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The reader is referred to [8] for essential graph theory terminology and notation.
All graphs in this work are assumed to contain no multiple edges and no loops.
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Abstract

While powers of the adjacency matrix of a finite graph reveal infor-
mation about walks on the graph, they fail to distinguish closed walks
from cycles. Using elements of an appropriate commutative, nilpotent-
generated algebra, a “new” adjacency matrix can be associated with a
random graph on n vertices and |E| edges of nonzero probability. Let-
ting X denote the number of k-cycles occurring in a random graph, this
algebra together with a probability mapping allow E(Xj) to be recov-
ered in terms of tr A*. Higher moments of X, can also be computed,
and conditions are given for the existence of higher moments in growing
sequences of random graphs by considering infinite-dimensional algebras.
The algebras used can be embedded in algebras of fermion creation and
annihilation operators, establishing connections with quantum computing
and quantum probability theory. In the framework of quantum probabil-
ity, the nilpotent adjacency matrix of a finite graph is a quantum random
variable whose m™ moment corresponds to the m-cycles contained in the
graph.

AMS subject classification: 05C38, 05C80, 60B99, 81P68
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Introduction

Graphs may be directed or undirected.

When working with a finite graph G on n vertices, one often utilizes the
adjacency matriz A associated with G. If the vertices are labeled {1,...,n},
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one defines A by
(1.1)

A — 1 if v;,v; are adjacent
710 otherwise.

A simple but useful result of this definition, which can also be generalized to
directed graphs, is given here without proof.

Proposition 1.1. Let G be a graph on n vertices with associated adjacency
matriz Ag. Then for any positive integer k, the (i,§)" entry of Ag® is the
number of k-walks i — j. In particular, the entries along the main diagonal of
Ag ¥ are the numbers of closed k-walks in G.

What the adjacency matrix fails to provide, however, is a method of counting
self-avoiding walks and cycles in G. This problem is overcome by constructing
a nilpotent adjacency matrix.

The methods employed here are original with the authors. The technique
involves mapping combinatorial structures into algebras where self-intersections
are “sieved out” by multiplication. Then the remaining structures, representing
cycles and paths, are recovered by projection.

Other algebraic-probabilistic approaches to graph theory include the works
of Hashimoto, Hora, and Obata [2] and Obata [4]. Overlaps between quantum
probability and graph theory have also been discussed by Lehner [3].

1.1 Algebraic preliminaries

Let C£,™" denote the abelian algebra generated by the collection {¢;} (1 < i < n)
along with the scalar 1 = (y subject to the following multiplication rules:

Gi¢j=¢ G forizj, and (1.2)
(=0 for1<i<n. (1.3)

A general element o € C¢,"! can be expanded as

o = Z Oéi@, (14)

i€P([n])

where ¢ € P([n]) is an element of the power set of [n] = {1,2,...,n} used as a
multi-index, o; € R, and ¢; = [ [ ¢.-
LEL
Let C£,,'°™ denote the abelian algebra generated by the collection {;} (1 <
i < n) along with the scalar 1 = ¢ subject to the following multiplication rules:

Yy =% fori#j, and
2 =7 for1<i<n. (1.6)

It is evident that a general element § € C0,19°™ can also be expanded as in
(1.4).



The inner-product is defined by

<u7v>:< Z uig, Z vj<j> = Z Uq Vg- (17)

1€P([n]) JEP([n]) 1€P([n])

Hence, arbitrary u € C¢,™! has the canonical decomposition

u= > (,§) G (1.8)

i€P([n])

Finally, define the double angle bracket to mean the sum of all scalar coef-
ficients. That is, for u € C¢,™,

> (1.9)

i€P([n])

1.2 Nilpotent Adjacency Matrices
Definition 1.2. Define the nilpotent adjacency matrixz associated with G by

Ay = {Cj, if (vi,v5) € E(GQ)

) (1.10)
0, otherwise.

