Chapter 2
Linear Algebra

In this chapter, we study the formal structure that provides the background for
guantum mechanics. The basic ideas of the mathematical machinery, linear algebra, are
rather simple and learning them will eventually allow us to explain the strange results of
spin-half measurements. We start by considering the run of the mill vectors one
encounters early in classical physics. We then study matrices and how they can be used
to represent vectors and their operators. Finally we briefly look at Dirac’ s notation,
which provides an algebraic scheme for quantum mechanics. This chapter is rather long
and complex; however, it contains almost all the math we need for the rest of the book.
2.1. Vectors

Some physical quantities such as mass, temperature, or time are scalar because
they can be satisfactorily described by using a magnitude, a single number together with
aunit of measure. For example, massis thoroughly described by stating its magnitude in
terms of kilograms. However, other physical quantities such as displacement (changein
position) are vectorial because they cannot be satisfactorily described merely by
providing a magnitude; one needs to know their direction as well: when one changes
position, direction matters. Consider a particle moving on aplane (on this page, for
example) from point x to point y. The directed straight-line segment going from xtoy is
the displacement vector of the particle, and it represents the particle’ s change in position.

A vector isrepresented by boldface letters (e.g., A, b). The norm or magnitude of

vector A is represented by |A|; it isaways positive. Given two vectors A and B, their

sum A + B isobtained by placing the tail of B on thetip of A ; the directed segment C
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joining the tail of A tothetip of B istheresult of the addition. Equivalently, one can
place A and B so that their tails touch and complete the parallelogram of which they
congtitute two sides. The directed segment C along the diagonal of the parallelogram

and whose tail touchesthose of A andB, isthe result of the addition (Fig. 1).

Figure 1
Notice that vector addition is commutative (A + B=B+ A ) and associative
(A+[B+C]=[A+B]+C).
The negative of A isthe vector with the same magnitude but opposite direction and is
denoted by —A . Thedifference B— A is B+ (-A), namely, the sum of B and the
negative of A. The scalar product of A by ascalar kis avector with the same direction
as A and magnitude k/A|, and is designated by kA .
EXAMPLE 2.1.1

Let A as a3 meters displacement vector due North and B a4 meters
displacement vector due East. Then, A + B isa5 meter long vector due North-East; —A
isa 3 meter vector pointing South; B — A isa5 meter vector pointing South-East.
2.2. ThePosition Vector and its Components

Consider the standard two-dimensional Cartesian grid. The position of a point P
can be given by the two coordinates x andy. However, it can also be described by the

position vector, a displacement vector r from the origin to the point.



Figure 2

Thereis an important connection between x, y, and r . Let us define two unit vectors i,j
(that is, vectors of magnitude]i| = j|=1) that point in the positive directions of thex and y
axisrespectively. Then, r =xi+Yyj. For example, if P has coordinatesx =1my = 3m,
then r =1 +3j.' In addition, alook at figure 3 shows that if A has components ALA,,
and B has components B,B,, then R=A + B has components R, = A, + B, and

R =A,+ B,. So, once we know the components of two vectors, we can determine the

components of their sum.

y
T |
|
By R |
R < | R=A+B
|
y
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X 1+ Bx X
R«
Figure 3

! From now on, we shall denote meters with the symbol “m”. The extension to three
dimensionsisimmediate. Onejust adds anew unit vector, k, perpendicular to the other

two.
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This can be extended to three dimensions by adding the unit vector k associated with
the z-axis. The dot product of two vectors A and B, isthe number (ascalar!)
AeB=ab +ab +ab,. (22.1)
EXAMPLE 2.2.1
Letr,=2i+3j+1k and r, =1 + 2j + K.
Then,r,er,=2+6+1=9.
2.3 Vector Spaces

We are now going to deal with vectors at a more abstract level. In keeping with
standard notation, we represent a vector by aletter enclosed in the symbol “ | ) calleda
“ket.” A complex vector space V isaset of vectors | A),|B),|C)... together with a set of
scalars constituted by complex numbers a,b,c..., and two operations, vector addition and
scalar multiplication.?

