting the entire process all over again. locally optimal and locally non-optimal bang-bang controls.

Depending on the medical aspects taken into account, tBased on earlier calculations [11] we formulate necessary
cell-cycle is divided into compartments which describe thand sufficient conditions for strong local optimality of bang-
different cell phases or combine phases of the cell cycle intuang controls for the general model. We then consider a
clusters. The simplest and at the same time most natu@icompartment system which models the recruiting aspect
models divide the cell cycle into two and three compartmentsf treatment. For this model we show that singular controls
respectively [12], [11]. In these models the phasgsG,  cannot be optimal and then apply our results to analyze bang-
and M are combined into one compartment. In the twobang controls.
compartment modelr, and G, form the other compartment I
while different three-compartment models arise by separating
the synthesis phase or the dormant stagé&’,. The purpose
of introducing this compartmental structure is to model th
effects of the various drugs used in chemotherapy in theYStem
most effective way. These drugs among others consist of . m
killing agents (for example, Taxol, or spindle poisons like N(t) = (A+ > uwBi)N(#), N(0) =No, (1)
Vincristine or Bleomycin which destroy a mitotic spindle), i=1
blocking agents (e.g. antibiotics like Adriamycin or Dexoru-where the components of the state vedtor (Ny, ..., N,)
bin which cause progression blockage on the border betwedanote the average numbers of cancer cells in the respective
the G; and S phases or Hydroxyurea which is found tocompartments and the controls are the various drug dosages.

. MATHEMATICAL MODEL

Mathematically the dynamics of these compartmental
ghodels can be described by a generalimensional bilinear



Admissible controlgre Lebesgue measurable functianss  exceeds unacceptable levels. Another approach to achieve
(u1,...,un) with each component taking values in a giverthis could be to explicitly set an upper limit on the number
interval [ov;, 3;] C [0,00). In the dynamicsA and B; are of cancer cells and include it as a “hard” limit on the states.
constant: x n matrices which describe the transitions (in- andHowever, since typically no further monitoring of growth is
out-flows, respectively) of cells between the compartmentione during a fixed chemotherapy session, this seems a less
and are such that all the matrices + > ", u;B; have practical approach and a “soft” enforcement of constraints as
negative diagonal and non-negative off-diagonal entrdds ( done in (3) appears more realistic.
matrices). We make this asgeneral assumption
(M) all the matricesA+ )", u;B;, u € U, have nega-
tive diagonal entries and non-negative off-diagonal
entries. First order necessary conditions for optimality are given
Condition (M) implies that the first orthant is positively by the Pontryagin Maximum principle [8]. It is easily seen
invariant under the flow of any admissible control andhat all extremals must be normal and thereforey.if =
therefore no non-negativity constraints need to be imposédj, .- -, u,,) is an optimal control, then it follows that there
on the states. exists an absolutely continuous functian which we write
In earlier papers (e.g. [9], [12], [4], [5], [11]) the problemas row-vector,A : [0,7] — (R™)*, satisfying the adjoint
of cancer chemotherapy has been formulated as an optinggjuation
control problem over a fixed intervd0, 7] with objective

[11. NECESSARY CONDITIONS FOR OPTIMALITY

given in Bolza form as A=-\NA+ Z uiB;) —q, NT)=r, (4
T =1
J(u) =rN(T) +/0 uy (t)dt (@) such that the optimal contral, minimizes the Hamiltonian
wherer = (ry,...,r,) is a row-vector of positive weights H, m
and the penalty termN (T') gives a weighted average of the H = gN + su+ \A+ Zu;Bi)N, (5)
total number of cancer cells at the end of the fixed therapy i—1

interval [0, T]. The controlu; labels the killing agent. The
number of cancer cells which are killed and thus do not
undergo cell division at timeis given by the portion () of
the outflow of the last compartment, iz.(¢) is proportional
to the fraction of ineffective cell divisions. Since the drug
kills healthy cells at a proportional rate, the conteqgl(t -
is also use}é to model tf?e r?egative effect of the drug( gn tf{gr i=1...,m thenX(t) > 0 for all ¢ < T and all
normal tissue or its toxicity. Thus the integral in the objectivé =1...,m.0O .
models the cumulative negative effects of the killing agent in Corollary 3.1: All states V; and costates; are positive

the treatment. Side effects of blocking and recruiting agenpsver [Q’T}' . . . "
are ignored in this formulation. Optimal controlsu, satisfy the minimum condition of the

In this paper we consider these models for CanCéYIaximum Principle. Since the Hamiltonian is linear in

chemotherapy with a more general objective of the form and the control set is an interval IR™, this minimization
problem reduces inten separate minimizations and thus, if

ver the control set alon\(¢), N.(t)).

It is easily seen that assumptiof/) also implies that the
first octant in the dual spac@™)* is negatively invariant
under the flow of the adjoint equation.