Observe that A € Mat(Cl,™", n), the algebra of n x n matrices with entries in
the abelian nilpotent-generated algebra C¢,,".

Proposition 1.3. Let A be the nilpotent adjacency matrix of a graph G on n
vertices. For any m > 1 and i # j, summing the coefficients of (A™)y; yields
the number of m-cycles based at v; occurring in G.

Proof. Proof is by induction on m. When m = 2,
(A7), = (A x A, ZAM-A& (1.11)

By construction of the nilpotent adjacency matrix,
A;e = 1-paths v; — vy, and (1.12)

Ay = 1-path vy — ;. (1.13)

Hence, the product of these terms corresponds to 2-cycles v; — v;.
Now assuming the proposition holds for m and considering the case m + 1,

('Am+1)u‘ = (A" zn: M Abs. (1.14)

=1



Considering a general term of the sum,

(A™); = > W, and (1.15)

m-paths w, :v; —ve

A = > wy. (1.16)

1-paths wiy:ve—v;

It should then be clear that terms of the product
(A™) 3¢ Aei (1.17)

are nonzero if and only if they correspond to m+1-paths v; — vy — v;. Summing
over all vertices vy gives the sum of all m + 1-cycles based at v;. O

Because A has entries in C,™!, A* is identically the zero matrix for all k > n.
n

As a result, (I —tA)~! exists as the finite sum Ztk AF for real parameter t,
k=0

and tr A¥ is recovered as the Cl,™!-valued coefficient of t* in the power series

expansion of tr(l —tA)~L.

Example 1.4. The 5-cycles contained in the randomly generated graph in Fig-
ure 1.1 are recovered by examining the trace of A°. Dividing by five compensates
for the five choices of base point and dividing by two compensates for possible
orientations.

A nilpotent adjacency matrix for random graphs is defined by attaching
edge existence probabilities to the nilpotent generators of C¢,™!. Using this
approach, E(X},) is recovered from the trace of A* [7].

In the number of algebra multiplications required, cycle enumeration is re-
duced to matrix multiplication. Hence, the time complexity of enumerating a
graph’s k-cycles requires no more than O(kn?) algebra multiplications. Several
NP-complete problems are moved into class P in this context[6].

However, computing higher moments of X requires computing probabilities
P(Xy = ¢) for £ > 0, and the abelian nilpotent-generated algebra ¢0,™ is not
sufficient for this purpose. In order to compute higher moments, it is necessary
to define a nilpotent adjacency matrix with entries in C¢,"' ® C E|idem, where
n denotes the number of vertices and |E| denotes the number of edges in the
associated graph.

2 Cycles in random graphs

Consider a random graph G, = (V,,FE,) on n vertices, V,, = {v1,...,0,}
and |E,| edges, En = {(viy,vj,)s-- s (Vi sV, )} Let 2 < k < n, and
let w € {1,2} be defined by
_ 1 ifG, is. directed or k = 2 (2.1)
2 otherwise.



In[50]:= Ni | pot ent Label edPl ot G aph[A]

Ci2y
Ty
T3y
C7y
Ciay
« C63
5y

In[58]:= Ni | potent Adj acencyMatri x[A] // Matri xForm

out [58] //MatrixForm=

0 Ci2p L3y O ¢y 0 Sy
€y O iy Ly S5y Loy Sy
Cay G2y O 0 0 0 0

0 €2 0 0 0 0 &q
Cay L2y O 0 0 Cey O
0 2y O 0 sy O 0
€y G2y O Cay O 0 0

In[55]:= Sinplify[Tr [C MatrixPower [M 5]]/2/5]
out[55]= Cy1,2,3,4,7) + 51,2356} + C(1,2,4,5 7 +C(1,2,5 6,7}
In[56]:= Scal ar Sum[%

out[56]= 4

Figure 1.1: A randomly generated graph on 7 vertices.