Vector addition is characterized by the following properties:
1. Itiscommutative: |A)+|B)=|B)+|A).
2. Itisassociative: |A)+((B)+|C))=(A)+|B))+|C).
3. Thereexistsanull vector |0> usually symbolized simply by 0, such that for every

vector |A), |A)+0=|A).

»

Every vector | A) has an inverse vector |-A) suchthat |A)+|-A)=0.

2j jsan imaginary number whose valueis i =+/~1. Algebraically, i is manipulated like
an ordinary number, that is, areal number, aslong as one remembersthat i =-1. A
complex number hasthe form x+ yi. For example, 3 isacomplex number (x =3y =0),

andsoaret+2i (x=m;y=2),and i (x=0;y=1).
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Scalar multiplication is characterized by the following properties:

1. Itisdistributive with respect to vector and scalar addition: a(A)+|B))=aA)+dB)
and (a+b)A)=alA)+b/A), whereaand b are scalars.

2. Itisassociative with respect to multiplication of scalars: (ab) A) = a(b|A)), where a
and b are scalars.

3. 0|A)=|0): any vector times 0 isthe null vector; 1 A) =|A): any vector times 1 isthe
same vector; —1|A) =|-A): any vector times—1 is theinverse of the vector.

In short, addition and scalar multiplication of two vectors follow the usual algebraic rules

for addition and multiplication.

We now introduce some important definitions. A linear combination of vectors
|A),|B),|C)..., hastheform ¢ | A) + c,|B) + ¢c;|C) + .... For example, any vector in the xy-
plane can be expressed as a linear combination of the unit vectorsi and j.> A vector |X)
islinearly independent of the set | A),|B),|C)..., if it cannot be expressed as alinear
combination of them. For example, in three dimensions the unit vector Kk islinearly
independent of the set i,j. By extension, a set of vectorsislinearly independent if each

vector islinearly independent of all the others.
A set of vectorsis complete (or spans the space) if every vector in that space can
be expressed as alinear combination of the members of the set. For example, the set of

vectors i,j spans the space of vectorsin the xy-plane but not the space of vectorsin the

3 We keep representing the unit vectors of standard Cartesian coordinates as we did

earlier, namely as i,j,k.
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xyz-plane. A linearly independent set of vectors that spans the spaceisabasis for the
space, and the number of vectorsin abasisisthe dimension of the space. For example,
theset {i,j,k} isabasisfor the vector space constituted by all the vectorsin three-
dimensional coordinates. Given aspaceV and abasisfor it, any vector in V has aunique
representation as alinear combination of the vector elements of that basis.

2.4 Matrices

A matrix of order mx n isarectangular array of numbers a;, having m rows and

n columns. It can be represented in the form

(a, @&, a&; .. &)
la, a, a, . a,l

A=

ta‘ml Az Gpz - A
Each number a, in the matrix is an element; the subscripts j and k indicate the element’s
row and column, respectively. A matrix with only one row is arow matrix; one with

only one column is acolumn matrix. A sguare matrix is one having as many rows as

columns (m=n). A matrix whose elements are all real numbersis real; amatrix having

at least one complex number as an element is complex. Two matrices are of the same
order when they have equal numbers of rows and columns. Two matrices are identical
when they have exactly the same elements.

We can now define some operations on matrices and some matrices with
properties of interest to us. At times, these definitions may seem confusing. However, a
look at the examples should clarify matters quite a bit: often, when it comes to matrices

thereislessthan meetsthe eye.
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If A and B are matrices of the same order mx n, then the sum A+B is the matrix of

order mxn whose element ¢, isthe sum of A’selement a, and B’selement b, .

Subtraction is defined analogously.

Commutative and associative laws are satisfied:

A+B=B+A (24.)
and
A+(B+C)=(A+B)+C. (24.2)

If Aisamatrix with generic element a, and any number, then the product A isthe
matrix whose generic element is Aa,, .