Lemma 3.1:For any admissible contral, if X\;(T) > 0

J(u) =rN(T) + /T gN(t) + su(t)dt @) we define theswitching functionsas
0
®;(t) = s; + A(t)B;N(¢t), 6
As abover = (r1,...,ms), ¢ = (q1,...,q,) and s = (8)=s ®) ®) ©)
(s1,...,8n) are row-vectors of weights, with; all positive then we have that
while the s; and ¢; are non-negative. The vectar = a; i Bi(t) > 0
(u1,...,uy) of controls represents the various drug dosages. ul(t) = { 5? n <I>l»(t) 0 @)

Besides including a measure of possible side effects of
blocking and recruiting agents through the tesm in the A priori the controls are not determined by the minimum
objective, the inclusion of the weighted averag® under condition at times whereb,;(¢) = 0. However, if ®,(t)

the integral has the desirable effect that an optimal therapyanishes on an open interval, also all its derivatives must
will not allow the cancer cells to increase beyond acceptabianish and this may determine the control. Controls of
levels during the therapy. Although the main aim is to have this kind are calledsingular while we refer to piecewise
small number of cancer cells at the end of the therapy sessi@mnstant controls adang-bangcontrols. Optimal controls
including cumulative effects has the advantage of implicitlthen need to be synthesized from these and other possibly
monitoring the growth of the cancer and preventing that itnore complicated candidates.



The derivatives of the switching functions are computetdy integrating the dynamics and the adjoint equation back-
using the system and adjoint equations and the relevantrd from the terminal tim&” with the terminal condition
relation can be summarized in the basic formula below: N(T') = p being a free parametes,varying in a sufficiently

Lemma 3.2:SupposeG is a constant matrix and let small neighborhood op, = N.(T). This allows to use
P(t) = Mt)GN(t), where N is a solution to the system field-theoretic concepts to develop sufficient conditions for
equation (1) corresponding to the conticnd X is a solution  optimality. Essentially, since the controls are constant be-
to the corresponding adjoint equation. Then tween switchings the flow of the system is a diffeomorphism

m away from the switching surfaces and thus if the flow crosses

U(t) = \(t)[A + Z“iBi’ G]N(t) —qGN(t), (8) the switching surfaces transversally, a differentiable solution

i=1 to the Hamilton-Jacobi-Bellman equation can be constructed
where[A, G] denotes the commutator of the matricésnd using the method of characteristi_cs [7]. Thi_s then implies
G defined agA, G] = GA — AG. optimality of the flow. We summarize the main results [11].
While further differentiation of the first term will lead to ad-  Theorem 4.1:Let I' = (N, u., A) be a regular strictly
ditional bracket terms, differentiations of the inhomogeneoudang-bang extremal lift without simultaneous switchings and
term through the dynamics will bring up product terms. Thulet 7 (t) = si + A.(t)B;N.(t) be the switching function
the inclusion of the Lagrangian tergiV changes the math- associated with the contral;, i = 1,...,m. Denote the
ematical analysis significantly with regard to singular arc§witching times of the controls by, k = 1,...,m, 0 <
and it therefore becomes necessary to reevaluate the analysis< - < t1 < to = T and letu; denote the constant
of singular arcs for each model. However, earlier develope@plues of the controls on the intervtl, t;—1). For thek-
sufficient conditions for optimality of bang-bang trajectoriedh switching let. = .(k) be the indicator of the control
[11] easily adjust with the necessary modifications to the nefffat switches and denote the absolute jump in the control
objective (includinggN in the Lagrangian) and we briefly bY 6., i.. 0, = §; — o; if «(k) = i. Set5; = 0 and for
review these resullts. k=1,...,m, define

IV. SUFFICIENT CONDITIONS FORSTRONG LOCAL T
OPTIMALITY OF BANG-BANG CONTROLS LI _
S,j = exp A+ Zu?Bj (th—1 —t&) | Sp_q
j=1

Recently there has been significant activity on the ques-
tion of high-order necessary and sufficient conditions for

optimality of bang-bang controls, specifically the papers by n

Agrachev, Stefani and Zezza [1] and by Maurer and Os- exp | A+ ufB; | (tir — i) |, (10)
molovskii [6]. Here we follow the more geometric approach j=1

pursued by Noble and Sattler in [7]. These conditions have B 0, T T ot

been formulated for the model with= 0 in [11], but only Gr =~ (Ac(tr)B. + N, (tx)B,"Sy[) (11)

. A ) P (t ‘
minor modification are required for our problem. ’ (t) )