For each ordered pair (v;,v;) € V(G,) x V(G,,), define the probability of
existence of edge (v;,v;) in the graph G,, by

pij = P{(vi,v;) € E(Gn)}. (2.2)

Let t : [n] x [n] — [2(3)] be an enumeration of ordered pairs of vertices,
excluding the diagonal. Because G,, is assumed to contain no loops, ¥ (i,%) is
defined to be zero for all 1 <37 < n.

Defining the random variable X as the number of k-cycles occurring in the
graph, the goal is to compute E(X}) as well as the variance and the higher
moments.

Definition 2.1. Labeling the vertices with nilpotents and edges with idempo-
tents, the nilpotent adjacency matriz of G,, is defined by

Ais = Yp(65) G € Mat (Clyp, [ @ €0, ) (2.3)

for 1 <i,7 < n. Here Mat (Cﬁ\Enlidem ® Cl, M, n) denotes the algebra of n x n

matrices with entries in C¢ En|ldem ® Cl,M.

Definition 2.2. Let u € C{|, " ® CL,"" for some n, |E,| > 0, and define

©On = Z HpL Vi € C£|En|idem. (2.4)

i€P([|Enl]) \ €L
The ¢, -evaluation of u is then defined as the nonnegative linear functional

<.><pn . C€|En\idem ®C£nnil _ R,

We, = Y wiviGren) = D luijenil, (2.5)

i€P([|Bn)) i€P([n])
JEP([n]) JEP([n])
where ¢,,; denotes the product H PD,.
LET
If u = u; ;7; (; for some i € P([|E,]]) , j € P([n]) where |i| = k, and |j| = ¢,
then u is referred to as a k ® £-vector.

When k > 3, tr A* will give wk copies of each k-cycle in G,,. In the particular
case k = 2, only two copies will be obtained because only one orientation is
possible. Let

1
T(k,n) = &trAnk. (2.6)

Because the graph contains no multiple edges and no loops, 7(1,n) = 0,
and all values of k are hereby assumed to be greater than or equal to 2. Then
7(k,n) represents a collection of k ® k-vectors associated with the edges and
vertices belonging to the k-cycles of nonzero probability in GG,. Because the



edge probabilities are independent, the ¢, -evaluation of each k ® k-vector is the
probability of existence of a k-cycle in G,,. Further,

E(Xu(n)) = Y P{U)} = (r(k,n)), , (2.7)

k-cycles

where U; denotes the event that the i'! k-cycle exists, X (n) is the number of
k-cycles in Gy, and (7(k,n)),, denotes the ¢,-evaluation of 7(k,n).
Now define the map

191 :CélEnIidem ®C€nni1 N CEIEn‘idem ®C€2|En\ni1

by linear extension of
) (7&(1) =% Cby(0) » (2.8)

where £ € P([|E,]]) is a fixed multi-index, j € P([n]) is an arbitrary multi-index,
and by : P([|E,|]) — [2/7"]] is a one-to-one mapping from the power set to the
integers {1,2,...,2/Fn1},

Define the map

192 :C€|En\idem ®C€2\En|nil N C€|En\idem ®C€4\En|nil

by linear extension of

02 (WCl) BRACIOE (2.9)

where ¢ € P([|E,]|]) is a fixed multi-index, j € 221 is an arbitrary multi-

index, and by : P ([Q‘Enl]) — [4B»1] is a one-to-one mapping from the power

set to the integers {1,2,...,4/Fn},

An easy realization of maps b; and by is to think of multi-indices as binary
representations of integers. Images of multi-indices under maps b; and by are
then the integers themselves.

n\ (k —1)!
k w

n) (E—=1)!
ko w and

)

It is worth noting that a graph on n vertices contains at most (

k-cycles. The maximum number of /-tuples of k-cycles is then <(

n)(k—l)!

(2 >)

Where these quantities appear, they should be regarded in this context.

the maximum number of j-tuples of {-tuples of k-cycles is given by



Proposition 2.3.