The associative law is satisfied:
ab(A)= a(bA). (2.4.3)

Distributive laws with respect to matrix and scalar addition are also satisfied:

aA+B)=2aA+ aB, (24.9)
and
(a+b)A=2aA+DbA. (2.4.5)
EXAMPLE 2.4.1

2 -3 (4 -
Let A={1 5 |and B:LZ 4J. Then,

7 i 7 4

(6 —3-i) (-2 -3+ (4 —6) (4 1)

A+B=£3 9J;A—B:L—1 1J;2A=L2 10J;iB=[2i 4iJ.
0 4+] 14 i-4 14 2i Y

39



Let Abea mxn matrix of generic element a, and B bea nx p matrix of generic

element b, ; then, the product AB is the matrix C of order mx p and generic element

Cp=2.a,b, . (2.4.6)
1=1
EXAMPLE 2.4.2

2
JJ,and B:(l > 3]. Then,
2 7

4
e

AB_(4.1+2-2 4.5+2.7 4-3+2-(—4)J_(8 34 4)
\3.1+41.2 3.5+1.7 -3-3+1(4)) -1 -8 -13)

Note that AB isdefined only if the number of columns of A is the same as the number of
rows of B (the horizontal span of A isthe same asthe vertical span of B) that is, if Ais

conformablewith B. °

4 Z is the symbol for summation; its subscript and superscript provide the lower and

4 n
higher limit. For example, > n=1+2+3+4=10 and } X =X +..+ X,. Whenthe

n=1 i

limits depend on the context, it is easier to use the notation Zi . (2.4.6) looks daunting,

but example 2.4.2 should clarify things. Note also that herei is used as an index, not as
an imaginary number.

5 Notethat if A isconformable with B, it does not follow that B is conformable with A.

b
For example, A= [a d] is conformable with B :(f) because A’ s horizontal span (2
c

elements) isthe same as B’ s vertical span. However, the converseis not true: B is not
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Associative and distributive laws with respect to matrix addition and subtraction

are satisfied:

A(BC)=(AB)C (2.4.7)
and

A(B+C)=AB+ AC and (B£C)A=BA+CA. (2.4.8)

However, very importantly, it is not always the case that AB=BA, that is, matrix
multiplication is not commutative. The difference between the two productsis the
commutator:

AB-BA=[AB]. (2.4.9)
So, athough it may happen that [A,B]= 0, this equality cannot be assumed.’

If amatrix is sguare (it has an identical number of rows and columns), then it can be

multiplied by itself; it is customary to write AA as A?, etc.

EXAMPLE 2.4.3

2 1 i1
Let A= and B = . Then,
4 3 2 -4
21+21 2-4i 21 +4 +2 21-4 -4
AB=|"" ; BA= [ [AB]=| "
4i+6 -8 -12 2i-1 4i+18 -2i+4

Notice that in this case AB= BA.

conformablewith A. The matrix multiplication we have just considered is also called the
Cayley product. There are other types of matrix multiplication. Later, we shall deal with
the tensorial (or Kroneker) product of matrices.

6 0 isthe matrix whose elements are all zeros.

41



I the rows and columns of amatrix A are interchanged, the resulting matrix A is
the transpose of A. A square matrix A issymmetric if it isequal to its transpose, A= A.
In other words, A is symmetric if reflection on the main diagonal (upper left to lower

right) leavesit unchanged.

EXAMPLE 244
1 3
(_ \ ~ (1 21 1
Let A=|2i 4|;then A= .
340
1 0
3 1 2 4+
Az[3 5) and B=| 2 3 1 |aresymmetric.
-1 4

If all the elements of amatrix A are replaced by their complex conjugates, then A" isA’s
complex conjugate.

The complex conjugate of the transpose of amatrix A is A", A’s adjoint.
A square matrix A that isidentical to the complex conjugate of its transpose (its adjoint),
that is, such that A= A" = A", isHermitian or self-adjoint. Aswe shall see, Hermitian
matrices play a central role in quantum mechanics. A square matrix | with onesin the
main diagonal and zeros everywhere else isaunit matrix. Note that given any matrix A,
Al =l1A=A. (2.4.10)

Finally, the traceTr(A) of a(square) matrix A isthe sum of the elements of the

main diagonal. Importantly, we should note that

" Given an expression a, a" is obtained by changing the sign of all the symbolsi in a

and leaving the rest untouched. For example, if a=3i+2x, then a’ =-3 + 2x.