Let (N,,u.) be a reference extremal pair where all the S= — (BTAT(+.)Cr + ST [ 1d B,N,(t;)Gg
components of., are bang-bang controls with switchings at ~* ( o A (Be) G+ S ) + 1 — GiB,N.(t)

timesty, k =1,....,m, 0 < t < -+ < t; < to =T . (12)
Denote the corresponding trajectory and adjoint variable by
N, and )\,. We assume thafi) at every switching, only If for £ =1,...,m, we have that

one of the components of the control has a switchifigs
impli(_es that_the switching fu_nctions are absolutely continuouﬁ@zﬂ(tk)’ +0, (\(ty) B, + NI (t)) BT S;f) B,N.(ty) > 0,
functions with derivatives given by (13)
m then all the matrice$,, k = 1,...,m, are well-defined and
B;(t) = A(t) |A+ zuij, B;| N(t) — qB;N(t). (9) wu« isarelative minimum for the-compartment model. More
=1 precisely, there exists a neighborhdddof N, (T") such that
) . , ] h ) the flow o restricted to[0, 7] x W defines a field of strictly

at time ;. We also assume thdti) at each switchingt,. s optimal relative to any other control whose trajectory lies
the derivative of the corresponding switching functi®n  in the imageR of [0,7] x W under the flow map

i = i(k), does not vanish aty, ®;(tx) # 0, and we call a
triple I' = (., u., \«) along which conditions (i) and (ii)
are satisfied aegular strictly bang-bang extremal liftUnder
these assumptions a parametrized family of regular strictly
bang-bang extremal lifts which contaihiscan be constructed

0:[0,T]xW =R, (t,p) — (t,z(t,p)).  (14)



Theorem 4.2:If the transversality condition
—ap 0 2b0a2

’(i)f(tk)‘ +0, (A\(th) B, + NT(tx) BTS}) B,N.(ty) > 0 A= a —a 2bas |, 7)
(15) 0 ai —as
is satisfied fork =1,...,h — 1, but
and
7 (t0)| + 6. (M (1) B, + NI (01)BI ) BN (th) < 0, 00 —2bpas 4o 00
(16) Bi=10 0 —-2baz |, Bx= a 0 0 [,
then there exists a neighborho®d of p, = N.(¢) such that 0 0 0 0 0 0
the flow o restricted toD;, = {(t,p) : tn <t < T,p € (18)

W} defines a field of regular strictly bang-bang extremalshere thea; are positive coefficients related to the mean
without simultaneous switchings and. is optimal relative transit times for cancer cells through the compartments. It
to any other control whose trajectory lies in the imdge=  is easily verified that conditiofi}/) holds for all admissible
o (D). Butu, is no longer optimal for initial timeg¢ < ¢,.  controls. We take the objective in the form

A geometric interpretation of the conditions in Theorem T
4.2 is given in Fig. 1. J=rN(T) +/ gN(t) + u(t)dt, (19)

0

N with 7 = (rg,r1,72) positive andg = (qo,q1,q2) non-
negative. The weightsin the general formulation are chosen
ass; = 1 ands; = 0. This reflects the fact that from a
biological point of view the most reasonable choice for the
recruitment agent is weight; = 0. Also, since the aim is
to eliminate a large residuum of dormant cells, we take
to be positive. This makes perfect sense from a modelling
perspective and mathematically it eliminates singular controls

T from consideration.
Theorem 5.1:Singular controls: are locally maximizing,
Fig. 1. Optimal and nonoptimal switchings hence not optimal. Ifu = const on an intervall C [0, 7],
thenw cannot be singular o# if gg > 0.
V. A THREE COMPARTMENT MODEL WITH RECRUITING Proof: First suppose: is singular on/ and assume that the
AGENT controlw is constant on a subintervdlC I. Itis a necessary

. L . .condition for local optimality of the singular contral, the

The insensitivity of dormant cells to anti-cancer drugs is o
. : : .S0-called Legendre-Clebsch condition [3] that

a major problem for some kinds of cancer like leucemia

or breast cancer [2]. It is possible to recruit dormant cells 0 d*> OH

into the cell cycle using cytokines [13]. Here we consider a oudt? Ou —

ma.themat.ical modgl formulated by Svyierniak et al. [12] iny 5 along the extremal. Note that

which active recruitment of the cells in the dormant stage

Gy through cytokines is modelled. In this case the first o =14+ \B;N = &,.

compartment consists @f, the second compartment of the ou

first growth phase~,, and the third compartment combinesUsing Lemma 3.2, it follows that

synthesisS, the second growth phasg, and mitosisM. 9 & oH

Now it is more natural to label the statég),, N; and Ns. -

Newly born cells either ente’; and immediately start the du di* du

cell division process or they may enter the dormant stadeirect calculations verify that

Go. Le_t_l_ao and by, l_)g_ + b = i be_ the c_orresponding [B1, [Ba, Bi]] = 0 22)

probabilities. A recruiting agent = u, is applied to reduce

the average sejour time in the quiescent phase. As a result the [B1,[A, Bi]] = —4a1a2b1 B (23)

average t_ransit time through the compartm@ptis reduced and B2 = 0. Thus, and using the fact thét = 0 on I, we

resulting in the outflow being increased by a factof w, p5ye that

0 < w < wpyax. The controlw = 0 corresponds to no drug )

being applied whilew = w2 0ccurs with a full dose. A ﬁiaﬂ

killing agentu = uy, 0 < u < 1, is applied in the third du dt* Ou

compartment with, = 1 corresponding to a maximum dose.violating the Legendre-Clebsch condition. Hence such a

The matrices for the corresponding model are given by  singular controh: is in fact locally maximizing ovet/.