. —0, (01 (trAn’f)”l) >

P{Xk(n) =1} = <

(T (k)T
—9y (9 (trA,F \
_<£1!exp <(w(k)£ >> > . (2.10)

@n

Proof. Utilizing idempotency of the edges and nilpotency of the vertices, assum-
ing lexicographical ordering of multi-indices, and expanding 7(k,n) in terms of

(z) (k;l)!

the k-cycles it represents, 7(k,n) = Z 7(k,n);, one can see that
i=1

Z T(k,n); 7(k,n);

gives the collection of 2k ® 2k-vectors associated with edge- and vertex-sets of
pairs of k-cycles. It is further evident that

Z P(U“ ﬂUiZ ﬂ"'ﬁUim) = < Z T(kan)h "'T(k’n)im

1<t <. <t 1< <ipm Pn

(2.11)
So the probability that GG,, contains one or more k-cycles is

P(U3 U UUpmygoi) = S P - > P, NU)

11 <12

+ S P, NU,NU) -+ ()OS g, 00

11 <i2<i3
= <Z T(k, n)l>
i ©n

+< > rlk,n)i7(k,n); T(]{:,n)g> .

i<j<t on

(2) (k’:}l)!

_ <Zf(k,n)n(/€,n)j>

i<J “n

4 (el <T(k, T n)(:)uh . (2.12)

w

Similarly, the probability that G,, contains two or more k-cycles is computed by
defining U; as the event the i*" pair of k-cycles exists.

Let 7(k, n)l(.e) denote the multivector representation of the edge-set associated
with the i*" /-tuple of k-cycles occurring in G,,, and assume lexicographical



ordering of the multivector indices. In other words,

7(k,n)® = > m(k,n)i, - 1(k,n)i,. (2.13)

1<y <ip <o <ip < (1) TR

It is now evident that if Xi(n) denotes the number of k-cycles appearing
in G, the probability that G,, contains ¢ or more k-cycles is equal to the
probability one or more /-tuples of k-cycles exist in G,,. In other words,

(=)

PIXe(m) 20} = > (r(km)”) _<ZT(I€7”)EZ)T(/€,TL)§€)> oo
W # ! i<y #n
()2

+(=1)

)1 o (0)
<T(k,n)1 T(k,ﬂ)((k)u) ) . (2.14)

n

Using nilpotency of multivectors associated with vertices in G,,, one finds

(k)@ = T(k,n)il~--7'(k,n)ie:%ﬁl(T(k,n))z

11 <ip<---ig

__ 1 v
=i k)eﬁl(trAn ). (2.15)
Similarly,
1 .
ST wlkn) (k) = 0201 (r (k) Y
i1 <ip<-ij e
— 1 k\eyj
= WﬁQ(ﬁl(trAn ). (2.16)
Therefore,
P{Xi(n) =€} = P{Xk(n) > £} —P{Xy(n) > £+ 1}, (2.17)
where




and

9 <191 (trAn’“)”1>> _<192 <191 (trA"k>H1>2> L

P{Xi(n) > (+1} = < (1 D)l(wk)FH 200 + 1)!(wk)2(E+D)

(@ W
cob ( 1) N <192 <191 (trAnk>é+l>( )> .
(£+1)!((z)ﬁil)!)!(wk)(“l)((’“)zi{ ") on
(2.19)
Hence,
(@ 2 (i ()"
P =0= ) (_1)]_1< (e!j!(wk)ﬂ” ) >¢

(k—1
(@) (o, ey
— (_1)j—1<19 (19 <tA ) >> . (2.20)

(€ + 1)15)(wk)i(E+1)

1

J

o\ J
Observing that - (191 (trAnk) ) = 0 whenever k > n, £ > (Z) (k—1!or

j> ((:)(lz_l)!), one has

P{Xy(n) =1} = | |
o (=1t V> (191 (trAnk>e>j 1 U <191 (trAnlc)éJ"l)J
;0 21! < (wk) >% R < (k)i D) >¢

10



Rewriting the infinite series gives

P{Xy(n) = £} = | |
< (1)1 9 (191 (trAnkY) ) S 9y <191 (trAnk)Hl)
; 215! (wk)ti = (€ +1)!5! (wk)i(E+1) .