42



Tr(A+B)=Tr(A)+Tr(B), (24.11)

(the trace of a sum of matricesis equal to the sum of the traces of those very same

matrices) and
Tr(aA)=aTr(A).° (2.4.12)
EXAMPLE 12.4.6
0 —i ~ (0 i - 0 —i . .
Let A:[_ ];then, A:[ _ ],and A=A"=|. . Hence, AisHermitian;
i 0 -1 0 i 0
1 2 1
moreover, Tr(A):0+O:O. Inaddition, Tr|3 2 2|=1+2+4=7.
1 1 4

2.5Vectorsand Matrices
Suppose now that we have a vector space with a given basis {e),/e,)...|e,)}.
Then, any vector |A> in the space can be expressed as alinear combination of the basis

vectors:
|A)=cje)+c,le)+..cle), (2.5.1)

or moresimply
A= cle). (2.5.2)

Hence, any vector | A) can be represented as a column matrix

where the ¢;"s are the expansion coefficients of | A) into the basis {e)|e,)...]e,)}.

8 Because of (2.4.11) and (2.4.12), the operation of taking the traceis linear.
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For example, consider vector |A) = 2i + 6] + Ok inthree-dimensional coordinates. Then,

the expansion coefficients are 2, 6, and 0, and we can represent the vector as the column

matrix
2
A =6,
0

aslong as we remember that 2 is associated with i, 6 with j, and O with k. Inthisway,

we can represent any of the basis vectors |ei > by astring of zerosand a1 in thei™ position

of the column matrix. For example,
j=1

because j = 0i +1j + Ok . We can express the sum of two vectors as the sum of the two

column matrices representing them and the multiplication of a vector by a scalar asthe
scalar product of the column matrix representing the vector and the scalar. The null
vector O isrepresented as a column matrix of zeros. In short, once a basis of a vector
spaceis specified (and only then!), we can treat vectors as column matrices.

2.6 Inner Product Spaces and Orthonor mal Bases

The inner product (A |B) of two vectors |A)and |B) is the generalization of the

dot product we have aready encountered: it is the complex number

(A|B)=a'b+a,b,+..a,b, =Za,.*b,, (2.6.1)

where a" isthe complex conjugate of a, the generic expansion coefficient of |A> and b
is the generic expansion coefficient of |B> The inner product can easily be shown to

satisfy the following three properties:



1. Switching the arguments results in the complex conjugate of the original inner
product: (A |B) = (B |A)".

2. Theinner product of avector with itself is always positive: (A |A> >0. Moreover,
(A|A)=0 justincase|A)=0.

3. Theinner product islinear in the second argument and antilinear in the first:
(A |bB+cC)=b(A|B)+c(A|C) and (aA+bB|cC)=a’(A|C)+b"(B|C).

A vector space with inner product is an inner product space.

The norm of avector |A> is

|A)=A(AlA), (2.6.2)

and it expresses the length of the vector. A vector of norm 1 isanormalized vector. To

normalize a vector, we just divide it by its norm, so that normalized | A) is

(2.6.3)

(A1A)
For example, suppose that in figure2 r =4i+ 3j. Then,r’'snormis 4/4-4+ 3-3=5,
. 4. 3., . .
and once normalized, r :EHE j.~ Two vectors whose inner product is zero are

orthogonal (perpendicular). A basisof mutually orthogona and normalized vectorsis an
orthonormal basis. For example, the set {i,j,k} isan orthonormal basis for the vector

space of Cartesian coordinates.’® The component a of avector |A> can be easily

obtained using (2.6.1):