(20)

= A[B1,[A+wBy, Bi]]N — ¢BiN. (21)

= —4a1a901A\B1 N = 4ajasb; > 0 (24)



Similarly, if the controlw is singular on an interval, then

(I)Q = )\BQN = ao()\l - )\0)]\72 =0 (25)

implying Ao = Ay. Using straightforward calculations it then

follows from the adjoint equations that

)\22)\1+u

ai

(26)

and
42 — qo q1 — 4o

+ = /\0 (2u - 1)

az az
If there exists a subinterval C I on which the controk
is constant equal t6 or 1, then this equation impliedg =

const and thusd = \g = —qo violating our assumption.

(27)

Thus the controkw can only be singular if: is singular.

Fixing the controlw, we then have

we haveS;” = 0 and thus condition (31) is satisfied for
k = 1 by our assumption that the derivatives of the switching
functions do not vanish at the junctioris.
Corollary 5.2: In particular, any regular strictly bang-bang
extremal which has only one switching is locally optimal.
Figs. 2 and 3 below give the results of a simulation for
the model where the algorithm above was used to establish
strong local optimality of the control. The data for the model
areag = 0.05, a; = 0.5, as = 1, by = 0.9; the control set
for the recruiting agent is defined hy,,.. = 6, and the
parameters in the objective were choserfas 4, ro = 0.5,
ry =ry = 0.25 andgy = 1, g1 = g2 = .3. For simplicity
the reference trajectory has been generated by integrating
the conditions of the maximum principle backward from the
terminal conditionpg = 1.1, p; = 1.035 andp, = .75. For
these data the contrab doesn’'t switch and is constantly on
with w = 6 and the controk: has 1 switching at; = 3.82.
It follows from Corollary 5.2 that the corresponding control
gives a strong local minimum. (The value of the transversality

d OH
But
0 0 -1
[BQ,Bl] = 2a0a2b0 0 0 1 (29)
0 0 O
and thus (sinceyy = A\q)
)\[BQ, Bl] = O, (30)

i.e. the controlw does not appear in this derivative. Using
Lemma 3.2 it therefore follows again that

0 d*> OH

Ou dt? du
violating the Legendre-Clebsch condition. This proves the
result.cd

Once singular controls have been eliminated, bang-bang
controls become the natural choice. For this model the
necessary and sufficient conditions for optimality of bang-
bang controls given in Theorems 4.1 and 4.2 still simplify
somewhat.

Corollary 5.1: For the model considered in this section
the expressions in (13), respectively (15), and (16) can be
simplified to

= \[B1,[A, B]]N — ¢B?N = 4ajasb, > 0.

‘cbf(tk)‘ +0,NT(1)BT S BN, (1) >0 (31)
is satisfied fork = 2,...,h — 1, respectively
7 (t0)| + 6.N7 (01) BT S BN () < 0. (32)

Proof. This follows from special properties of the matrices
B, which make each of the terms.(t;) B>N.(t;) vanish.
For the killing agentu this is trivial since B = 0. For
the recruiting agentv we have thatB2 = —a B> and this
implies

M (tr) B3N, (1) = —aoA«(tg) BaN.(t) = 0 (33)

where the last equality follows since the switching function
®, = ABy N vanishes at the switching timg. Furthermore,

condition (31) at the switching time is given Hy6612.)
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In this run the recruiting agent is always on which isapplied to a3-compartment model with recruiting agent.
reasonable if a stronger weight is given to the number difter showing that singular controls are not optimal, bang-
cancer cells in the dormant compartment. If this is changetiang extremals were analyzed theoretically and numerically.

locally optimal controls which have switchings in the control
w as well arise. Figs. 4 and 5 give the recruiting agent

and the states for a run withy = 0.5 andr; = ro = 1, but
otherwise unchanged parameters. Now the conirlitches

at time ¢, = 3.38 with value 0.0437 for the transversality
condition (31) and: switches at; = 3.90 with transversality
condition given by1.7797. Thus these controls are locally

optimal.

6

w(t)
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Fig. 4. Recruiting agent

35

0.5
0

L L L L L L L
05 1 15 2 25 3 35 4

Fig. 5. States

VI. CONCLUSION
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