(wk)ti (wk)i(+1)

=—§:(_1)j <192 (191 (trAnk)K>j> +§: EH, <192 (01 (trAnk>5+1>]>%

N — i, (191 (tra,*) e > . < — 0, <q91 (trAn’“)m) >

- < n &P (k) +1)! (w k)1
X s (191 (trA ”1 s <z91 (trAnkY)
) <<e+ o wh > < o by >
(3.22)

Corollary 2.4. Let n,m > 0 be fized and let G, be a random graph on n-
vertices with associated nilpotent adjacency matriz A,. Then for k < n,

o 0y (91 (trA,F o
E ()™ =3 o '<exp (o (o)) >

] (w k)i
o 03 (01 (trA,")
‘;m<“‘p <<wk>f ) > 22

11



The variance of X (n) is then given by

varXy,(n) = E(Xx(n)?) — E(Xg(n))?

o —d, (191 (trAnk)eH)
<exp >
=

C11) PREE

1
®n

3 Convergence of Moments

Let G = {G,} denote a family of random graphs. For each n > 0, let G,

denote a random graph on n vertices having |E,,| = %(g) edges of probability

{p1, ... ,p2(n)}. Further assume that each G, is a subgraph of G, ;1. In other
2

words,

v; €V = € Vi1, and
(vi,vj) eV, xV, = (vi,vj) S Vn+1 X Vn+1-

It is apparent that V,, ;1 contains vertex v, 41, and that V,, 41 x V,,41 contains a
collection of edges {(vi,vn+1)} and {(vy41,v;)} where 1 <i<n. _

For each n > 0, the adjacency matrix of G, has entries in ¢, """ ®Cl,"
Each algebra is therefore canonically embedded in the infinite-dimensional al-
gebra 9™ @ ¢ defined by

crdem @ et = é (cz%(g)idem ® czn““) . (3.1)

n=1

For each n, let ¢,, € C€|En|idem be defined as in (2.4). Because G,, is a subgraph
of Gy 41 for all n,

<um><.9m = <Un>apn (3.2)

holds for all n > m whenever u,, € Clg, ™.

It is required that

o = lim ¢, € cid™ g crm!

12



exists. A necessary and sufficient condition for existence of ¢ is

lell? = lim floul® = lim Y epff=lim > (J]ef] <o
1i€P([|En]]) i€P([[Enl]) \t€2
(3.3)
Note the use of an inner-product norm for the idempotent-generated algebra.
The definition of this norm should be clear from the canonical expansion

Pn = Z PniVi; (34)

i€P([1En|])
where ¢, ; € R are real scalar coefficients.

Theorem 3.1. Let {G,} be an increasing sequence of random graphs such that
(3.2) and (3.3) are satisfied. Let k > 2 and m > 1 be fized. For eachn € N, let
|[V(G,)| =n and let Ay, denote the nilpotent adjacency matriz for Gy,. Let By,
denote the m'™ Bell number. Suppose that Ve > 0, AN, € N such that Vj,¢ > 0
and ¥Yni,ne > N the following inequality is satisfied:

<q92 (191<trAn1k)£>j> —<192(191 (trAnzk)Z)j> gegm. (3.5)

©
Then lim E(Xx(n)™) ezists.

n—oo

Proof. For fixed ¢,

173

(_1>j—1€m B o 1
2 i = e (36)
J

1
Now e “o* <1 Vw,k, ¢, and by Dobinski’s Formula [1],

o0

Km
> — = —¢Bm. (3.7)
=0 ’