¥ Notethat since |x" = x- x, (A |A)=a[ +|a,| +...+[a,[-

19 From now on, we shall always work with orthonormal bases,
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(e |A)=0a,+..13 +..+ 0a, =&, (2.6.4)
where {e),|e,)...]e,)} isthe orthonormal basis. Notice that all this machinery is nothing
but a generalization of the characteristics of the more familiar vector space in Cartesian
coordinates with {i,j,k } asorthonormal basis.
2.7 Linear Operators, Matrices, and Eigenvectors

An operator is an entity that turns vectors in a vector space into other vectorsin
that space by, say, lengthening them, shortening them, or rotating them. The operator T
islinear just in case it satisfies two conditions:
1. T(A)+|B)=T|A)+T|B) (27.1)
2. T(HA) =bT|A). (27.2)
Asone might expect, if we know what a linear operator T does to the basis vectors

{e)|e,).-Je,)}, we can determine what it will do to all the other vectorsin the vector

space V. It turnsout that if T isalinear operator, given a basis, T canbe expressed as a
N x n (square) matrix
(Tll Tln\

TA=L... J (2.7.3)
T, .. T,

ni

where n isthe dimension of V, and

Tij :<e|

Te, > (2.7.4)

In addition, T's operation on a vector

&
A= ... (2.7.5)

a,
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is nothing but the product of the two matrices:

X LI
TA)=| . ] ] (2.7.6)

T, .. T, A&,

So, given abasis, linear operations on vectors can be expressed as matrices multiplying

other matrices.

We are going to be interested in particular types of linear operators, namely, those
which transform vectors into multiples of themselves:
T|A)=2[A), 2.7.7)
where ) isacomplex number. In (2.7.7), | A) isan eigenvector and % the eigenvalue of
T with respect to |A).* Obviously, given any vector, there are (trivially) an operator and
ascalar satisfying (2.7.7). However, in a complex vector space (a vector space where

scalars are complex numbers) every linear operator has eigenvectors and corresponding

eigenvalues, and, as we shall soon see, some of these are physically significant.*?> Notice

that given abasis {e),|e,)...Je,)}, if 'fej = \e, (the basis vectors are eigenvectors of T),
then (2.7.4) and the fact that (e|e;)=0 unless i = j, guaranteethat T, =0 unless i = j.
Moreover, given (2.7.4), and the fact that (e|1e) =%, inthe basis {e)e,),..e,)} dl

11t isworth noting that eigenvector equations, equations like (2.7.7), are basis-invariant:
changing the basis does not affect them at al; in particular, the eigenvalues remain the
same.

12 Thisis not truein areal vector space (one in which all the scalars are real numbers).
Although there are procedures for determining the eigenvalues and eigenvectors of an

operator, we shall not consider them here.
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the elementsin the matrix representing T will be zero with the exception of those in the

main diagonal (from top left to bottom right), which is constituted by the eigenvalues:

(, 0 . 0)

. lo a 0

T= 2 |. (2.7.8)
Lo 0 0 an

A matrix with this form is diagonalized in the basis {|e,),|e,),..Je,)}, and in that basis its

eigenvectors look quite simple:

1 0 0
0 1 0

&)= flee)=| fileca)=| | (2.7.9)
0 0 1

2.8 Hermitian Operators

Aswe know, aHermitian matrix isidentical to the complex conjugate of its
transpose: A= A". Given an orthonormal basis, the linear operator corresponding to an
Hermitian matrix is an Hermitian operator T. More generally, an Hermitian operator
can be defined as the operator which, when applied to the second member of an inner
product, gives the same result asif it had been applied to the first member:
<A‘fB> - <fA\B>. (2.8.1)
Hermitian operators have three properties of crucial importance to quantum mechanics

that we state without proof:

1. Theeigenvalues of a Hermitian operator are real numbers.™®

13 The converseis not true: some operators with real eigenvalues are not Hermitian.
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2. Theeigenvectors of a Hermitian operator associated with distinct eigenvalues are
orthogonal.

3. The eigenvectors of a Hermitian operator span the space.*

So, we can use the eigenvectors of a Hermitian operator as abasis, and as aresult the

matrix corresponding to the operator is diagonalizable.

EXAMPLE 2.8.1

1 1-i
Let usshow that T :(1 0 IJ Is Hermitian and satisfies (1)-(3). We start by noticing
+1i

that

(1 10
T _[1+i OJ_T, (2.8.2)

so that T is Hermitian.

Given T|X) = A|X), we obtain

(1;[ i 1:][3 B x(;j (2.8.3)

or

[X1 X1~ i)J _ 7{ Xl} (284)

x@1+1)+0 X,
Since two matrices are equal just in case they have equal elements, (2.8.3) reducesto a

system of two simultaneous equations

14 This property always holds for finite-dimensional spaces but not always for infinite-

dimensional spaces. Since, as we shall see, quantum mechanics involves an infinite

vector space (the Hilbert space), this presents some complications we need not consider.
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{(1— L)X+ (L- D)X, =o’ (285)

@+i)x—-Ax,=0
which has non-trivial solutions (solutions different from zero) just in case its determinant

iszero. 1° We obtain then

=-M1-21)-(@-D)@+i)=2* -1 -2=0, (2.8.6)

1-A 1-i
1+i 0-A

which has two solutions A, =-1 and A, =2. Hence, the eigenvalues are real numbers.

To obtain the eigenvectors, we plug A, =—-1 into (2.8.5) and obtain

X+ X (1-1)=-x, (2.8.7)
X @1+i)=-X, o
The second equation of (2.8.7) gives us
X, = (-1-1)x,, (2.8.8)

so that denoting the eigenvector associated to A, =—1 with |X,_,), weobtain

|Xx_—1>zx1[ ' J (28.9)

By an analogous procedure for A, =2, we obtain

@+1)x, =2x,, (2.8.10)
thatis
1
. 1l 2
X, NV=x|1+1|=x = ) 2.8.11
| }\,:2> 1[7J 1 2{1+ J ( )

We can now easily verify that these two eigenvectors are orthogonal. For,

(X, 1| X,o) = @)@+ (-1-i) @+i) =2+ (*~) =2-2=0. (2.8.12)

15 A determinant

b
‘a d isjust the number ad—bc.
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Let us now normalize the two eigenvectors. The norm of |Xx:_1> is

VLR + -1 F =41+ (-1-i) (-1-i) =
L+ ((1+ i) (~1=i) =41+ (1-i2) =41+ 2 =+/3. (2.8.13)

1
So, after normalization |X,__,) becomes xl%[ 1 J Thenormof |X,_,) is
~1-i

1 1t =\E _6 (2.8.14)
2 2 \a 2

o 2 (.1 1(2
Hence, after normalization |X,_,) becomes Xl% 41 =x— 1aif
2

A6\1+i
2.9 Dirac Notation

If vectors |A) and |B) are members of avector space V, the notation for their
inner product is (A|B). In Dirac notation, one may separate (A|B) into two parts (A,
called abra-vector (brafor short), and | B), called aket-vector (ket for short). (A| may be
understood as a linear function that when applied to |B) yields the complex number
(A|B). The collection of all the brasis also a vector space, the dual space of V, usually
symbolizedas V". It turns out that for every ket |A) thereisabra (A| associated with it

and within certain constraints that need not concern us the converseistrueaswell. In

addition, a ket and its associated bra are the transpose complex conjugate of each other.
So, for example, if |A) :@j then(A|=(a" &) Notethat as (A|B) isanumber, so

| A)X(B| isan operator. To seewhy, let usapply | A)(B| to avector |C) to obtain
|A)X(B|C); since (B|C) isascalar c and c|A) isa vector, when applied to vector |C),

| A)X(B| yields avector, and therefore | A)(B| is an operator.
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When handling Dirac notation, one must remember that order is important; as we

saw, (A|B) isascalar, but |B)(A| isan operator. The following rules, where cisascalar,

make things easier:

(A|B)" =(B|A), (29.1)
(A|cB)=c(A|B), (29.2)
(cA[B)=c"(A|B), (2.9.3)
(A+B|C+D)=(A|C)+(A|D)+(B|C)+(B|D). (2.9.4)

Scalars may be moved about at will, as long as one remembers that when they are taken
out of abra, we must use their complex conjugates, asin (2.9.3).*°

Any expression can be turned into its complex conjugate by replacing scalars with
their complex conjugates, bras with kets, kets with bras, operators with their adjoints, and

finally by reversing the order of the factors. For example,

fvlGmIA ECY =

where O isthe adjoint of 0.1’

B)Y(A[(y[O" ), (2.9.5)

Finally, if |A)=) c|e), asper (2.5.2), then

c =(e|A), (2.9.6)
for
(e|A)=0c,+...+1c; +..0c, =¢,. (29.7)

16 Dirac notes: “We have now a complete agebraic scheme involving three kinds of
guantities, bra vectors, ket vectors, and linear operators.” (Dirac, P., (1958), 25). Dirac
notation proves powerful indeed, as we shall see.

*" The expression (y |(5|y> merely tells usfirst to apply the operator O to ly), thus
obtaining anew vector |y ) and then to obtain the inner product (y|y ).

52



In other words, in order to obtain the expansion coefficient associated with the basis

vector |e) in the expansion of avector | A), one takes the bra of |g) and multipliesit by

|A) or, which isthe same, one computes the inner product (e |A).
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Exercises

Exercise2.1

1. Trueor fase: Theset {i,j,2i +j} iscomplete, that is, it spans ordinary three-
dimensional space.

2. Trueor false: Theset {i,j,2i +j} islinearly independent.

3. Trueor false: Theset {i,j,2i + j} isabasisfor the xy-plane.

4. Trueor fase: A vector space has only one basis.

Exercise2.2

1 0 i
1 Let A=

i 2 1 .
5 3 0;B:[ ] Determine a. A+B; b.A-B; c. [AB].

32 0

2i 3 —i
2. Let A= | ];B:[ ] Determine aaA+B ; b. A—B; c. AB. IsBA defined?

N

3 i i 2
3. Let A=| ];B=£0 ] Determine: 2 A+B; b. A—B; c. [AB]
i

Exercise2.3

2 0 . ~ .
1. Let A= 0 . Determine: a. A and A"; b. IsA Hermitian?
2

[
2. LetB:( _

L . ~ (0 i
a IsB Hermitian? b. Determine [A,B], where A:( O]'
i i

(1 0 0
3. LeteC=|0 2 oJ. Is C Hermitian?
i 0 3

1
4. Let D= OJ' s D Hermitian?

5 o .
5. Verify that Tr(A+ B)=Tr(A)+ Tr(B), where A:(O 2) and B:(I, '].



Exercise2.4
1. Let|A)=(2i,0,3) and |B)=(0,-i,3i,1). a Determine (A |B); b. Verify
that (A |B) = (B |A>*; c. Normalize | A); d. Normalize |B).
2. Normalize: a.|A)=(3,i,-i,1); b.|B)=(0,2i); ¢.|C) = (0,0,i).
3. alf |¢)isabasisvector, what is (e |e ) equal to? b. If |A) isnormalized, what is

(A|A) equal to? c. If (A|A)=1is|A) normalized?

Exercise2.5
(0 1 i) X,
1. LetT:LZi 3 1J be alinear operator and |X) =| x, | ageneric vector. Determine
0 3 -i X,
T|X).

2. Let'f:(p Ijand|x>:(xlj. Determine'f|x>.
I 0 X,

Exercise 2.6

A 0
Show that A= g(
|

-, . e e
OJ isHermitian. Find its eigenvalues. Then find its eigenvectors,

normalize them, and verify that they are orthogonal.
Exercise2.7

Determine whether the following statements are true:
2 (y[Of¢)lor)c=cla)y [0]p)-
b. (v +alch)=c((w[6)+(]6)).

c. (a|Ol¢)|y)(x| isan operator.
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Answersto the Exercises

Exercise2.1

1. No. zisnot expressible as alinear combination of the vectorsin the set.

2. No. 2i + j isnot independent of the other two vectorsin the set.

3. No. Although it spans the space, the set is not linearly independent.

4. No. For example, ordinary space has an infinity of bases; just rotate the standard basis
by any amount to obtain a new basis.