Thus,

J Lym
‘Z 10N (wk)ti —Z vgv 276 @ <eBy, (3.8)
Jt

Now let € > 0 be arbitrary and suppose IN. € N such that nq,ne > N, implies

<192 (191 (trAn1k>£)j>w B <§2 (191 (tr Anzk)2>j>w ; eém (3.9)

13



for all 5, > 0. Then
] 1pm . o\ J N AN
ot (o (0 (o ) > —<ﬁz (0 (ean)') )
© ®
j 1pm o\ J
_Z w wk S | (0 (01 trAm 191 trAnz ))
©

_] lgm

- eBm Z’ 10 (whk)td

3

eBn, =¢. (3.10)

m

Thus, {E (Xx(n)™)} is a Cauchy sequence, and lim E(X(n)™) exists. O

If the m*™ moment of X}, exists,

E(X)"™) =

JLH;OZ“W”W <192(?91 (tIA”k>Z>j> _<q92 (ﬁl(trAnk)f+1>j>

o (wk)td o (0 + 1) (wk)i+D)
(3.11)
Moreover,
E(Xy) = nh_)rr;o (EtrA Yo (3.12)

provided the limit exists. In light of these equations, one has
varXy = B(X,.?) — E(X})?, (3.13)

provided the limits (3.12) and (3.11) exist for m = 2.

Remark 3.2. Because m is fixed, the quantity eB,, could be absorbed into the
¢ of inequality (3.5). As stated, the theorem reveals a connection between the
" Bell number and the existence of the m'™ moment.

3.1 Characterizing the Moments

Proposition 3.3. Let G = (V, E) be a random graph on n vertices. Fix k > 2,
and define the following quantities:

=P{X,=1¢(} (3.14)
/. 3.15
7 = max (3.15)
Then E(X,™)
: k)
n}gnoo T = C’y. (316)

14



Proof. By definition of the m'™ moment of X},
=D MP{Xp=01=) (Mcp. (3.17)
¢ ¢
Let v denote the maximum value of ¢ such that ¢, # 0. Then
E(X,™ o
E(X™) :Z?C[—CW-FZfC[ (3.18)

v ¢ iy
Observing that ¢ < v and 0 < ¢; < 1, the proof is complete. O

4 Links to Quantum Computing

The algebras Ce,™ and €4, 9™ can be constructed within fermion creator /
annihilator algebras of appropriate dimension.
The algebra C,,™" can be constructed within the 2n-particle fermion algebra
by writing
C f7,+ n+i° (41)

Here, f;" denotes the i*? fermion creation operator.
The algebra Cf,'9*™ can also be constructed within the 2n-particle fermion
algebra. Fix n > 0 and consider elements of the form

) +
v = 2 <1+ (fz ';fz ) <fn+z;fn+z>> ) (42>

Here, f;* denotes the i*" fermion creation operator, and f; denotes the *"
fermion annihilation operator.
Direct calculation shows

f1+f1+ fn+i+f:’ i
[ () (s

2
(fﬂrfz ) (fn+i+f:+i>
2

1
=113
} fz+fz fn+l+ n+i fi+fi+ fn+i+f:+i
2 2 2
9 (fi+2fz‘+> <f“'+i'£f:;+z‘) +92

4 =7 (43)

Because each ~; is written using a pair (¢,n+1¢) of fermion creation/annihilation
operator pairs and because these pairs are disjoint for i # 7, direct calculation
also shows that ~; v; = ;v for ¢ # j.

15



be considered a quantum random variable whose m

Letting F denote the infinite-dimensional fermion algebra,

Ceidern ® anil C f@ f

The nilpotent adjacency matrix associated with a finite graph can itself
th moment corresponds to

the number of m-cycles occurring in the graph [5]. Considering sequences of
such quantum random variables associated with ascending sequences of random
graphs is a topic for further research.
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