Exercise2.2

1+i 2 1 1-i -2 i-1
la AJFB:(JrI ) +Ij;1b: A—B:[ ! ) ! ];c: [A,B] isundefined
5 3+2 O -1 3-2i O

because A is not conformable with B.

2a: A+B isundefined because A and B are of different order; 2b: A-B is undefined

2+6 8 .
i J:( J 2d: no, because B is not
—1+0

because A and B are of different order; 2c: AB= (

conformablewith A.

Lo o . 7
3a A+B=(3frI _|];3b: A—B=£3_ I ) IJ;Bc: AB=[3I 62_ ]; however,
[ —i i |

BAz[al_zi é].Hence, [A,B]:[_2i 4].

-2 2

Exercise2.3
~ (2 0 ~, (2 0
latA:( ];1b:A :( J;lc: yes.
0 2 0 2

2i

2i 2 2 .
2a No; 2b: AB=| 4 : however, BA= o 4) Hence, [A,B] = 0. Inthiscasethe
| —2i

two matrices do commute!
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(1 0 —i (1 0 i)

3&6:{0 2 oJ:> é*:Lo 2 oJ. So, C is Hermitian.
i 0 3 - 0 3

4a: No, becauseit is not square.

2+i
5 A+ B:[ .

. L'J Hence, Tr(A+ B)=6+i. But Tr(A)=4 and Tr(B)=2+i.

Exercise2.4
la <A|B>=2-O+ (-D)(=)+0-3i+3-1=2.

1b: (B|A)=0-2+i-i+(-3i)-0+1-3=2. Since, 2" =2, the property is verified.

2
o N . 1|
1c: (A|AY=2-2+(-i)-i+0-0+ 3-3=14. Hence, normalization gives —| _|.
(A|A) (i) g Jialo
3
0
. o N . 1 |-
1d: (B|B)=0-0+i(—i)+ (-3i)3i +1-1=11. Hence, normalization gives ——| |.
(BIB) (=) +(-30) g NTE
1
3
A N . 1|1
2a (A|A)=3-3+(-)i+i-(-i)+1-1=12. Hence, normdization gives ——| _|.
(A1A) ()i +i - (<) gives =
1
0
2b: (B|B)=0+4+1=5. So, normalization givesi 2|.

V5|

[
2c: (C |C> =0+ 0+ (—i)i =1. So, the vector is already normalized.
3a Itisequal to 1, since all the members of the matrix vector representing |eI > are zero,

with the exception of the i member, which is 1.
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3b: Itisequal to 1.

3c: Yes.
Exercise2.5
X, + X5
LT|X) =| 2ix,+ 3%, + X, |-
3X, +—iX,
~ X
2 T|X>:i( ZJ.
X
Exercise2.6
~, h[0 - : » . .
A= =Sl o , and therefore A is Hermitian. The generic eigenvector equations are
[
ihx A +1—=X,=0
e F 2T
AX) =4 X)= hz :7{;(1): " 2 . Hence,
i§X1 2 iaxl—kxzzo
Moaslh o, (n n . h
0= h 2= W%+ > :7\12:17. Consequently, the two eigenvalues are 7\1=—§
i— —A
2

and A, =%/2. Now, forxiz—g we obtain X, =iX,, and consequently, ‘XM>: xzm.
Since <X ‘X >=—i-i+1:2, normalization yields L(IJ

. 1
For 2, =7/2 we obtain x, =~ix, , and consequently |X; )= XZU'
. i

Since<sz ‘Xx2> =i-(-1)+1=2, normalization yields %CJ
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Moreover, <XM ‘ Xk2> =—--i1+1-1=-1+1=0, and consequently the two vectors are

orthogonal.
Exercise2.7

avYes b:Yes c Yes.
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